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PREFACE 



This book has developed from courses of lectures given by the 
author over a period of years to the students of the Moscow Physico- 
Technical Institute. It is intended for the students having basic 
knowledge of mathematical analysis, algebra and the theory of 
ordinary differential equations to the extent of a university course. 
All the necessary information can be found, for instance, in the 
following textbooks: S. M. Nikolsky, A Course of Mathematical 
Analysis, 2 vols., Mir Publishers, Moscow, 1977; A. I. MaFcev, 
Foundations of Linear Algebra, W. H. Freeman, San Francisco, 
1963; L. S. Pontryagin, Ordinary Differential Equations, Pergamon 
Press, Oxford, 1964. 

Except Chapter I, where some general questions regarding partial 
differential equations have been examined, the material has been 
arranged so as to correspond to the basic types of equations. The 
central role in the book is played by Chapter IV, the largest of all, 
which discusses elliptic equations. Chapters V and VI are devoted 
to the hyperbolic and parabolic equations. 

The method used in this book for investigating the boundary value 
problems and, partly, the Cauchy problem is based on the notion 
of generalized solution which enables us to examine equations with 
variable coefficients with the same ease as the simplest equations: 
Poisson's equation, wave equation and heat equation. Apart from 
discussing the questions of existence and uniqueness of solutions of 
the basic boundary value problems, considerable space has been 
devoted to the approximate methods of solving these equations: 
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Ritz's method in the case of elliptic equations and Galerkin's 
method for hyperbolic and parabolic equations. 

Information regarding function spaces, in particular, S. L. Sobo- 
lev's embedding theorems, necessary for such arrangement of subject 
matter is contained in Chapter III. It is not assumed on the part 
of the reader that he is familiar with the required portions of the 
theory of functions and functional analysis; these have been treated 
in Chapter II which is of auxiliary nature. 

Problems have been given on all the chapters except Chapter II. 
The majority of them are intended to deepen and broaden the con- 
tents of respective chapters; precisely with the same aim have the 
lists of suggested reading been supplied. For exercises we recommend 
the following books: V. S. Vladimirov et al., A Collection of Problems 
on Equations of Mathematical Physics, Nauka, Moscow, 1974 (in 
Russian); B. M. Budak, A. A. Samarskii and A. N. Tikhonov, A Col- 
lection of Problems on Mathematical Physics, Pergamon Press, Oxford, 
1964; M. M. Smirnov, Problems on Equations of Mathematical Physics, 
Pergamon Press, Oxford. 

In conclusion the author expresses his sincere thanks to V. S. Vla- 
dimirov for his constant interest in this book, and to T. I. Zelenyak, 
I. A. Kipriyanov and S. L. Sobolev who, having gone through the 
manuscript, made a number of valuable comments. The author 
is especially indebted to his colleagues A. K. Gushchin and L. A. Mu- 
ravei with whom he had fruitful discussions that led to considerable 
improvement in the book. 

V. Mikhailou 

July 1975 



CHAPTER I 

INTRODUCTION. 
CLASSIFICATION OF EQUATIONS. 
FORMULATION OF SOME PROBLEMS 



Differential equations are those equations where the unknowns 
are functions of one or more variables and which contain not only 
these functions but their derivatives as well. If the unknowns are 
functions of several variables (not less than two), then the equations 
are called partial differential equations. We shall deal with only 
such equations, and shall consider a single partial differential 
equation in one unknown function. 

A partial differential equation containing derivatives of the un- 
known function u with respect to the variables x x , . . ., x n is said 
to be of Nth-order if it contains at least one iVth-order derivative 
and does not contain derivatives of higher orders, that is, the equa- 
tion 

ch ( du du ° 2u d2u ° Nu ) — n a\ 

w V* 1 ' • ' " Xn " u ' d Xl ' • ' dx n ' dx\ ' d Xl dx 2 ' • • •' 0x n) - u * v 1 * 



Eq. (1) is said to be linear if O, as a function of u, 



n 

du d N u 



is linear. Henceforth we shall consider linear equation of the second 
order, that is, equation of the form 

2 «»(*) -^7+ S «!(*)■£• ( 2 ) 

here x = (x lr . . ., x n ). The functions a tj (x), i, j = 1, . . ., n, 
a t (x), i = 1, . . ., n and a (x) are called coefficients of Eq. (2) 
and / (x) the free term. 

Let R n denote an ^-dimensional Euclidean space, and let x = 
= (x^ . . ., x n ) be a point of i? n , | x \ = (x\ + . . . + xl) i/2 . 
As usual, by a region in R n or an rc-dimensional region we mean an 
open connected (nonempty) set of points of i? n . In what follows, 
unless stated otherwise, all the regions are assumed to be bounded. 
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Let Q be an ^-dimensional region. A set Ed Q is said to be strictly 
interior with respect to Q, E (£ Q, if E a Q, where E is the closure 
(in the sense of distance in R n ) of E. 

The set of functions having in Q continuous partial derivatives 
up to order k, k being a nonnegative integer, is denoted by C h (Q), 
while its subset consisting of those functions whose all the partial 
derivatives up to order k are continuous in Q by C h (Q). For the 
sets C° (Q) and C° (Q) of functions which are continuous in Q and Q 
respectively, we shall also use the notation C (Q) and C (Q). We 
designate by C°° (Q) the set of functions which belong to each of 

C h {Q), fc = 0, 1, that is, C™(Q)= n C h (Q), and bv C°° (Q) 

the set of functions belonging to each of C k (Q), k = 0, 1, . . ., that 

is, C~(Q)= n C\Q). 

A function f(x) is said to have compact support in Q if there 
exists a subregion Q' <^ Q such that f(x) = in Q\Q'. The set 

C h (Q) is composed of all the functions belonging to C h (Q) and 
having compact support, and the intersection of all these sets is 

denoted by C°° (Q) : C°°(Q)= f] C k (Q)- 

Let a = (a 1? ...,a n ) be a vector with nonnegative integer com- 
ponents, and put | a j = oti -f . . . +a n . If / (x) g C k ((?), then the 

d a 1 + ...+a n 

partial derivative — will be often denoted for brevity by 

dx**...dx" n 

D a f. The first- and second-order derivatives will also be written as 
fx., f x .x y For the gradient (/ v f Xji ) of a function / 6 C 1 ^) 

we use the notation V /(#)• 

By an (n — l)-dimensional closed surface S we shall mean a bound- 
ed and closed (n — l)-dimensional surface, without edge, of class 
C k for a certain k ^> 1, that is, a connected, bounded and closed 
surface (S = S) lying in R n and having the following property: 
for any point x° 6 S there exist an (^-dimensional) neighbourhood 
U x0 ojfit and a function F x0 (x) 6 C h (U x °) such that VF X ° (x°) =^ 
so that the set S f| U x0 is described by the equation F x0 (x) = 0. 
(That is, all the points of the set S f] U x0 satisfy the equation 
E x o (x) = and any point of U x ° satisfying the equation F x o (x) = 
belongs to S.) 

The boundary of Q will be denoted by dQ. In what follows, without 
further qualification, the boundaries of regions in question are as- 
sumed to consist of a finite number of disjoint closed (n — ^-dimen- 
sional surfaces (of class C 1 ). By | Q \ we indicate the volume of Q. 
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We note that if an (n — l)-dimensional closed surface S belongs 
to the class C k , then for a point x° on it there exists a small neigh- 
bourhood U' x o such that the intersection S fl U' x <> is uniquely project- 
ed onto an (n — l)-dimensional region D x <>, with boundary of class 
C fe , which lies in one of the coordinate planes, that is, for some 

i = 1, . . ., n, the surface is described by the equation x t = 

= ^PxO ( x ii • • • » x i-\i x i+lt • x n)i ( x i-> • • "> x i-\i x i+l-> • • • 

• • x n) € -D^co, and cp^ 6 C fe (.D*o). The intersection S f] C^io will 
be called a simple piece (or piece) of the surface S. 

Since 5 is bounded and closed, one may choose a finite subcover 
from the cover {U' x , x £ S} of S. The collection of simple pieces 
Si, . . ., S N corresponding to such a finite cover will be called the 
cover of the surface S by simple pieces. 

By an (n — l)-dimensional surface S of class C k , k ^> 1, we shall 
mean a connected surface which can be covered by a finite number 
of (^-dimensional) regions U t , i = 1, . . N, so that each of the 
sets Si = S {} Ui, i = 1, . . N, is uniquely projected onto an 
(n — l)-dimensional region D t having boundary of class C h and lying 
in one of the coordinate planes, that is, for some p = p (i), p = 
= 1, . . ., n, the surface is represented by the equation x p = 

= tfi ( X V * * "> x p-li x V+li • • ••> x n)i ( x lf ' • "> x p-li x p+li • • •) 6 

and cp f £ C fe (Di). The collection of surfaces S t , which are 
simple pieces of 5, corresponding to such a cover U x , . . ., U N 
of S will be called a cover of S by simple pieces. Henceforth an (n — 1)- 
dimensional surface will mean an (n — l)-dimensional surface of 
class C h for a certain k ^> 1. 



We denote by Q , 6 > 0, the region obtained by taking the 
union over all x°£Q of balls {[ x — x° | < 6}: Q 6 = (J {\x — z°|<S}; 



(? (Q <? . (?6, 8 > 0, denotes the set containing all the points of 
Q whose distance from the boundary dQ exceeds 8; Q b Q\ for 
sufficiently small 8 > 0, (? 6 is a region. We shall show that for an 
arbitrarily small enough 8 > there exists in i? n an infinitely 
differentiate function £ 6 (x) which equals unity in Q 6 and vanishes 
outside (?6/2« The function £5 ( x ) will henceforth be called 6-slicing 
function (or, simply, slicing function) for the region Q. Before con- 
structing the function £$(#), we introduce an important notion of the 
averaging kernel. 

Suppose that Ox (t) is an infinitely differentiate and nonnegative 
even function of a single variable t ( — oo < t < +oo) which van- 
ishes for | t | 1, and is such that 



x'JEQ 




}x\<i 



(3) 



71 
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For (Oi (t) we may take, for instance, the function 

0<|f|<l, 



0, 



©i (*) = 

where the constant C n has been chosen so as to satisfy (3). Let h be 
any positive number. The function 

<a h(\x\) = -^ai 1 (\x\/h) 

is called the averaging kernel (of radius h). The averaging kernel 
co ft (| x |) has the following obvious properties: 

(a) cOft(|^|)6C-(i? n ),(Oft(^)>0 in R n , 

(b) <Dft (| £ |) == for 

(c) j (| a: |) da; =1, 

R n 

(d) for any a=(ai, . . . , a„), | a |^0, and for all x£R n 

\D a w h (\x\)\^CJh n+w , 

where C a is a positive constant independent of h. 

Let Oh (| x |) be an arbitrary averaging kernel. It is directly 
verified that for sufficiently small 8 > the function 

U(z)= ®6ik{\x — y\)dy 

Q 36/ 4 

is a slicing function for the region Q\ moreover, £ 6 ( x ) satisfies in R n 
the inequalities ^ £ 6 (x) < 1. 



§ 1. THE CAUCHY PROBLEM. KOVALEVSKAYA'S THEOREM 



1. Formulation of the Cauchy Problem. In a region Q of the 
^-dimensional space R n (Q is not necessarily bounded, and, in partic- 
ular, may coincide with the whole of i? n ), we consider a linear 
differential equation of the second order 

n a 

Xu= 2 aij(z)u XjX9 + 2 a t (x) u x +a(x)u = f(x), (1) 

where the coefficients and the free term are assumed to be sufficiently 
smooth complex-valued functions. We denote by A (x) the matrix 
|| dij (x) ||, i, j = 1, . . ., n, which is composed of the coefficients 
of the highest derivatives; at no point of Q, A(x) is a null matrix. 
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When n = 1, Eq. (1) is an ordinary differential equation which 
can be written as (a n =^= 0) 

u" + b (x) u' + c (x) u = g (x). (2) 

In this case the simplest problem is the Cauchy problem which con- 
sists in finding the solution of this equation that satisfies for some 
x = x° the initial conditions u (x°) = u , u'(x°) = u x . 

We shall now formulate an analogous problem for the partial 
differential equation (1). We take a sufficiently smooth (of class 
C 2 ) (n — l)-dimensional surface S lying in Q that is given by the 
equation 

F (x) = 0, (3) 

where F (x) is a real-valued function and | I for all x £ S. 

Suppose that in Q there is given a vector field I (x) = (Z x (x), . . . 
. . l n (#)), where l t (x), i = 1, . . n, are real-valued functions 
belonging to C 1 (Q), \ I | 2 = l\ + ... + %> 0, such that for no 
x £ S the vector I (x) is tangent to the surface 5, that is, 



OF 
dl 



\l\ 

(In what follows, we shall be interested in the values of the field 
I (x) on S only.) 

We take an arbitrary point x°£S, and consider Eq. (1) in a suf- 
ficiently small neighbourhood U of this point. (Let U be a ball of 
sufficiently small radius with centre at #°.) Let S denote the inter- 
section s n u. 

Let u, u £ C 2 (C7), be a solution of Eq. (1) in U, and let u (x) 
be the value of u on S and u x (x) the value of on S : 

u\so = u (x), (4) 

w\so = u *( x) - (5) 

We shall show that for a partial differential equation, in contrast 
to an ordinary differential equation, u and u x cannot be, generally 
speaking, arbitrary (smooth) functions. 

Since S/F(x°) ¥= 0, one of the components of yF (x°) is not zero; 
suppose, for example, F x ^ (x°) =fc 0. We assume the neighbourhood U 
to be so small that F x ^ (x) ^= in U and Eq. (3) may be written as 

X n = Cp (X ), X = (#!, . . «^ n -l)» 

where cp (x f ) is a smooth function. We denote by F n (x) the function 
F (x) and by F t (x) the functions 1, and 
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consider one-to-one mapping 

y t = Fi (x), i=l, . . n, (6) 

of the region U into a neighbourhood V of the origin — the image 
of the point x°. Let 2 denote the image oi S lying in the plane 
y n = 0: 2 = F n {y' = (Vi, 2/»-i)e#»-i, ^ = 0}. The function 

n 

u(x(y)) is denoted by v (y). Since u x .= 2 v v Fpx- ana< Ux-x.= 

i p=i p i j 

n n 

= 2 v v v Fpx.'F qx .+ 2 v v Fp X . x ., in new variables Eq. (1) has 

p,q=i P q 1 J p=l P 1 J 

the form 

2 hj(u) *y f y, + 2 $i(y) v yi + $(y) v = h(y), (!') 

i,j=i i=l 

where (5^- (z/) are elements of the square matrix \\ (A (x (y)) x 
X WF t (x (y)), WFj (x (y))) ||, in particular, 

Pnn (2/ (*)) = (4 (*) V^), VF(x)). (7) 

Conditions (4) and (5) respectively become 

v\z = v (y') (8) 

and 

(v y v, Wy))U = v'Ay')> (5') 

where v (y') = u (y' , (p (#')), z;j (*/') = u x {y' , cp(y')), and the vec- 

, ~^r)» ^€^o; moreover, 

dF n dF A c 

We shall first show that the value of the vector on the surface 2 
is uniquely determined by v and u[. In fact, the derivatives 
Vy t \z, i = 1, . . ft — 1, are computed from (8): Vy^ = vo Vi , i = 
= 1, . . ., n — 1, and according to (5') 

v v n k = v i(y')* (9) 

n-1 

where Vi (y') = (itfy') ~2 ^ "^r) • 

Clearly, the conditions (8), (5') and (8), (9) are equivalent. 

We now consider the values on 2 of the second derivatives of 
v(y). First, we note that by (8) and (9) the values on 2 of all the 
second derivatives, except v y Vn , of v (y) are uniquely determined 
by the functions v and v\. To find the value of ^y n y n on 2, we use 
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Eq. (1'). Noting (7), by (1') we obtain 
(A (x (y)) V X F (x (j,)), W X F (x (y))) Vy n y n 

If the function (>1 (x) VF< WF) ^=0 on the surface S , then the 
function (A (x (y)) V X F (x (y)), V X F (x (y))) does not vanish on 2, 
and therefore also in V (the neighbourhood U is assumed to be small). 
In this case Eq. (1") in V can be written as 

n-1 n-1 n 

Vy n v n = 5 Vu*V,+ 2 yin%y n + 2 7<^+Vy + A - ( 10 ) 

71 71 i,;=l 1 ^ i=l ' 71 2=1 1 

Setting z/ n = in (10), we obtain the value of v y Vn on 2. 

Hence, if (A(x) Vf, VF) on S . all the derivatives of u (x) 
up to second order are uniquely determined on S . 

However, if at some point 1c £ S (A (x) yF (x), ^F (x)) = 0, 
then at the corresponding point y (A (x (y)) S/ X F (x (i/)), V X F (% (y))) = 
= 0. Then at the point y the equality (1") connects the know T n quanti- 
ties V (£), Vy. (*/), Vy.y. Q) , 1 = 1, . . 71, / = 1, . . .. 11 ~ 1. 

Thus the values of v and its derivatives up to second order and those 
of v\ and its derivatives of first order at the point y, and hence the 
values at the point x of u and u x and their corresponding derivatives 
are subject to some relation, that is, they cannot be, generally speak- 
ing, arbitrary. 

A point x on the surface S of class C 1 and given by the equation 
F = (F is a real-valued function, =^ on 5) is called the char- 
acteristic point for Eq. (1) if at this point 

(A(x)vF(x), vF(x)) = 0. 

The surface S is called a characteristic surface for Eq. (1) or character- 
istic (for) of Eq. (1) if all its points are characteristic points. 

In this section we shall study the Cauchy problem for Eq. (1). that 
is, the problem of finding solution of (1) satisfying conditions (4) 
and (5) with given functions u and u x in the case when the surface S 
does not contain characteristic points. 

The case when the surface S contains characteristic points is far 
more difficult. As it was shown, if the point x° £ S is a characteristic 
point, then there are (smooth) functions u and u ± such that Eq. (1) 
has no smooth solution (in C 2 (£/)) in any neighbourhood of this 
point that satisfies conditions (4) and (5) on S = S f| U. It is easy 
to see that if U + is one of the parts into which S divides U (it is 
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assumed that U is a ball of sufficiently small radius with centre at 
rr°), then there is no solution in C 2 (U + [j S ) too which satisfies con- 
ditions (4) and (5) on S . If still a smooth solution exists, it may not 
be unique. 

Suppose, for example, n = 2. In a disc U with the origin as its 
centre let us consider the equation 



for which the line x 2 = is a characteristic (to this form is trans- 
formed the wave equation u XlXl — u XtXi = fi by a change of variab- 
les). It is easy to see that for the existence in U of a smooth solution 
(belonging to C 2 (U)) of this equation that satisfies the conditions, 
u\ X2= o = u (a^), u X2 \ X2=0 — u x (x^ it is necessary and sufficient 

that dU ^ X ^ =/ ( x n 0). Furthermore, if this condition is satisfied, 

then the solution can be expressed in the form 



where g is a twice continuously differentiate arbitrary function 

satisfying the conditions g (0) = 0, = u x (0). 

If S is a characteristic surface, then there may be situations where 
the problem for Eq. (1) should be posed in analogy with the Cauchy 
problem for an ordinary differential equation not of the second order 
but of the first order. Thus, for example, for the equation (again 
n = 2) 



(the heat equation) having the line x 2 = as a characteristic in 
Chap. VI we shall study the problem (the Cauchy problem) of finding 
a solution of this equation in the half-plane x 2 > satisfying only 
one condition (4): u\ X2=Q = u (x x ). 

We shall now consider the problem (1), (4), (5) in the case where the 
surface S does not contain characteristic points. Let Q be an n-dimen- 
sional region, and let S be an (n — l)-dimensional surface given by 
Eq. (3) that lies in Q and divides Q into two disjoint regions Q + and 
<?-, that is, = Q + [} Q-, Q + fl Q' = 0. Suppose that Eq. (1) 

is given in Q (that is, the coefficients and the free term of Eq. (1) 
are defined in 0, and a vector field I (x) = (Z x (x), . . ., l n (x)), 
I I (x) | > on £, is defined on S that is nowhere tangent to S. Let 
there be given two functions u (x) and u x (x). Suppose that S does 
not contain characteristic points of Eq. (1), that is, on S 



u (x u x 2 )= dg t /(g l9 h)d^2 + u (Xi) + g(x 2 ) 








u XtXl — u X2 = f (x) 



(11) 
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It is required to find a function u (x) belonging to C 2 (Q) and satis- 
fying Eq. (1) in Q together with initial conditions (4) and (5) on S. 
This problem will be called the noncharacteristic Cauchy problem. 
The given( functions, that is, the coefficients and the free term of 
Eq. (1), the function F of (3), the vector function I and the functions 
u and u x will be referred to as the data of the problem. 

We shall assume that the data of the problem (1), (4), (5) are 
infinitely differentiate: the coefficients and the free term of Eq. (1) 
and the function F (x) of (3) belong to C°°(Q), while the functions 
l^x), . . ., l n (x)i w (;z), u x (x) belong to C°°(S) (that is, the func- 
tions l x (x (y)), . . ., u 1 (x(y)), where x = x (y) is a mapping, defi- 
ned by (6), of a neighbourhood U of any point x° £ S into a neighbour- 
hood V of the origin, are infinitely differentiable in an (n — 1)- 
dimensional region 2 = V f] W 6 #n-n Vn = 0}). We also assume 
that there is a solution u (x) of the problem (1), (4), (5) that is 
infinitely differentiable in Q. 

As shown above, all the derivatives of u (x) up to second order are 
determined uniquely on S in terms of the data of the problem. We 
shall show that on the surface S all the derivatives of u (x) of any 
order are uniquely determined in terms of the data of the problem. 
Since in this case the mapping (6) of the neighbourhood U of any 
point x° 6 S into the neighbourhood V of the origin is given by func- 
tions F t (x), i = 1, . . ft, that are infinitely differentiable in £7, 
as a consequence of mapping (6) the problem (1), (4), (5) in U (by 
this we mean the problem of finding in U a solution of Eq. (1) satis- 
fying the initial conditions u\ s ^ = u (x), \ Sq = 1^(2), where 

^0 = U fl S) is replaced by an equivalent problem (8)-(10) for the 
function v (y) in V with infinitely differentiable data. And because 
there exists a solution u (x) of theTproblem (1), (4), (5) that is infi- 
nitely differentiable in U, the problem (8)-(10) has also an infinitely 
differentiable solution v(y) = u(x (y)) in V. To establish this asser- 
tion, it suffices to show that all the derivatives DyV (y) are uniquely 
determined on 2 in terms of the data of^the problem (8)-(10). 

For any a' = (a 4 , . . . , a n _ 4 ), | a' | ^ 0, the values of 
the derivatives D( a '> 0) v(y) and Z? (a '» (y) on 2 are determined 
directly from (8) and (9): 

0) v | 2 = £)a' Vqj \) v | s = D*' Vit 

If u a denotes the value of the function — rD a v (a! = a 4 ! ... aj) 
at the origin: 

v* = ±-D*v(0), |a|>0, (12) 

2-0594 
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then v a > t o and iv.i, |a'| ^0, are uniquely determined in terms 
of uo and i^: 

v*> t o = -(tiy\ Da 'vo |y=o, (13) 
v«- % i=-^yj^i|i/'=o (14) 

((a')! = ai! ... a n . t !). 

To find the value of D (a '' 2) i; (*/), | a' \ > 0, on 2, we use (10). 
Differentiating (10) with respect to y 19 . . jfo^ and setting y n = r 
we obtain 

Z?«x', 2) y | 2 = /)(«', o)^ | Zf | a' | > 0, 
where the function H i (y) is defined in V by the formula 

n-l w-1 

#1 (y) = 2 T« (J/) Vy.y + S Yin (?) 
i,j=l ^ i=i 

n 

+ 2 7<(»)^», + T(») *> + M#) 

i=l 1 

(in which i; (i/) is the solution of the problem (8)-(10)). NowZ? (a '' 0) £T 1 | S 
is a function (which is linear with known coefficients) of known quan- 
tities Z> (P '' 0) i;| s and D (Y '%\x for < | P' |< | a' | + 2, < 
^ I Y' I ^ I a ' I +1- Therefore, on 2, all the derivatives 
D ia ' 2) v (z/), | a' | !> 0, are uniquely determined in terms of the 
data of the problem, and, in particular, 

iV, 2 = (2! (a')!)" 1 /**'- (y) | y =o, | a« | > 0. 

We assume that for some k^ 2 all the derivatives Z) (a '* h ~^v (y), 
| a' | 0, have been uniquely determined on 2 in terms of the 
data of the problem. We now find the derivative D (a ' h) u (y) | 2 , 
| a' | 0. For this, we differentiate in V Eq. (10) a x times with 
respect to y x , . . ., a n _! times with respect to y n -i and /c — 2 times 
with respect to y n , and then set i/ n = 0. This yields 

D^'Vv (y) |s = ^ (*/) | z 

Now D( a '> h ~ 2 fH i 1 2 is a function (linear with known coefficients) 
of already-known quantities Z)(P'» *>i; | 2 , < i k— 1 (0 < | §' | <^ 
< |cc'| + 2 for 0< i — 2 and < | 0' | < | a' | + 1 for i = k — i). 
Hence all the derivatives D( a '> h) v, |a'| ^ 0, are uniquely deter- 
mined on 2 in terms of the data of the problem, and, in 
particular, 

v«>, k = ((a')! /c!)" 1 -D (a '' fe " 2 ># , ({/) Uo- (15) 
This proves the assertion. 
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Remark. Let v (y) be any infinitely differentiable function in V. 
Consider the following infinitely differentiable function in V: 

n-l n-1 n 

H(y)= vy v ~ 2 ytjVyy — 5 ytnVy.v.— 2 Yity, — — (16) 

t,j=l ^ is=l i=l 

It follows from the above discussion that if the values of the function 
v (y) and its derivatives satisfy conditions (12), where the numbers 
| a | > 0, are defined by (13)-(15), then 

£ a #(z/)| y =o = for all a, |a| > 0. (17) 

Thus we have shown that if the surface S does not contain character- 
istic points, then the data of the problem uniquely determine on S 
all the derivatives of the infinitely differentiable solution of the 
problem (1), (4), (5). Hence the solution of the problem (1), (4), 
(5) is unique in the class of functions that are uniquely determined 
by their values and those of all their derivatives on S. One of such 
classes is the class of analytic functions. Later in this section we 
shall show that in the class of analytic functions the problem (1), 
(4), (5) is solvable with analytic data. 

It should be noted that in contrast to the case of an ordinary differ- 
ential equation, the analyticity condition of the data in such 
a generality (if no additional conditions are imposed on the coeffi- 
cients of Eq. (1)) is, in a definite sense, necessary for the solvability 
of the problem. Thejfollowing example, due to H. Lewy, shows that 
a partial differential equation with infinitely differentiable coeffi- 
cients and free term may not, in general, have a solution. 

Example 1. The differential equation 

u XiXi + iu X2Xz + 2i (x t + ix 2 ) u XaXs = / (x 3 ) (18) 

does not have twice continuously differentiable solutions in any 
neighbourhood of the origin (in R 3 ) if the real-valued function / (x 3 } 
is not analytic. 

To prove this statement, it is obviously enough to check that the 
equation 

u Xt + iu Xt + 2i (x t + ix 2 ) u Xt = / (x 3 ) (19) 

does not have continuously differentiable solutions in any neigh- 
bourhood of the origin. 

Suppose, on the contrary, that in the cylinder Q = {x\ + x\ < 
< R 2 , | x 3 | < H) for some R > and H > 0, there is a solution* 
u (x) belonging to C 1 (Q) of Eq. (19) with a real-valued function* 
/ (x s ) that is nonanalytic on the interval | x 3 \ < H. Then in the) 
parallelepiped II = {0 < p < i?, < cp < 2ji, | x 3 |< H} ih& 
function u x (p, (p, x 3 ) = u (pcos q>, psin cp, x 3 ) is a solution of 

2* 
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the equation 

u i9 e* + i i^SL e * + 2ipe*»u iXa = / (x z ) , 

^where u ± £ C 1 (ff) and u ± (p, 0, x 3 ) = (p, 2jt, x 3 ). Integrating 
this equation (for fixed p and x 3 ) with respect to cp £ (0, 2ji), we 
find that in the rectangle K x = {0 < p < R, \ x 3 |< H) the 
function 

u 2 (p, ar 3 ) = j ^ (p, cp f x 3 ) dy, 

o 

W 2(P» ^3) €C* satisfies the equation 

u>2p + -y + 2ipu 2x9 = 2nf (x 3 ). 
Therefore the function 

v{r, X3) = Vru 2 (Vr, x 3 ) 

belonging to C\K 2 ) f] C(K 2 ), where K 2 is the rectangle 
{0 < r <Z i? 2 , I x 3 I < is a solution of the equation 

v r + iv X3 = nf (x 3 ) 

in K 2 , or, which is the same, is a solution of the equation 

(v (r, *,) + ui j / (E) dg) r + i ( v (r, * s ) + in j / (g) dg) Xf - 0. 



But the last equation is the Cauchy-Riemann equation for the func- 
tion 

x s 

u> ( r > *s) = v (r, x 3 ) + in j / (£) dg. 



Hence the function w (r, x 3 ) as a function of the complex variable 
r + ix 3 , w (r, # 3 ) = g (r + i# 3 ), is analytic in /£ 2 and continuous 
in K 2 . Since Re g\ r =o = 0, by the principle of symmetry the func- 
tion g (r + i# 3 ) can be continued analytically into the rectangle 
^3 = {I r I < I x z I < an( i» in particular, is analytic in 

Xs 

;r 3 on the segment {r = 0, | # 3 | < H}. But g| r =o = wt j /(g)dg; 



consequently, for \ x 3 \ <Z H the function / (x 3 ) is also analytic, 
contradicting the hypothesis. 

Let us note that the plane x x = 0, for example, does not contain 
characteristic points for Eq. (18). Thus for any initial functions the 
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Cauchy problem for Eq. (18) (with initial conditions given on the 
plane x x = 0) does not have solutions in any neighbourhood that 
contains the origin. 

2. Analytic Functions of Several Variables. Let Q be a region in 
the rc-dimensional space R n and g (x) a complex-valued function 
defined in Q. 

The function g (x) is said to be analytic at the point x° £ Q if in 
a neighbourhood U of this point it can be represented as an absolutely 
convergent power series 



oo oo 



ai =0a 2 =0 a =0 71 



= 2*«(*-*°) a i (20) 



where a=(a lf a n ), (x — xf) a = (x i — x° i )^ ... {x n — a&f". 

The function g (x) is said to be analytic in a region if it is analytic 
at every point of this region. 

Let the function g (x) be analytic at the point x° £ Q. Then in the 
cube K R (x°) = {\x t — x* \<R, i = 1, . . ., n}, R > 0, this 
function is represented by an absolutely convergent (in K R (x )) 
series (20). Since a power series that converges absolutely in K R (x°) 
converges uniformly in any strictly interior subregion K of the cube 
K R (x°), K K R (x°), together with all its derivatives, the function 

g(x) £ C°°(K), and, consequently, g (x) £ C°°(iiC R (^ )). Moreover, 

it is evident that g a = ~D a g(x°), where a! = a t \ . . . a n !, that is, 

the series (20) is the Taylor series of g (x) at the point x°. Hence it 
follows that a function which is analytic in the region Q is uniquely 
determined in all of Q by its own value and the values of all its 
derivatives at an arbitrary point of Q\ in particular, if the function 
vanishes together with all its derivatives at a point of Q, then g (x) =s 
= in Q. 

Let us show that if the function g (x) is analytic at the point x° 6 Q, 
then it is also analytic in some neighbourhood of this point. For this 
it is enough to prove that if K R (x°) is a cube in which g (x) is repre- 
sented by the (absolutely convergent) series (20), then g (x) is analy- 
tic in the cube if R / 4 (;r ). 

Since the series (20) is absolutely convergent in K R (x°)j it fol- 
lows that for any p £ (0, R) 



2 ka|p ,a| <00. 

a 



(21) 
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We take an arbitrary point x 1 £ Kr/^x ). Then for all x £ Krj^x 1 ) 
we have 

* (*) = 2 *« ( I C%\ (*, - *}) p * (x[ - x?)°'- p *) 

a Pi=0 

...x( 2 (x n -4) p »(4-4)°«- p ») 

P„=0 « 

-s 2 ... s *. 

a Pi=0 P n =0 * 

x ... (^-4)^(^-^i) ai " Pl ... (xi-«2)*" p ». 

Since for all x£Kr/s(x 1 ) and any a = (a lf a n ) t p = 
= (Pi» Pn)» Pi^a>i, i = l, 

kaCS: ... ... (*i-*2) a »- p » | 

^ i i oi»i / * \ |pl / * \W-lPl i , / R \N 1 

<l^! 2,a, (— ) (— ) H*.l (— ) ?pT 

and since by (21) the series 

2 2ifcl(4r-jfr-«-ai*.l(-fr«-- 

a p a 
itjollows that the function g(x) is represented in Kri%{x x ) by 
an absolutely convergent series 

*(*)-2&(*-* 1 ) p . 

P 

where £ = 2 ... 2 g a C£ (*i -*?)*-* . . . Cj> (x£_xS)«»-*». 

«i=Pi a 7l =P rl 71 

Therefore the function £(x) is analytic at the point x 1 , and hence 
in K R /i(x°) because x i ^KR/^(x°) is arbitrary. The assertion is 
proved. 

A real-valued function g (x) = 2 ( x — a;0 ) a which is analytic at 

a 

a: is called majorant at x° of the function g (x) (of (20)) if for all a, 

Let {# a , | a | >. 0} be a complex number sequence for which 
there is a real number sequence (g a , \ a \ ^ 0} such that for all a, 
| a | >- 0, | g a | ^ g a and the series 2 — £°) a converges abso- 

a 

lutely in a neighbourhood of the point x°. Then it is evident that 
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the function g (x) = 2 8a ( x — x °) a is analytic at the point 

a 

and the function g (x) = 2 g a (x — x°) a is its majorant at x°. 

a 

It is also evident that any function which is analytic at the point 
x° has a majorant (at x°). As a majorant for the function g (z) of (20) 
one can take, for example, the function 2 I Sa I ( x — 2°) a . A majo- 

a 

rant of g (x) from (20) can also be constructed as follows. Suppose 
that the series (20) converges absolutely in the cube K R (x°) for 
some R > 0. Take some p from the interval (0, R). In view of (21), 
there is a positive M such that | g a | p ,a| ^ M, that is, | g a | ^ 
^ Af/p lal for all a = (a 1? . . ., a n ). This means that a majorant 
of the function g (x) at the point x° is the function 



?(*) = 2 



M (g — x<>) a M 



P 



The function, with any iV ^ 1, 



M 



1 (*i - *?) + • ■ • + (*n-i - + ^ (*n - *&) 



is also a majorant of g(.r) at the point a: , since for all a = 

3. Kovalevskaya's Theorem. In this subsection we shall study 
the Cauchy problem in the class of analytic functions, that is, we 
shall consider solutions of the problem (1), (4), (5) that are analytic 
in Q or in its subregion Q' containing the surface S. We shall assume 
that the data of the problem (1), (4), (5) are analytic, that is, we 
shall assume that the coefficients and the free term of Eq. (1) and the 
function F in (3) (defining S) are analytic in Q, and the functions 
l x (x), . . ., l n (x), u (x), u x (x) are analytic on S (that is, the fun- 
ctions l x (x (y)), . . ., l n (x (y)), u (x (i/)), u x (x (i/)), where x (y), 
given by formula (6), is the mapping of some neighbourhood U of 
an arbitrary point x° £ S into a neighbourhood V of the origin, are 
analytic in an (n — l)-dimensional region 2 = V f] W 6 Rn-n 
Un = 0})- We recall that the solution of the problem, the coeffic- 
ients and free term of Eq. (1) and the initial functions are complex- 
valued, whereas the components l x (x), . . ., l n (x) of the vector 
I (x) and the function F (x) are real-valued. We shall assume that S 
does not contain characteristic points for Eq. (1). 

First of all, we shall prove a local theorem regarding the existence 
and uniqueness of the solution of this problem. 
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Theorem 1 (Kovalevsfcaya). Let the data of the problem (1), (4), 
(5) be analytic, and let the surface S not contain characteristic points 
for Eq. (1). Then for any point x° g S there is a neighbourhood U x * 
of this point where this problem has an analytic solution. Moreover, 
there cannot be more than one analytic solution of this problem in any 
neighbourhood of xf*. 

We recall (Subsec. 1) that by problem (1), (4), (5) in the region 
U x ° we mean the problem of finding solution u(x) of Eq. (1) in U x <> 

satisfying the initial conditions u\ S(j = u , — .= u x , where S = 

= S f] Ux°i moreover, the neighbourhood U x * is supposed to be 
so small that the surface S divides it into two disjoint regions. 

Let x° be an arbitrary point on S. We consider one-to-one map- 
ping (6) of a sufficiently small neighbourhood U of this point into 
a neighbourhood V of the origin— the image of x°. Since the data of 
the problem (1), (4), (5) and the functions Ft(x), i = 1, . . n — 1, 
are analytic, the Cauchy problem (1), (4), (5) in U transforms under 
this mapping to an equivalent problem (8)-(10) (in V) with analytic 
data. For the proof of Theorem 1, it is enough to show that we can 
find a neighbourhood V of the origin where the problem (8)-(10) 
has an analytic solution u (y) and that this solution is unique. 

We start by proving the uniqueness. Suppose that in a neighbour- 
hood V 1 of the origin there is an analytic solution v (y) of the prob- 
lem (8)-(10). As v (y) £ C°°(V<i), it follows from considerations of 
Subsec. 1 that the values on the surface 2 of all the derivatives 
D a v, | a | ;> 0, are determined uniquely by the data of the problem. 
In particular, all the values D a u (0), | a \ >- 0, are uniquely determi- 
ned. Hence (see Subsec. 2) the solution v (y) is uniquely determined 
by the data of the problem in V lt This establishes the uniqueness. 

Now we prove the existence of a solution. First, we note that 
it is enough to prove the existence of a function v (y) that is analytic 
at the origin (it is also analytic in a neighbourhood V of the origin, 
by the properties of analytic functions; see Subsec. 2) and is a solu- 
tion of the problem (8)-(10) in V. 

According to (12)-(15) (see Subsec. 1), the quantities y a , | a | 0, 
are (uniquely) determined by the data of the problem (8)-(10). We 
shall show that the formal power series 

2 v a y« (22) 

a 

is an analytic function at the origin. Then the sum of this series, 
denoted by v (y), which converges absolutely in a neighbourhood V 
of the origin will be the desired solution. 

In fact, it follows from (13) that the value of the function v (y f , 0) 
analytic in y' and the values of all its derivatives with respect to 
Vi, • • •» 2/n-i f° r V' = coincide with corresponding values for the 
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function v (y r ) which is analytic in y' . Consequently, v 0) = 
H v (y') on 2 = V {] {y f £ i? n _ 1? y n = 0}. Similarly, from (14) 
we obtain v Vn (y\ 0) = v x (y') on 2. That the function v (y) satis- 
fies Eq. (10) in V can be verified in the following manner. Let us 
consider a function H (y) which is analytic in V and is defined by 
(16), where for v (y) we take the analytic function (22) which is 
under consideration. In view of the choice of quantities v a , \ a | ;> 0, 
by Remark in Subsec. 1, equalities (17) hold, that is, the function 
H (y) and all its derivatives at the origin vanish. Accordingly, 
H (y) is analytic in F, and H (y) = 0. This means that v (y) satis- 
fies Eq. (10) in V. 

Thus we must prove that the series (22) converges absolutely in 
some neighbourhood of the origin. For this (see Subsec. 2) it is 
enough to show that this series has majorants at the origin. 

The Cauchy problem (in V) 

~ n-1 n-1 ^ n ^ 

^y n v= 5 7^y,+ S yinV Vi v n + 2 ytVy. + yv + K (10) 

n n i, j=l 13 ■ J i=l 1 n i=l 1 

v\y n =o = uo(y'), (8) 

Vy n \y n =o = u t (y f ) (9) 

with analytic data will be referred to as a majorant problem for the 
problem (8)-(10) if the data of the former are majorants at the origin 
for corresponding data of the problem (8)-(10). 
If the problem (8)-(10) has an analytic solution 

v(y) = %vay a , (22) 

a 

at the origin, then this solution is a majorant there^for the series 
(22) and, consequently, (22) represents an analytic function at the 
origin. 

In order to prove this statement, we must check the validity of 
the inequalities | u a \ ^ v a for all a, | a | >- 0. According to the 
definition of the majorant problem, the functions u and zZj are 
majorants at the origin of functions u and u v respectively. There- 
fore (see (13) and (14)) | v a > t | < v a \ o and |*v,i l<^a' i f° r 
all a', | a' | > 0. 

Now assume that for some k^i we have already established 
the inequalities \ v a ; s |<>a', « for all s, 0<s<;A; — 1, and all a', 
|a'|>0. We shall demonstrate that then \v a ',h\^v a ',k, |a'|>0. 
According to (15) 

ft-2 
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and 

|P'|^|a'|+l *=0 l&'l^la'| + 2 

where 

the constants c$> tS are linear combinations with nonnegative coef- 
ficients of values at the origin of derivatives of the coefficients in 
Eq. (10), while c$> iS are the same linear combinations of correspond- 
ing (nonnegative!) derivatives of the coefficients of Eq. (10). Since 
(8)-(10) is a majorant problem for the problem (8)-(10), it follows that 
\h a ',k Kh a > th and | cp' f ,K s . Hence | iv t ft |< ~v a . % h . 

Thus for the proof of absolute convergence of the series (22) in 
some neighbourhood of the origin it is enough to construct the 
majorant problem (8)-(10) which has an analytic solution at the 
origin. While constructing the majorant problem, it is more conve- 
nient to deal with homogeneous initial conditions (8) and (9): 

v |y n =o = 0, (8 ) 

\k=o = 0. (9 ) 

We note that for the proof of the existence of the analytic solu- 
tion of the problem (8)-(10) it is enough to show the existence of the 
analytic solution w (y) of the following problem with homogeneous 
initial conditions: 

n-i n- 1 n 

w v n v n — 2 ytjVvtv.— S Ym"V n — S yiW y —yw—h' = 0, 
n n i,,-=i 1 i i=i * n i=i ' 

H„=o=o, 

where 

n-1 n-1 n 

h' = h — w' v y + 2 S Yi» u ^i/ n + S Yt»»j + VW'. 

n " i.j=i 'J i=l ' n i=l 1 
«>' (y) = y (y') + y n vi(y'). 

Indeed, it is easy to see that if w is an analytic solution of this prob- 
lem, the function v = w + w' , is the analytic solution of the prob- 
lem (8)-(10). 
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Consequently, we can regard the initial conditions (8) and (9) 
as homogeneous, that is, it suffices to construct a majorant problem 
for the problem (8 ), (9 ), (10). Since the coefficients and the free 
term of Eq. (10) are analytic at the origin, as (see Subsec. 2) Eq. (10) 
of the majorant problem we can take the following equation 

= M 

Vv * v ~* t yi + ...+yn-i+^yn 

p 

n-1 n-1 n ^ 

x ( 2 2 2 %+v+i) (io) 

i, j=l i=l i=i 

for some p>0, M>0 and arbitrary iV^l. Let us consider solu- 
tions v = Y(<r)) of Eq. (10) that depend only on yi+ ~~ +y ^+ N ^ = r,. 

All such solutions are solutions of the ordinary differential equa- 
tion 

a — T] ' ^ ' 

wnere /i — ^ 2 , r> — ^ 2 , a — i ^ 

Choose iV so large that the number a is positive, 0<a<[l. 

Consider the solution Y (t]) of (23) that satisfies the homogeneous 
initial conditions Y o (0) = Y'o(0) = 0. Since the coefficients of 
Eq. (23) are analytic when T] = (even when | rj | < a), it is easy 
to see that Y (v\) is also analytic at zero.* Since all the derivatives 

of the function are positive at the point r\ = 0, by (23) 

** ft y >° f ° r an *=<>, i,.... 



lytic at the origin is a solution of Eq. (10), and all its deriva- 



Thus the function v (y) = Y ( Vl + ' " + ^ n " 1 + Nyn ) which is ana- 



* It can be most easily exhibited in the following manner. Consider the 
equation 



a — t] \ a — T) / ' 



(23) 



whose coefficients are majorants (since < a < 1) of the corresponding coef- 
ficients of Eq. (23). Eq. (23) is the Euler's equation for the function Y + 1. 

The solution of Eq. (23) Y = - (1 — r\/a)°* - a 2 (1 — r\/a)°>] — 

°"l — Q 2 

— 1 satisfying the initial conditions Y (0) = Y' (0) = 0, where o 1 = 
= [1 - A + Y(l - A)* + 4B]/2, a 2 = [1 - A - V (i - A)* + 4£]/2, is 
analytic at zero and is a majorant of the function Y Q (r\) at the point r| = 0. 
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tives are nonnegative at the origin. Consequently, we have construct- 
ed an analytic solution of the Cauchy problem which is a majorant 

problem for the problem (8 ), (9 ), (10) at the origin. | * 

The following proposition is a consequence of Theorem 1. 

Theorem 2. Let the data of the problem (1), (4), (5) be analytic, 
and let the surface S not have characteristic points. Then there is 
a region Q' {Q' a Q) containing S in which this problem has an analytic 
solution, and this problem cannot have more than one analytic solution 
in any region containing S. 

First of all we note that the statement regarding uniqueness of 
the solution follows directly from Theorem 1 and the properties 
of analytic functions. 

We shall now prove the existence of the solution. According to 
Theorem 1, for every point z° on the surface S there is a neighbour- 
hood of this point where the problem (1), (4), (5) is uniquely solvable. 
It is easy to see that by contracting each of the neighbourhoods 
U x o, x° £ S, it is possible to obtain a cover {U' x o, x° £ S} for the 
surface S which has the following property: if the intersection of 
any two neighbourhoods is not empty, then it is an open set each 
of connected components of which contains points of S (that is r 
this intersection can be expressed as a union of not more than a count- 
able number of disjoint regions each of which contains points of S). 

In fact, in C/ x0 consider the ball { | x — x° | < r } of sufficiently 
small radius r = r (x°) > such that the angle between normals 
to S at any two points of the intersection of this ball with S is less 
than Jt/4. Let us take for U' x o the region {x: x = x 1 + tn (x f ), x 1 £ 
6 S fl {I # — #° I < r o/4}> t 6 (— So* ^ )}, where n (x 1 ) is normal 
to S at the point x 1 ; moreover, we assume 8 = 8 (x°) < r /4 to be 
so small that through every point of this region there passes only 
one normal to the surface S f| {| x — x° \ <C r } (that is, correspond- 
ing to each point x £ U x o there is only one point x 1 (x) belonging to 
S [} { \ x — x° \ <C r } such that x lies oh the straight line 
{x: x = x l + n (x 1 ) t, t 6 Ri})- It is evident that the cover 
{U' x o, x° 6 S} for the surface S is the desired one. 

Since for every x £ S U x0 cz U x o y the problem (1), (4), (5) has 
a unique analytic solution in U' x o; let it be denoted by u x0 (x). Note 
that if x° and x 1 are two arbitrary points on S and U' x o f] U' x i =^= 0, 
then u x o (x) = u x i (x) in U' x o fl U' x i. Consequently, it is possible to 
define the analytic function u (x) by the equality u (x) = u x o (x) 
for x £ U' x o in the region Q' = \j U' x0 , Q' cz Q. The function 

u(x) is the desired analytic solution inQ r of the problem (1), (4), (5). | 



* We will use Halmos' | to indicate the conclusion of the proof. 
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When the surface S does not contain characteristic points, the 
Cauchy problem, as Kovalevskaya's theorem shows, for the second- 
order partial differential equation which was formulated in Sub- 
sec. 1 in analogy with the Cauchy problem for ordinary second-order 
differential equation is in fact analogous to it in a definite sense. 
The well-known Cauchy theorem in the theory of ordinary differen- 
tial equations states that the ordinary differential equation (2) 
whose coefficients and the free term are analytic on the interval 
a < x < b has in a neighbourhood of the point x°, a < x° < fc, 
where the initial conditions are prescribed, a unique analytic solu- 
tion satisfying these initial conditions. Kovalevskaya's theorem gene- 
ralizes the Cauchy theorem to the case of partial differential equa- 
tions: if the surface S where the initial conditions are prescribed does 
not have characteristic points and the data of the problem (1), (4), 
(5) are analytic, then the problem (1), (4), (5) has a unique solution 
in some "neighbourhood" of S. 

Nevertheless, the Cauchy problem for an ordinary differential 
equation and the Cauchy problem for a partial differential equation, 
and more so, the theory of ordinary differential equations and that of 
partial differential equations are not totally analogous — the case 
of partial differential equations is far more complicated. 

In Subsec. 1 it was shown that when there are characteristic points 
on the surface 5, the existence of an analytic (even twice continuously 
differentiable) solution of the Cauchy problem cannot be guaranteed: 
if x° £ S is a characteristic point for Eq. (1), then there are smooth, 
even analytic, initial functions u and u x such that the problem (1), 
(4), (5) has no solution (belonging to C 2 (£/)) in any neighbourhood U 
of this point. Moreover, it was noted that if S is a characteristic 
surface, then there may be cases where the Cauchy problem must be 
formulated in analogy with the first-order ordinary differential 
equation. (For example, for the equation u XtXi — u Xi = / (x), for 
which the straight line x 2 = is a characteristic, the Cauchy problem 
will be examined in Chap. VI. The problem is to find a solution 
of this equation in the half-plane x 2 > satisfying one initial con- 
dition u\ X2==0 = u (x^.) In this case also, as the following example, 
due to Kovalevskaya, shows, the analyticity of the data of the 
problem does not guarantee the existence of an analytic solution. 

Example 2. The equation 

u XiXl — u Xl = 

has no analytic solution at the origin satisfying the initial condition 
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It is directly verified that if the analytic solution of this problem 
at the origin exists: 

U (x u X 2 ) = 2 U au a^V*" 9 * 
oti, a, 

then the coefficients u au « 2 have the form u 2s , h =i^±^l (_ i) h +* 

and u 2s+ilh = 0, where s^O, k^O. But the above series does not 
converge in any neighbourhood of the origin since it diverges, for 
example, at any point (0, x 2 ) when x 2 ^ 0. 

As is well-known, the solution of the Cauchy problem for ordinary 
differential equation (2) depends continuously on the initial data. 
The following example, due to Hadamard, shows that, generally 
speaking, partial differential equations do not have this property. 

Example 3. Consider the Cauchy problem in the disc 
Q = {x\ + x\<i): 

u\ Xtmm0 = u n = e-Vvn* s 

where n is a natural number (the straight line x 2 = 0, obviously,, 
does not contain characteristic points for the equation u XtXt = 
= — u XlXl ). As is easy to check, the solution of this problem (unique 
in the class of analytic functions) is of the form u = u n (x) = 
== e~ V* cosh nx 2 e inx *. Consequently, for any point x = (x x , x 2 ) of the 
disc Q, not lying on the initial line x 2 = 0, |u n (;r)|->- oo asrc->- oo y 
in spite of the fact that u n , (#i) (|w n ,o I = e~V n ) and even for 
any k^>>\ dhUn -° ->~0, as w -> oo, uniformly on [ — 1, 1]. 

What is more, it is well known that any ordinary differential 
equation (2) with continuous coefficients and free term on some inter- 
val has always a solution (on all of this interval). However, for 
partial differential equations in such a general situation, which we 
considered up-to-now, the similar statement does not hold: as shown 
by Lewy's example (Subsec. 1), there are linear partial differential 
equations of the second order that have no solution in any neigh- 
bourhood of a given point; what is more, no conditions regarding 
smoothness of coefficients (and even analyticity of coefficients) can 
be imposed which would guarantee the existence of the solution with 
any smooth (even infinitely differentiate) free term. Consequently, 
in order to study nonanalytic solutions of linear second-order partial 
differential equations, it is necessary to impose additional condi- 
tions on the structure of the equation. In the next section we shall 
select some classes of equations which will be the subject of our 
study in the sequel. 
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§ 2. CLASSIFICATION OF LINEAR DIFFERENTIAL 
EQUATIONS OF THE SECOND ORDER 

We consider a linear partial differential equation of the second 
order 

n n 

%u= 2 a u( x ) u x t x § + 2 at(x)ux +a(x) u = f(x) (1) 

in an rc-dimensional region Q. 

The coefficients o,i](x), i, / = !, ...,n, are assumed to be 
real-valued, and the solutions of Eq. (1) are assumed to belong 
to C 2 (Q). The matrix A (x) = || (x) || composed of the coefficients 
of highest derivatives of the operator X can be taken as symmet- 
ric. In fact, 2 a i/ w *|Xj= S S a 5 w *i*jt where a^ = 
= + a ii = ^( a ii — a Ji)- Since u x i * J = u XjXi , it follows 

that 2 aij u x iXj = 0, hence 2 a ij u x iXj = 2 a'i3 u x iXj , wher e || a\j {x)]\\ 
is symmetric. 

Let x° be an arbitrary point of (?, and ^ . . ., X n (x°) the 
eigenvalues (evidently, real) of the matrix A (x°). The number of 
positive eigenvalues is denoted by n+ — n+ (a: ), while that of nega- 
tive eigenvalues by = (x°) and the number of zero eigenvalues 
by n = n (x°); n = n + + n_ + n . 

Eq. (1) is called an equation of elliptic type at the point x° (or sim- 
ply, elliptic at the point x°) if rc+ = n or = n. This equation is 
said to be elliptic on the set E, E aQ, if it is elliptic at every point 
of this set. An example of elliptic equation in R n is Poisson's equation 

Au = f, 

where A = -j^2~ + • • • * s the Laplace operator. 

Eq. (1) is said to be hyperbolic at the point x° £ Q (or an equation of 
the hyperbolic type at x°) if n+ = n — 1 and = 1, or if n+ = 1 and 
= n — 1. If the equation is hyperbolic at every point of the 
set E, Ed Q, then it is said to be hyperbolic on E. An example of the 
equation that is hyperbolic in the whole of space R n of variables 
x x , . . ., x n is the wave equation 

u XlXl + . . • + u^ ^^ — u XnXn = /. 

Eq. (1) is termed ultra-hyperbolic at the point x° if n = and 
1 < n+ < n — 1. Eq. (1) is ultra-hyperbolic on E, Ea Q, if it is 
ultra-hyperbolic at each point of E. The equation 

Ux lXl ~t~ u x t x 2 U XiXa U XaXa = f (x) 

is ultra-hyperbolic in all of i? 4 . 
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Eq. (1) is designated parabolic (or, an equation of the parabolic 
type) at the point x° £ Q if n > 0. Eq. (1) is said to be parabolic on 
the set EczQ if it is parabolic at every point of E. The heat equation 

u XtXl + . . . + «x H x w — M* n = / (*) 

provides an example of the equation that is parabolic in the whole 
space R n of variables ^ . . ., x n . 

Of course, an equation need not be of the same type at all points 
of a region. For example, Chapligin's equation (n = 2) 

Ux^ + Tixi) u XtX , = f(x), 

where the function T(x ± ) > for x x > 0, T(x ± ) < for 
x 1 < 0, and T{x^) = for x x = 0, is elliptic for x x > 0, hyper- 
bolic for x x <(0 and parabolic for x x = 0. 

We recall that (see Sec. 1.1*) tho surface S lying in Q and given 
by the equation F(x) = (the real-valued function F £ C 1 (Q) and 
| sjF | =7^= on S) is called the characteristic surface (characteristic) 
for Eq. (1) if for all points x £ S : ; 

(A(x) VF, VF) = 0. (2) 

If Eq. (1) is elliptic in Q, then the matrix A(x) is positive- or nega- 
tive-definite at each point x £ Q. This means that (2) holds only 
when | VF| = 0. Hence elliptic equations do not have characteristic 
surfaces (what is more, no surface S contains a characteristic point 
of the elliptic equation). 

If Eq. (1) is hyperbolic in Q, then it can be shown that a character- 
istic surface can be made to pass through every point of Q. For 
example, for the wave equation u x ^ + . . . + ^x n _ 1 ^ n _ 1 = u x n x n 
Eq. (2) has the form 

.FL+...+F* -F* =0. (2') 

1 1 1 rc-i n v ' 

This equation is, in particular, satisfied by the function (x — x°, m) = 
= (x 1 — x*l) m 1 + . . . + (x n — x° n ) m ni where x° is an arbitrary 
point of R n and the vector m = (/m 1? . . ., m n ), \ m | = 1, is subject 
to the condition ml + . . . + tfin-i = m n- Eq. (2') is also satisfied 
by the function (x ± — z?) 2 + . - - + (#n-i — ^n-i) 2 — (#n — x°n) 2 , 
where x° is an arbitrary point of R n . Hence the plane (x — x°, m) = 
= and the canonical surface (x x — x*) 2 + . . . + Oz n -i — #n-i) 2 = 
= ( x n — x n) 2 are characteristics for the wave equation. 

For the heat equation u XlXl + . . . + u x n _ 1 x n x = u x n Eq. (2) 
is of the form 



* Here and in what follows the first number will denote the section and the 
second its subsection. 
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It is evident that any solution of this equation has the form F — 
= cl) (x n ), where O is an arbitrary continuously differentiable func- 
tion (Q' =7^= 0). Thus the characteristics for the heat equation are 
the planes x n = const. 

Let x° be a point of the region Q. We denote by y = y {x)(yi = 
= yt i x u • • • » x n)i i = 1 , . . . , a transformation which maps 
one-to-one a neighbourhood U of the point x° into the neighbour- 
hood V of the corresponding point y°, y° = y(x°), and byx = x(y) 
the inverse transformation. We shall assume that the functions 
y t (x) 6 C 2 (U), i=l, . and that the Jacobian matrix J(x) = 



dxj 



of the transformation y = y(x) is nonsingular, that is, 

the Jacobian of transformation det J(x)^0 in U. Let v (y) denote 
the function u{x(y)). Since 

n n n 

= ^ Vy^kx., U X i X j = ^ 2j_^ Vy^J/hXiysXj + ^ Vy^hXiXj, 

Eq. (1), as a result of the change of variables, assumes the form 

(3) 



S «ft S (* (</)) ^y ft y s = F(y,v, Vi>), 

ft, S=l 



sx and gis a function that does 



where a ks (x)= 2 a f/ (a) y ft3C 

not depend on the second derivatives of v. Since the matrices A(x) = 
= II fl fts (#) II and A(x) = \\ a tj (x) || are related by A(x) = J A J*, 
by a well-known theorem of algebra the numbers of positive, nega- 
tive and zero eigenvalues of A (x) coincide with the corresponding 
numbers for the matrix A(x). This implies that at any point y £ V 
Eq. (3) is of the same type as Eq. (1) at the corresponding point 
x £ U. Hence the above classification of second-order equations is 
invariant under smooth one-to-one nondegenerate transformations 
of independent variables. This fact can be utilized for simplifying 
Eq. (1). 

Let us take an arbitrary point x° £ Q. It is known that for the 
matrix A(x°) there exists a nonsingular matrix T = T(x°) = 
= || tij || such that 



TA(x°)r*=A{x?)= 




3-059'* 
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We effect a linear change of variables y = T (x°) x. Since the Jacobian 
matrix of this transformation is T, Eq. (1), under this transformation, 
reduces to (2) in which the matrix of coefficients of highest deriva- 
tives is TA(x) T*. This implies that for x = x° Eq. (3) has the form 

VVtVi + • • • + VVn+Vn* "~ ^71++ 1*71+4-1 — " * * ~~ V Vn + +n-Un++n- = ^1' 

where the function F 1 does not depend on second derivatives of v. 
This form is called the canonical form of Eq. (1) at the point x°. 

Hence for any point x = x° £ Q we can find a nonsingular linear 
transformation of independent variables which reduces Eq. (1) 
to the canonical form at the point x = x°. Since the transformation 
depends only on the values of the coefficients of highest derivatives 
in (1) at x = x°, in the case when the coefficients are constants in Q 
the resulting linear transformation reduces Eq. (1) to the canonical 
form at each point of Q (in the region Q). 

§ 3. FORMULATION OF SOME PROBLEMS 

In this section we shall examine some physical problems which lead 
to problems in partial differential equations. 

1. Problems of the Equilibrium and Motion of a Membrane. 

Let us consider the problem of determining the equilibrium position 
of a membrane (a thin elastic plate) which is subject to the aetion 
of a system of forces. 

We shall assume that in any admissible position the membrane 
is a surface lying in the space {x, u) = x 2 , u) that projects 
uniquely onto a region Q of the plane x 1 Ox 2 , and is given by the equa- 
tion u = u (x), x £ Q, where the function u (x) £ C 1 (Q). If u = 
— cp (x), x 6 Q, is an Y admissible position of the membrane, then 
we assume that any other admissible position u = u (x) is obtained 
from the position u = cp (x) in such a manner that every point of 
the membrane is displaced parallel to the 0^-axis. 

Suppose that the external force acting on the membrane is directed 
parallel to the Ou-axis and has continuous density / x (x, u) equal 
to / (x) — a (x) u (the membrane is subject to the force with density 
f (x), x 6 Q, and to the resistance force of the elastic medium whose 
density is a (x) u is proportional to the displacement and opposite 
in sign, a (x) \> is the elasticity coefficient of the medium). The 
work done by this force in displacing the membrane from the position 
cp (x) to the position u (x) is given by 

u(x) 

J j /i (s, u) du dx = J [/ (x) (u {x) — cp (x)) 

Q 0>(x) Q 

-^-(u*(x)-q>z(x))}dx. 
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Besides this, the membrane is subject to the internal elastic force. 
We assume that the work done by this force in displacing the mem- 
brane from the position cp (x) to the position u (x) is equal to 

-J k{x)[V i + \Vu\* —1^1 + 1 V<p\ 2 ]dx 
Q 

(the work done by this force with regard to the element (x x , x 1 + Ax^x 
X (x 2y x 2 + A^ 2 ) of Q is proportional to the change in the surface 
area of that part of the membrane which is projected onto this ele- 
ment; the coefficient k (x) > is called the tension of the membrane). 

If at the points of the boundary of the membrane a force is applied 
with linear density gl (x, u) = g 1 (x) — o x (x) u (a x (x) ;> is the 
coefficient of elastic fastening of the boundary), then the work done 
by this force in displacing the membrane from the position cp (x) to the 
position u (x) is given by 

J [ gi (x) (u (x) - cp (*)) - (u* (x) - cp 2 (X))] dS. 

dQ 

Thus, in the position u (x), the potential energy of the membrane is 

U(u) = U(<p)+ J [k(x)(V 1 + iV^i 2 — 1/1 + 1 Vcp[ 2 
Q 

+ 1 (" 2 - <P 2 ) - f (u - cp) ] dx + J [-^ (u* - cp*) - gl (u - <p) ] dS § 

dQ 

where U (cp) is the potential energy of the membrane in the posi- 
tion (p. 

To simplify the problem, we assume that the gradient of the func- 
tion u (x) is small for all the admissible positions u (x) which the 
membrane can have, and we neglect the terms of the order | I 4 . 
Then the potential energy of the membrane in position u becomes 

U(u) = U(<p)+$ [|(|Vii| a -|Vq)| 2 ) + y(i* a -q)»)-/(i*-q))]£fa 
Q 

+ J [^(u 2 -^)-gi(u-ip)]dS. 

dQ 

If u is the equilibrium position of the membrane, then, by the 
principle of virtual displacements, the polynomial (in t) 

P(t) = U(u + tv) 

= U (u) + 1[ j (kVu Vi> + auv — fv) dx + j (a 4 uv — gi v) dS J 

Q 2 dQ 

+ 4[J (A| Vv\* + av*)dx+ J o^dS] 
Q dQ 

3* 
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has, for any admissible v, a stationary point for t = 0. Hence 

dP J® = 0, that is, for all v £ C 1 (Q) the function u (x) describing 

the equilibrium position of the membrane satisfies the integral 
identity 

^ (kVuSJv + auv) dx + j o t ui;dS = j fvdx + ^ g&dS. (1) 
Q dQ Q Sq 

If the boundary of the membrane is fixed (tightly stretched), then 
all the admissible positions u of the membrane satisfy the condition 

u\dQ=<V\dQ- (2) 
In this case the potential energy of the membrane in any position 
u is (neglecting the terms of the order | I 4 ) 

U(u) = U(<p) + J [±(\Vu\*--\V<p\2 + ^(uZ-<pZ)-f(u--q))]dx. 
Q 

Let u be the equilibrium position of the tightly stretched mem- 
brane. Then for any function v £ C 1 (Q) satisfying the condition 

v\ dQ = (3) 

the function u + tv satisfies condition (2) for all t. Therefore for 
all such v the polynomial 

P(t) = U (u + tu) = U (u) + t j (kVuVv + auv — fv)dx 

Q 

+ ~Y j (k\Vv\* + av 2 )dx 
Q 

has a minimum when t = 0. This means that for all v 6 C 1 (Q) satis- 
fying (3) the function u (x) which describes the position of a tightly 
stretched membrane satisfies the integral identity 



j (k\7u Vv + auv\dx = j fvdx. 



(4) 



It will be shown in Chap. V that under suitable conditions on 
the given functions fc, a, o x , /, g x , and in the case of a tightly 
stretched membrane also on cplaQ, the integral identities (1) and (4) 
determine unique functions u (x) subject to the condition (2). Further- 
more, it will be shown that if the boundary dQ is sufficiently smooth, 
then the functions u (x) belong to C 2 (Q). 

However, assuming here that u (x) £ C 2 (<?), k (x) £ C 1 (Q), 

M*)>fco>0, a(*)6<7(<?), o 1 (x)eC(dQ), g 1 £C(dQ), q> g 
£ C (dQ), we shall obtain local conditions, in place of integral iden- 
tities (1) and (4), that must be satisfied by the desired function u (x)' 
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Since, by Ostrogradskii's formula, 

j kVu Vv dx = — j v div (k^u) dx + £ k ^ v dS 

Q Q dQ 

for any v £ C l (<?), we can rewrite (1) and (4), respectively, in the 
form 

\ (div (kVu)-au + f)vdx- j (k ^ + a i u — g i ) udS ^0 (1') 

Q dQ 

and 

[ (div (kVu) — au + f)vdx = 0. (4') 
Q 

Because the function div (k^u) — au + / is continuous, from (4') 
we obtain 

div (kyu) — au + f = 0, x 6 (5) 

which together with the boundary condition (2) gives the required 
local conditions that must be satisfied by the function u (x) in the 
case of a tightly stretched membrane. The problem of finding the 
solution of Eq. (5) satisfying the boundary condition (2) is called 
the first boundary-value problem (the Dirichlet problem) for Eq. (5). 

Since the function v (x) in (1') is an arbitrary function belonging 
to C 1 (Q), we find, in particular, that for v satisfying condition (3) 
u (x) in this case also satisfies Eq. (5). Therefore the identity (1') 
may be written as 

dQ 

Because any function in C 1 (dQ) admits of an extension into Q 
which belongs to C 1 (Q) (see Sec. 4.2, Chap. Ill), the last identity 
yields the boundary condition 

where a = ojk 0, g = gjk. 

The problem of finding a solution of Eq. (5) satisfying the boundary 
condition (6) is called the third boundary-value problem for Eq. (5). 
When o = 0, the third boundary-value problem is known as the 
second boundary-value problem (the Neumann problem). In this case 
the boundary condition becomes 



(7) 
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Hence the equilibrium position of a membrane is described by the 
solution of Eq. (5) satisfying some boundary condition. Eq. (5) 
is elliptic and is called the equation of equilibrium for the membrane. 

We shall now investigate the problem of the motion of a membrane. 

Let u (x, t) define the position of the membrane at a given time t. 
Then the function u t (x, t) and u u (x, t) (these derivatives are 
assumed to exist) define the velocity and acceleration of the mem- 
brane at a point x£Q. Suppose that at a certain (initial) time moment 
t — t the position of the membrane and its velocity are given, that is, 



The conditions (8) and (9) are referred to as initial conditions. 

By the D'Alembert's principle, the equation of motion of the 
membrane is the equilibrium equation (5) in which / (x) has been 
replaced by the function — p (x) u tt + / (x, i) ( — p (x) u tt is the 
density of the force of inertia at the point x, p (x) > is the 
density of the membrane at the point x, and / (x, t) is the density 
of the external force which, generally speaking, depends on t): 

div (k^ x u) — au + f (x, t) — p (x) u tt = 0, x £ (?, t > t . (10) 

As in the static case, the boundary conditions have the form (2), 
(6) or (7), depending on the conditions defined on the boundary dQ 
and are fulfilled for all values of time t ^ t in question. The pro- 
blems of finding a solution of Eq. (10) subject to conditions (2), 
(8), (9); (7), (8), (9); (6), (8), (9) are called, respectively, the first, 
second and third mixed problems for Eq. (10). 

Hence the motion of the membrane is described by the solution 
of Eq. (10) satisfying the initial and some boundary conditions. 
Eq. (10) is hyperbolic (in the three-dimensional space) and is called 
the equation of motion of a membrane. 

When the membrane is expanded infinitely (Q = R 2 ), the func- 
tion u (x, t) describing the motion of the membrane for all x £ R 2 
and t > t is the solution of Eq. (10) and satisfies initial conditions 
(8) and (9). In this case we say that u (x, t) is a solution of the ini- 
tial-value problem (the Cauchy problem) for Eq. (10). 

If the coefficients in Eqs. (10) and (5) are constants: k (x) = k, 
p (x) = p, and a (x) = 0, then these equations are called, respec- 
tively, the wave equation 



u\t=t = yp<y(x), 
u t \t= t0 = yt>i(x), 



(8) 
(9) 



a = 




x£Q, t>t t 



(10') 



k 



(5') 



INTRODUCTION 



39 



In the case of one space variable, Eq. (10') has the form 

^utt-Uxx^-yZjfi-, *e(«,P), t>t . (10") 

It describes the motion of a string situated over the interval (a, |3). 
When x = x 2 , x 3 ), the equation 

^u u -Au = -^^-, x£Q, t>t^ (10"') 

describes the motion of a gas in a region Q (the function u (x, t) 
characterizes, for example, small deviations at the point x £ Q at 
time t in the pressure of gas from the constant pressure). The quan- 
tity a in this case is the velocity of sound propagation in the gas. 

2. The Problem of Heat Conduction. Suppose that a substance 
in the three-dimensional region Q has the density p (x) > 0, heat 
capacity c (x) > 0, and the coefficient of heat conduction k (x) > 0. 
Let u (x, t) denote the temperature at x £ Q at a given time t. Assum- 
ing that the temperature at the initial time t = t is known: 

u(x, *)|t=* = ^o(*), *e<?; (11) 

it is required to determine it for t > £ . 

Let Q' be a subregion of Q. By Newton's law, the amount of heat 
passing through the boundary dQ' into Q f in an interval of time 
(t x , t 2 ), t ^ t t < t 2 , is equal to 

l,t2 

- J dx] k(x)^dS, 

U dQ' 

where n is the normal to dQ' which is outward with respect to Q' . 

If the source of heat is present in Q with a given density / (x, t), 
then the increase in the amount of heat in Q' in an interval of time 
(t x , t 2 ) is equal to 

t2 t2 

j dt j / (x, t) dx— j dt j k {x)^dS 

ti Q' ti dQ' 

and therefore the equation of heat balance in Q' has the form 

t2 t2 

- j dt J k dS + [ df j / (s, f) dz 

fl 0Q' ti Q' 

= j c (x) p (#) (u, (a:, £ 2 ) — h (#, *i)) dx. 

Q' 
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~-fadt and using the Ostrograd- 

ti 

skii's formula, we obtain 

<2 

j dt J [c (x) p(x)^ — div (k (x) Va) — / (a;, t) J = 0. 

ti Q' 

If the integrand is continuous in Q, then, because Q' and the inter- 
val of time (£ x , £ 2 ) are arbitrary, the last equation is equivalent to 
the differential equation 

c(x)p(x) ^-&iv(k(x)Vu) = f(x, t), x£Q, t>t . (12) 

This equation is of parabolic type (in a four-dimensional space of 
the variables x ly x 2 , x 3 , t). When the functions c (x), p (x) and k (x) 
are constants, Eq. (12) is called the heat equation: 

X Ut _Au = -^, (12') 

k 

where a 2 = — . 

cp 

It should be emphasized that Eq. (12) holds only for t > t and 
only for the interior points of Q. The behaviour of the function 
u (x, t) for t = t is given by the initial condition (11), and for 
x £ dQ u (x, t) should be subject to some additional conditions. 
This is motivated by the concrete physical problem establishing 
heat relation of Q with the external medium. 

In the simplest case, the value of the temperature u (x, t) is given 
on the boundary dQ: 

u\ dQ = f (x: t t) (13) 

for all values of t under consideration. In this case the temperature 
is described by the solution u (x, t) of Eq. (12) satisfying the condi- 
tions (11) and (13). 

If the density q (x, t) of the heat] flow through the boundary 
is known, then, by Newton's law, the boundary condition is of 
the form 

*<*>^L=f •<*•*>• < 14 > 

If the temperature u (x, t) of the medium external to Q is given, 
and the density q (x, t) of the heat flow through the boundary dQ 
is proportional to the difference in temperatures u\ Q q and w |aQ» 
then the boundary condition is of the form 

kJ^ + k^ldQ = ^UoldQ, (15) 
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where k ± (x) > is the coefficient of heat exchange of the body with 
the surrounding medium. 

The problem of finding solutions of Eq. (12) satisfying the condi- 
tions (11), (13); (11), (14); (11), (15) are called, respectively, the 
first, second, and third mixed problems for Eq. (12). 

When the substance occupies the whole of R 3 , Q = R 3 , the 
temperature u (x, t) satisfies Eq. (12) for t > t and the initial con- 
dition (11) for t = t Q . In this case we say that u(x, t) is the solu- 
tion of the initial value problem (the Cauchy problem) for Eq. (12). 



PROBLEMS ON CHAPTER I 

1. Let a surface S of class C 2 divide the region Q into two disjoint regions 
<? + and<?-, and let the function u (x) belong to ^(Q) Q C 2 (Q+ [} S) fl C 2 (Q-[jS) 
and satisfy in Q + and Q~ the second-order linear differential equation 

n n 

2 a nW u x. x .+ (*)"=/(*) (1> 

i,;=l 1 3 i=l 1 

when coefficients and free term are continuous in Q. Show that if for a neigh- 
bourhood U x o of a point x° £ S the function u{x) does not belong to C 2 (U x0 ) y 
then x° is a characteristic point for Eq. (1). 

2. Suppose that in a two-dimensional region Q there is given the second- 
order linear differential equation (1) whose coefficient and free term are analytic, 
and suppose that the two lines L t and L 2 which intersect at a point x° £ Q are 
characteristics for this equation. Show that the problem (the Goursat problem) 
has a unique solution u(x) of Eq. (1) satisfying the conditions u\ L ^ = u ± and 
u\l = u 2, where the functions u x and u 2 are analytic, in a neighbourhood of 
the point x° in the class of analytic functions (u^x ) = u 2 (x )). 

3. Suppose that a second-order linear differential equation with continuous 
coefficients is given in a region Q. Show the following. 

If the equation is elliptic (hyperbolic) at a point of Q, then it is also elliptic 
(hyperbolic) in a neighbourhood of this point. 

If there are two points in Q at one of which the equation is elliptic and at the 
other is hyperbolic, then there is a point in Q where the equation is parabolic. 
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§ 1. THE LEBESGUE INTEGRAL 



The notion of an integral and that of an integrable function asso- 
ciated with it are fundamental for mathematical analysis. Due to 
the need of applied sciences, and of mathematics itself, these ideas 
have undergone radical changes during the course of their develop- 
ment. To solve some problems, it was enough to know how to inte- 
grate continuous or even analytic functions, while for other pro- 
blems it became necessary to enlarge these sets and sometimes even 
consider the set of all functions which are integrable in the sense 
of Riemann. What is more, in order to express mathematically a num- 
ber of phenomena even the set of Riemann-integrable functions is 
not rich enough. Naturally, this set was not sufficient even for the 
need of mathematics itself. 

In particular, some processes are described approximately by means 
of a sequence of "well-behaved" functions k = 1, 2, . . ., 

whose convergence can be asserted only in some integral sense. Thus, 
for example, the sequence /&(#), k = 1, 2, . . ., may have one of 



the following properties: \ | f h — f m \ dx as m, k ->- oo (the 



sequence is fundamental in the mean), \ (f h — f m ) 2 dx (the 



sequence is fundamental in the mean square) or, in more complicated 
cases, the integrals containing derivatives of the functions converge 
to zero (the sequence is fundamental in the energy). These properties, 
in particular when the sequence is fundamental in the mean square, 
may not guarantee convergence in the ordinary sense: the sequence 
may not converge at any point. However, we can still show (it will 
be done below) that there exists a unique function to which this 
sequence converges in a definite sense (in the mean square). This 
function, generally speaking, is nonintegrable in the sense of Rie- 
mann, therefore the integral in the definition of convergence must 
be understood in some wider sense— in the sense of Lebesgue. 
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1 . Set of Measure Zero. A set J? c: R n is said to be a set of (rc-dimen- 
sional) measure zero if it can be covered by a countable system of 
(^-dimensional) open cubes the sum of whose volumes (total vol- 
ume) is arbitrarily small, that is, for a given e > we can find a count- 

oo 

able system of cubes K 2 , . . . such that Ecz [j K t and the 

i=l 

oo 

total volume of these cubes 2 I %i I < e > where \K t \ is the 

i=\ 

volume of the cube K u i = 1, 2, . . 

It readily follows from the definition that the set composed of 
a countable number of points has measure zero. The intersection 
and union of a countable number of sets of measure zero are sets 
of measure zero. The smooth surfaces of dimension k < n are also 
sets of measure zero. 

The following criterion will prove useful in what follows. 

Lemma 1, A set E is a set of measure zero if and only if it can be 
covered by a countable system of cubes having finite total volume so that 
every point is covered by infinitely-many sets of these cubes. 

First, suppose that the covering mentioned in Lemma 1 exists. 
Deleting from it a finite number of cubes with maximum volumes, 
we can make the total volume of the remaining covering arbitrarily 
small. This means that E is a set of measure zero. Conversely, if E 
is a set of measure zero, then it can be covered by a countable system 
of cubes with total volume less than 2~ h for any integer k >- 1. The 
required covering is obtained by taking the union over k = 1, 2, ... 
of these covers. Q 

If a property holds for all the points x of a set G except, possibly, 
for the set of measure zero, then we say that this property holds 
for almost all points z £ G, almost everywhere in G, a.e. (in G). Thus, 
the Dirichlet's function % (x) which equals 1 at points whose all coor- 
dinates are rational and vanishes elsewhere, vanishes a.e. in R n . 

Let Q be a region of R n . Together with the functions defined every- 
where in Q (that is, having finite value at every point of Q), we shall 
also consider functions that are defined a.e. in Q, that is, functions 
which are undefined on a set of measure zero. The functions / + g, 
f-g (f and g are defined a.e.) are defined at those points where both 
the functions / and g are defined. 

2. Measurable Functions. Let Q be a region of the space R n . A se- 
quence of functions (defined a.e. in (?) f h (x), k = 1, 2, . . ., is 
said to converge a.e. in Q if for almost all x° (j Q the number sequence 
of values of these functions at the point x° has a (finite) limit. A func- 
tion f(x) is called the limit of an a.e. convergent sequence /&(#), 
k = 1, 2, . . ., fk( x )-+f( x ) a - e - i n as k-*oo, if for almost 
all x° g Q lim f k (x°) = /(z°). It is evident that if two functions 

ft->oo 
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/ (x) and g (x) are limits of the same sequence of functions, that 
converges a.e., they coincide a.e. 

A function / (x) is said to be measurable in Q if it is the limit of an 
a.e. convergent sequence of functions in C (Q). 

Let us note some of the obvious properties of measurable functions. 

Any linear combination of measurable functions is measurable; 
the function f^f^ is measurable if so are / x and / 2 . Together with / 
the function | / | is also measurable. If the functions f ±1 / 2 , ... 
are measurable, then so are max (f t (x)), min (f t (x)), and 

i<fe i<fe 

lim f k (x) (the limit is understood in the sense of a.e.). Since 

k-+oo 

sup (f k (x)) = lim max (f t (x)) and inf (f k (x)) = lim min(/j(:r)) r 

k k-+oo -i<fe h h-+oo i<ft 

it follows that these functions are also measurable provided so are 
/ fe , k = 1, 2, .... If the derivative of a measurable function exists 
a.e., it is also measurable. 

It follows from the definition that a function / (x) belonging to 
C (Q) is measurable. An arbitrary function / (x) belonging to C (Q) 
is also measurable, because it can be expressed as the limit of a se- 
quence of functions belonging to C (Q) that converges in Q: f (x) = 
= lim / (x) £e (x), where £e (x) is the slicing function for the 

6->0 

region Q (see Chap. I). 

3. Lebesgue Integral of Nonnegative Functions. We shall often 
consider sequences f h (x), k = 1, 2, . . ., of measurable functions 
that are monotone nondecreasing (nonincreasing) a.e. in Q, that is, 
the sequences which, for all k^i, satisfy the inequalities 
f h+1 (x) ;> f h (x) (x) ^ f h (x)) a.e. in Q. If such a sequence of 

functions is bounded a.e. (that is, for almost all x° 6 Q the number 
sequence f h (x°), k = 1, 2, . . ., is bounded), then it converges a.e. 
to some function. We shall denote this as follows: f h f / a.e. as 
k -> oo if the sequence is monotone nondecreasing, and f k | / a.e. 
as k ->■ oo if the sequence is monotone nonincreasing. 

A function / (x) which is nonnegative a.e. in Q is said to be Lebes- 
gue-integrable in Q {over Q) if there is a monotone nondecreasing se- 
quence of functions f k (x), k = 1, 2, . . ., in C (Q) which converges 
to / (x) a.e. in Q and is such that the sequence of (Riemann) integrals 

f k {x) dx < C, k = 1, 2, . . ., is bounded above. The exact 

Q 

upper bound of the set | [/ft (^) dx, k = 1, 2, . . . j is called tha 

Q 

Lebesgue integral of the function / (x): 

(L) [ /d# = sup [ f k (x) dx= lim \ f k {x)dx. (1) 
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Let us show that if the function f(x) nonnegative a.e. in Q is 
Lebesgue-integrable, then for any monotone nondecreasing sequence 
of functions fu(x), k = 1, 2, . . in C{Q) that converges a.e. 

to / the sequence of integrals j f' h (x) dx, k = 1, 2, . . ., is bounded 

Q 

above and sup \ f' k (x) dx = (L) \ f dx, that is, the Lebesgue integral 

h i I 

is independent of the choice of the approximating sequence. 

Before proving the above statement, we shall demonstrate that 
if /ft(#)» k = 1, 2, . . ., is an arbitrary sequence of functions in 
C{Q) such that f h \ f a.e. as k ->- oo (/ (x) ;> a.e.), then 
sup \f h (x)dx^0, and hence for any a.e. nonnegative function 

/ 5 

j(x) that is Lebesgue-integrable 

(L) j fdx^O. (2) 
Q 

Let f h (x) f f(x) a.e. as k-+oo. Take an arbitrary e > 0. The 
set E consisting of points where the sequence f h , k = 1, 2, . . ., 
does not converge to / or where / < is a set of measure zero, hence 
it can be covered by a countable set of open cubes {K t , i = 1, 2, . . .} 
with total volume less than e. Let K denote the union of all the 
cubes of this cover. For any point x° £ Q\K f h (x°) f f(x°) >0 as 
k ->■ oo, therefore, there is an N = N (x°) such that f N (x°) > — e. 
Since the function f N (x) £ C (()), the last inequality holds also in the 
intersection U XQ f] Q of the set (? with an open cube U x0 centred at 
the point x°. Because the sequence is monotone, the inequalities 

.fh( x ) > — 8 a l so h°ld in f/jco fl Q f° r ft H k^> N. The aggregate 
a: 6 <?\-ff} U i = 1, 2, . . .} of open sets covers the 

set Q, and, since Q is closed, from this cover we can select a finite 

subcover £/ i, Ui, K u , ...,Ki. Put K ' = U K t .. Since 

\K' \<i and there exists an N such that for all x£Q\K' a 
i _ 

■c=(U^x.)n^ we have f k (x)> — e for all /c>7V , it follows 
that for these ft 

]f h (x)dx = J / ft (s)ds+ J f h ( x )dx^—z\Q\ + A^ 

*Q Q\K' K' 

= b(A 1 -\Q\), 
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where | Q | is the volume of Q, A ± = min f i (x). Since e > is 

arbitrary, the last inequality yields (2). 

Now suppose that / (x) is an arbitrary a.e. nonnegative Lebesgue- 
integrable function, and let f k (x), k = 1, 2, . . ., f h f / a.e. as 
k oo , be a sequence of functions in C (Q) for which the sequence of 
integrals is bounded. Taking an arbitrary sequence of functions 
f' h (x), k = 1, 2, . . in C (Q) such that f' h (x) f / (x) a.e. as 
k ->- oo , we shall show that 



lim \ f' h dx = lim t f h dx. 

h-*-oo J h->oo v 



h-+oo J h 

Q w 

Consider the sequence f k — f' m , &=1, 2, with arbitrary m. 
Since, as &->oo, — /m f / — /mS^O a.e. in Q, it follows that 

lim \ (f k — f m )dx= lim i f h dx — \ f' m dx^0. Hence the sequence 

Q Q Q 

t f' m dx, m=l, 2, . .., is bounded and lim \ /^dx^lim \ f h dx r 

Q Q Q 

and, because the reverse inequality obviously holds, the assertion 
is established. 

Let us consider a cube containing the region Q and sides parallel 
to the coordinate planes, and decompose it by planes parallel to 
the sides into a finite number of parallelepipeds. The nonempty 
intersection of an open parallelepiped of the resulting decomposition 
with the region Q will be called a cell (of decomposition of Q), and 
the aggregate of all the cells the decomposition II of Q. A measurable 
function / (x) is called step-function in Q if it assumes only constant 
values inside each cell of a decomposition II of Q. 

By the integral of a step-function we shall obviously mean the 
sum of volumes of all the cells multiplied by the value of the function 
in the corresponding cell. 

Lemma 2. For every monotone nondecreasing sequence of functions 
f k ( x ), k = 1, 2, . . ., in C (Q) there exists an a.e. monotone nonde- 
creasing sequence (x), k = 1, 2, . . ., of step-functions such that 
fk (x) < f h k = 1, 2, . . ., a.e., and f k (x) — f' h (x) ->- a.e. 
as k oo . 

Proof. Since the function f h (x) is uniformly continuous, we can 
find a number 6^ > such that | f h (x') — f h {x") | < 2~ h for any 
points x' , x" £ Q satisfying | x' — x" | < 8&, k = 1, 2, .... We 
denote by 1^ a decomposition of Q with maximum diameter of the 
cell ^ b x . The step-function f\ (x), which is equal to min f x (x) 

in every cell K of the decomposition E^, has the property that 
< /i (x) — f\ (x) < 2 _1 for almost all x £ Q. By taking finer decom- 
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position of we can construct a new decomposition II 2 with maxi- 
mum diameter of the cell ^ 5 2 . The step-function (x), which is 
equal to min / 2 (x) in every cell X of II 2 , satisfies the inequalities 

< U ( x ) — h ( x ) < 2" 2 for almost all x 6 <?. Furthermore, f 2 (x) > 
;> f\ (x) a.e. in Q. Continuing this process, we obtain for any k ;> 1 
a decomposition U h of Q and together with it a step-function f' k (x) 
having the properties that ^ f k (x) — f k (x) <C 2~ k , fa (x) ^ fh-i( x ) 
for almost all x £ Q. Hence fh (x) ^ f k (x) a.e. in Q, and a.e. in Q 
the sequence fu( x ) — f k (x), k = 1, 2, . . has a limit equal to 
zero. | 

Lemma 2'. For any sequence of step-functions f' h (x), k = 1, 2, . . ., 
which is monotone nondecreasing a.e. in Q, there exists a monotone 
nondecreasing sequence of functions f h (x), fc = 1, 2, . . in C (Q) 
such that f h (x) ^ f' h (x) a.e. and f h (x) — f h (x) 0, as k — oo, 
a. e. in Q. 

Proof. Evidently, it suffices to establish the lemma for f\ (x) ;> 
a.e. 

Consider the function f' h (x) (f\ (x) a.e. implies that f' h (x) ;> 
a.e.), and let the corresponding decomposition H' h of a cube contain- 
ing Q (a Q denotes the length of the side of the cube) consist of m h cells 
(when the decomposition II fe of Q corresponding to f' k does not con- 
tain more than m h cells). Take 8 fe = min 2nan-\m h 2^ } 7 w h ere 
a h is the length of the smallest of all sides of all the parallelepipeds, 
the cells of decomposition 11^, and let £% k (#), ^ £$ k (x) 1, 
where Z$ k is the slicing function (see Introduction, Chap. I) for 
thepth cell of decomposition 11^, (8 k is chosen so that the total vol- 

m k 

ume of the intersection of parallelepipeds, where 2 ( x ) < 1* 

P =i 

with Q does not exceed 2 ). 

Let i|? h (x) denote the function f'h(x)- 2 %>6 h ( x )> It is eas Y to see 
_ p=i k 

that i|j ft (x) 6 C(Q), ty k (x) < a.e., and f' h (x) — ty h {x) -> 0, 

as & — >- oo, a.e. Then the functions f k (x) = max ij) m (.z), which are 

continuous in (), satisfy a.e. the inequalities /&(#) ^ f'h{x), k = 
= 1,2, . . ., and f h (x) — f h (x) -> 0, as k oo, a. e. | 

Lemmas 2 and 2' immediately imply the following proposition. 

Theorem 1. In order that a function f(x) nonnegative a.e. in Q may 
be Lebesgue-integrable over Q, it is necessary and sufficient that there- 
exist an a.e. monotone nondecreasing sequence fu( x ), k = 1, 2, . . , % 
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which converges to f (x) a.e., of step-functions with bounded sequence of 
integrals. Furthermore, (L) j / dx = sup j f h dx. 

Q k Q 

Lemma 3. A monotone nondecreasing sequence of functions in 
C (Q) having bounded sequence of integrals converges a.e. in Q. 

It follows from Lemma 2 that in order to prove Lemma 3 it suf- 
fices to establish the following proposition: If the sequence of step- 
functions ft = 1, 2, . . ., is monotone nondecreasing a.e. and 
the sequence of their integrals is bounded, then the sequence f k , 
ft = 1, 2, . . ., converges a.e. in Q. 

Let us cover the boundary 6Q (dQ 6 C\ see Introduction, Chap. I) 

by a finite number of closed cubes K x , . . ., K t with sufficiently 

i 

small total volume so that the set Q f = Q\ U &i is a region. Evi- 

i=l 

dently, it is enough to show that an a.e. monotone nondecreasing 
sequence of step-functions f k , ft = 1, 2, . . converges a.e. in the 
polyhedron Q r . 

Consider an arbitrary function f k (x) from this sequence, and let U h 
be the corresponding decomposition of the polyhedron Q' . 

Let S denote the union of sides of all such polyhedra which belong 
to at least one of the decompositions Tl h , ft = 1, 2, . . ., and let % 
denote the aggregate of all the points x of the set Q'\S at which 
the number sequence f k (x), ft = 1, 2, . . is unbounded. Because S 
is a set of measure zero, it is enough to show that % is a set of mea- 
sure zero. 

Taking an arbitrary e>0, we denote by % h% e the set which 
consists of (a finite number) of cells of the decomposition II ft on 

which f k (*)>l/e. Since C> J f k (x) dx^-\A^ \ \ Q' \ + i- 1 g ftt e |, 

Q' 

Avhere A i is the least value that the function f i (x) assumes on the 
cells of the decomposition I^ (f k (x)^A i a.e. in (?'), it follows 
that |g ft , e |^8 (C+lAiWQl). Since 

gcZ U g fci e = 8i.eU U (gfc+i.e\g*,e), 

the set g is covered by a countable system of polyhedra; further- 
more, the total volume of these polyhedra does not exceed 
e(C + \A i \\Q\), because, in view of the fact that the sequence 
of step-functions ft=l, 2, is monotone a.e., for any 

N>i g,, e U U (gfc+i.e\gft, e )c:ftf.e and hence 

+ S 1 |8fc+i.e\»*..|<l*^e|0(C + |il 1 ||^|). 

h=i 
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But then the set % can be covered by a countable system of open 
cubes with total volume less than 2e (C + \ A x \ \ Q |). | 

4. Lebesgue-Integrable Functions. Any real-valued function f(x) 
can be expressed as 

/ (x) = /♦ (x) - t (x), (3) 

where the functions / + (x) = max (/(x), 0) and /" (x) = 
= max ( — f(x), 0) are nonnegative. 

The function f(x) is said to be Lebesgue-integrable over Q if the 
functions f + (x) and f~(x) in (3) are Lebesgue-integrable over Q. The 
integral of f(x) is defined by 

(L) j fdx = (L) [ f + dx-(L) J f'dx. (4) 

Q Q Q 

Let A(0 denote the set of functions that are Lebesgue-integrable 
over Q. From the definition of A(0 it follows that the function 
Cih(x) + C 2 f 2 (x) 6 A(0 if the functions f t {x) 6 A(0 and C t 
are any constants, i = 1, 2. Furthermore, 

(L) J (CJ i + C 2 f 2 )dx = C i (L) J hdx + C 2 (L) J / 2 <te. 

Q Q Q 

Therefore, in particular, | / (x) \ = f + (x) + f~ (x) £ A (0 if 
f(x) g A(0, that is, a Lebesgue-integrable function is absolutely 
integrable. Since | / | + / = 2/ + > and | / | - / = 2/" > 0, 
inequality (2) implies 

(L) J J \f\dx (5) 

Q Q 

for / e A{Q). 

For functions / lt / 2 in A (0 satisfying the inequality / x ^ f 2 for 
almost all # g by the same inequality (2) we have the inequality 

(L) j fidx^(L) j f 2 dx. (6) 
Q Q 

The functions max (/^o;), f 2 {x)) = y (/ x + / a + | / x — / a |) and 

min (f x (x), / a (s)) = 1 (/ x + / 2 - | f x - / 2 |) belong to A(Q) if so 

do the functions / x and/ 2 , and therefore also max (f^x), . . ., f m (x))^ 
6 A (0, min (f ± (*), . . ., f m (x)) 6 A (0, if /, (*) 6 A (0, i = 
= 1, . . ., m. 

Theorem 6. In order that an a.e. nonegative function f(x) which 
is Lebesgue-integrable over Q may vanish a.e., it is necessary and 

sufficient that (L) ^ f dx = 0. 
Q 

4-0594 
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Proof, If / (x) = a.e. in Q, then the sequence f k (x), k = 
= 1, 2, . . ., of functions that are identically zero in Q has the 
property that f h (x) f / (x), as/c— ^oo, a.e. in Q. Therefore, by 

definition, (L) ^ f dx = 0. 

Q 

Conversely, suppose that (L) j / dx = 0. Then there exists a se- 

Q 

quence of functions /&(#), k = 1, 2, . . ., in C((>) such that 
/ft(^) f f( x ), as k-^oo, a. e. Now consider the sequence ft{x) y 
k = 1, 2, . . . . Evidently, /J (z) 6 C(<2), /c = 1, 2, . . ., and 
ft, ( x ) f / (#), as A; oo, a.e., thereby implying that ^ j ft (x) dx ^ 

Q 

^ (L) j / dx = 0, that is f\ (x) = for all A: ^ 1, which, in turn, 

6 

yields that / = a.e. | 

5. Comparison of Riemann and Lebesgue Integrals. If a function 
f(x) is Riemann-integrable (it should be recalled that Riemann 
integral is defined only for bounded functions), then, as is known, 
there exist two sequences /£, fl, k = 1, 2, . . ., of step-functions, 
with /k, k = 1, 2, . . ., a.e. monotone nondecreasing and /£, = 
= 1, 2, . . ., a.e. monotone nonincreasing, that converge to / (x) 
a.e. and are such that the sequences of their integrals have a common 
limit equal to the Riemann integral off(x). In the more "economical" 
process of constructing a Lebesgue integral, it is enough to have 
(in view of Theorem 1) only the first of these sequences (the bounded 
function f(x) can, by adding an appropriate contant, be assumed 
nonnegative). 

Hence if a function f(x) is Riemann-integrable, then it is also Le- 
besgue-integrable and the two integrals coincide. Henceforth the letter 
L before the integral sign will be dropped, and an integral will always 
mean a Lebesgue integral, while an integrable function will mean 
a function belonging to A(Q). 

The set of bounded functions belonging to A (Q) is larger than 
the set of Riemann-integrable functions, because, for instance, the 
Dirichlet function %(x) £ A((?) is bounded but not Riemann-inte- 
grable. 

Furthermore, in the construction of the Lebesgue integral of 
/ (x) it was not assumed that the function is bounded; for example, 
the unbounded function | x \~ a for < a < n belongs to A (| x \ <1). 
In Courses of Analysis the idea of Riemann integral is extended to- 
unbounded functions (improper integrals). It can be easily shown 
that an absolutely Riemann-integrable (in the improper sense) func- 
tion f(x) belongs to A(Q) and that its Lebesgue integral coincides 
with the improper Riemann integral. 
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Let us note that in regions of dimension not less than 2 all the 
improper Riemann-integrable functions are absolutely integrable 
in the improper sense. Therefore only in the one-dimensional case the 
existence of improper Riemann integral of a function may not 
imply its integrability in the sense of Lebesgue. An example of 
1 1 

this is the function — sin — defined on (0, 1). 

6. Sufficient Conditions for Lebesgue-Integrability. Levy's Theo- 
rem. We shall now establish a relationship between measurability 
and integrability of a function. By definition, an integrable function 
is measurable; however, as illustrated by the function | x |~ a , a > n, 
defined in the ball {| x | < 1}, not every measurable function is inte- 
grable. Let us establish some sufficient conditions for integrability. 
For this, we shall require theorems on the passage to limit under the 
integral sign, which are also important in their own right. 

First, we examine monotone sequences of functions and prove a theo- 
rem which states that the set of integrable functions is "closed" with 
respect to monotone limit processes. 

Theorem 3 (B. Levi). An a.e. monotone sequence of functions 
f k (x), k = 1, 2, . . ., integrable over Q with bounded sequence of inte- 
grals converges a.e. in Q to an integrable function f (x), and 




Proof. It is enough to prove the theorem for a monotone nondecreas- 
ing sequence. By changing the sign of all the functions, the case of 
a monotone nonincreasing sequence can be reduced to the previous case. 

So, let f k (x), k = 1, 2, . . ., be an a.e. monotone nondecreasing 
sequence of integrable functions. Without loss of generality, we may 
assume that f h (x) ^> a.e., k = 1, 2, ... (otherwise, instead of the 
sequence f h (x), k = 1, 2, . . we would consider the sequence 
F h (x) = f h (x) — / x (x), k = 1, 2, . . ., consisting of a.e. nonnega- 
tive functions). 

For every k ^> 1, we examine the sequence of functions f km (x), 
m = 1, 2, . . ., in C (0, f km (x) \ f k (x), as m-*- oo, a.e. in Q. 
The functions cp m (x) = max (f im (x)), m = 1, 2, . . ., belong to 

i<m 

C (Q) and have the following properties: 

(a) cp m (x) < cp m+1 (x), 

(b) fkm ( x ) ^ <Pm ( x ) ^ fm ( x ) for & ^ m (the second inequality 
holds a.e.), 

(c) [ cp m (x) dx<^^ f m (x) dxz^C, 
Q Q 

(d) j fkm ( x ) dx<^[ cp m (x) dx for k < m . 
Q Q 
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J 



From (a), (c) and Lemma 3, we find that cp m f /, as m oo, a.e. 
in Q, where / is a measurable function. Passing to limit as m— >■ oo 
in the left inequality of (b) and using the right inequality of (b), 
we obtain, for all /c, y h (x) ^ f k (x) ^ / (x) a.e. in Q. Then, as 
fc-*- oo, fk{^)-^f (#) a.e. in Q and / (x) >- a.e. in Q. Hence 

/ (x) 6 A (Q) and I / dx = lim I (p ft (x) dx. Taking the limits, 
as m oo f in (c) and (d), we have \ fhdx^. \ f dx ^ lim I f m dx 

v J 777— >QO ^ 

Q Q Q 

for every ft, that is, I / dx = lim I f m dx. | 

By means of Levi's theorem the following sufficient condition for 
integrability of a function is established. 

Theorem 4 (Fatou's Lemma). // the sequence f h (x), ft = 1, 2, . . ., 
of a.e. nonnegative integrable functions converges a.e. to a function 

f(x) and j* f h dx ^ A, ft = 1, 2, Zftera / (x) is indegrable and 

Q 

f dx^A. 

Q 

Proof. Consider the integrable functions i|) mfe (x) = min (f t (x)) 

m<:i<:h 

with m ^ k. In view of the fact that as ft -> oo ty mh {x) j i|) m (.z) = 
= inf (fi (x)) a.e. and ^ o|) mft (a:) ^ f m (x) a.e., the inequality 

(6) and Levi's theorem imply that i|) m (a:) £ A (Q) and ^ 

^ \ tym ( x ) & x ^ j /m (#) d# ^ 4 . The assertion of the theorem 
Q Q. 

now follows from Levi's theorem, since a.e. i|) m (x) f / (z) as m ->■ oo. | 

Another sufficient condition for a function to belong to the set 
A (Q) is contained in the following theorem. 

Theorem 5. // a function f (x) is measurable and \ f (x) | ^ g (x) 
a.e., where g (x) is an integrable function, then f (x) is also integrable. 

Thus a measurable function with integrable modulus is integrable, 
and, in particular (the region Q is bounded!), every bounded (that is, 
| / (x) | ^ const a.e. in Q) measurable function is integrable. 

Proof of Theorem 5. Since the function / (x) is measurable, there 
is a sequence of integrable (in fact, of even continuous in Q) 
functions f h (x), k = 1, 2, . . ., which converges to / (x) a.e. 
in Q. The sequence of integrable functions f' h (x) = 
= max (— g (x), min (f h (x), g (#))), k = 1, 2, . . ., also converges 
to / (x) a.e. and has an additional property that | f' h (x) | ^ g (x) 
a.e., k = 1, 2, .... Then the sequence f' k (x) + g(x), ft = 1, 2, 
is composed of a.e. nonnegative functions, converges a.e. to / + g, 
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and for all k j (f' h + g) dx < 2 f g dx. By Fatou's lemma, / + 

Q Q 
+ g 6 A «?), thereby implying / £ A (Q). | 

From Levi's theorem and Theorem 5 we obtain the following 
result. 

Corollary. // /&(#)(: A ((?) , k — 1, 2, ami series 

oo oo 

2 [ I /ft I ^< 00 » the series 2 /ft (#) conuerges a.e. in Q 

h=l Q h=i 

m 

absolutely ^that is, the sequence 2 \fh( x )\i m = l, 2, . .., con- 

oo 

verges a.e. j , and the function /(#)=2 A ((?). 

7. Lebesgue' s Theorem on Passage to Limit under the Integral 
Sign. One of the fundamental results of the theory of Lebesgue inte- 
gration is the following theorem, due to Lebesgue, regarding the 
passage to limit under the integral sign. 

Theorem 6 (Lebesgue). Let the sequence of measurable functions 
fk k = 1, 2, . . ., converge a.e. in Q to a function f (x), and let 
\ fh (z) I ^ g (z) a -e-, k = 1, 2, . . ., where g (x) is integrable. Then 
f (x) is also integrable and 

lim \ f h dx= f fdx. (7) 

Proof. By Theorem 5, the functions f h (x), k = 1, 2, . . ., are 
integrable. 

Consider the measurable functions (p s (x) = sup (/ ft (#)) and i|? s (a;) = 

A>s 

= inf (f h (x)), 5=1, 2, Since a.e. | <p a (a:) (x) and |tMz)|^ 

(x), 5=1, 2, . . . , the functions (p s (^) and a|) s (x), s = 1, 2, . . . , 
are also integrable. But, as 5->oo, <p s (#)!/(#) and if> s (#) f / (#) 
a.e. which, according to Levi's theorem, implies that f(x)£A(Q) 

and [ fdx= lim f <p s dx = lim ^ if> s <2a:. Now (7) is a consequence 

Q S ^°° [Q S ^°° Q 

of the obvious inequalities \|; s (x) (x) ^q> 5 (x) a.e., 5 = 1,2,.... | 
The relation (7) may not hold if the majorant of the sequence is 
not an integrable function. For instance, the sequence f h (x) = 

_ A; | a: | ^ — | # |), /c = 1, 2, . . ., where o n is the surface area of 
unit sphere in the rc-dimensional space, defined in the ball Q = 
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{ | x | < 1 } tends to zero everywhere in Q but j f k dx = 



* 2 4 7 

1 as k ^ oo. 



(k + n) (k + n+i) 
Lebesgue's theorem yields the following result. 
Theorem 7. Suppose that for some s ^> the function f(x, y), x = 
= (x ± , . . ., x n )_e Q cz R n , y = . . ., y m ) 6 Qczi? m , belongs 
to the space C s (Q) for almost all x £ Q, and for all y £ Q arcd | a | ^ 
^ 5 | Dy f (x, y) | ^ g (x) for almost all x £ Q, where the function 
g (x) is integrable over Q. Then f (x, y) dx £ C s (Q). 

Q 

8. Change of Variables under the Integral Sign. As regards the 
change of independent variables, the Lebesgue integral behaves 
exactly like a Riemann integral. 

Suppose that the transformation 

y = y (*) (Vi = yi . . x n ), % = 1, . . ., n) (8) 

that is continuously differentiate in the region Q maps Q one-to-one 
into the region Q' . First of all, we shall show that this transforma- 
tion maps a set of measure zero into a set of measure zero. 

Indeed, let E, E cz Q, be a set of measure zero. Since the union of 
a countable number of sets of measure zero is a set of measure zero, 
it is enough to show that under transformation (8) the image of the 
set E 6 = E f| Qd, with sufficiently small 6 > 0, is a set of measure 
zero. 

Let e > be arbitrary. The set E 6 can be covered by a countable 
set of cubes with total volume less than e. We may assume that all 
the cubes of this cover have diameters less than 5/2, thereby implying 
that all of them belong to Q& /2 . Since every cube, with diameter d, 
of this system is mapped by (8) into a region with diameter d r ^ 
^ d Y n max I V#i I = Col, the image of the set E 6 can be covered 

by a countable system of cubes whose total volume is less than 
C n (|/ r Ai) n 8. This proves the assertion. 

Theorem 8. Let the transformation (8), which is continuously differ- 
entiate in Q and has a nonvanishing Jacobian J(x) in Q, map Q one- 
to-one into Q' . In order that a function f (y) may belong to A (Q') it is 
necessary and sufficient that the function f (y (x)) \ J (x) \ belong to 
A (Q). Furthermore, 

\f{y)dy=\f{y{x))\J(x)\dx. (9) 

Q' Q 

Proof. The inverse transformation corresponding to (8) maps Q' 
one-to-one into Q, is continuously differentiate in Q' , and has a 
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nonvanishing Jacobian in Q' . Therefore it suffices to establish 
Theorem 8 only in one direction, and we may confine to the case 
where / (y) is a.e. nonnegative in Q r . 

Let / (y) be an a.e. nonnegative function integrable over Q' , and 
' et fu (y)i fc = 1, 2, . . ., be a sequence of functions in C (Q r ), 
Ik (y) t / (y)i as A: oo, a.e. in Q' . Consider the following sequence 
of continuous functions in Q' \ f' h (y) = fu (y) £ (kp (y)), k = 1, 2, 
where the function £ (t) defined over [0, oo) equals zero for ^ 
< t < 1/2, 2t — 1 for 1/2 < t < 1, 1 for t > 1, and p (y) is the 
distance of y £ Q' from the boundary dQ' (p (y) 6 C (<?')). 

Obviously, for any k f' h (y) ^ f h (y) ^ / (y) a.e. in Q' (this implies 

that the sequence j dz/, A: = 1, 2, . . ., is bounded) and, as 

Q 

k oo, /,; (z/) f / (z/) a.e. in Q' . Hence 

lim f j' k (y)dy = \ f(y)dy. 

Since the functions f' k (y) are continuous in Q' , we have 
] /* (y) = j /fe (*/ (*)) I ^ (*) I ^» ft = 1, 2, .... Hence the 

function / (y (x)) \ J (x) |, being the limit of a monotone nondecreas- 
ing sequence of functions f k (y (x)) \ J (x) |, k = 1, 2, . . ., in 
C (Q) that converges a.e. in Q, is integrable over Q and relation (9) 
holds. | 

Remark. Theorem 8 readily implies that if in Q the inequalities 
C \J ( x ) I ^ Cj, where C and C x are some positive constants, 
hold, then a necessary and sufficient condition for the function / (y) 
to be integrable over Q' is that the function / (y (x)) be integrable 
over Q. Moreover, we have the inequalities 

Co j \f(y)\dy^C i j \f(y(x))\dx. (10) 

Q Q Q 

9. Measurable Sets. Integrals over Measurable Sets. Consider 
a subset E of Q. The function % E (x) equal to 1 for x £ £ and zero 
for x g Q\E is called the characteristic function of the set 

A set E is called measurable if its characteristic function is mea- 
surable. The measure of a measurable set E (mes E) is defined by the 
relation 

mes E = ^ % E (x) dx. (11) 

Q 

(The integral on the right side exists in view of Theorem 5.) 
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If Q' is a subregion of Q, then it is measurable, since %Q' (x) = 
= lim £ 6 (x), where £ 6 ( x ) is the slicing function for Q' '. Further, 

6->0 

mes = |. 

The sets of measure zero defined in Subsec. 1 are measurable, and 
they are the only sets with zero measure (according to the definition 
just given). To prove this statement, it suffices to use Theorem 2 of 
Subsec. 4. 

If E is a measurable subset of Q and / (x) is integrable over Q, then 
by definition we consider this function to be also integrable over E y 
and the integral is defined by 

J fdx** J flEdx. (12) 

E Q 

(Again, in view of Theorem 5, the integral on the right-hand side 
exists.) 

If £ is a subregion Q' of Q, then, as is easy to see, these new defini- 
tions of integrability and of integral over Q' , of course, do not con- 
tradict the respective definitions (Subsec. 4) given directly for Q' . 

10. Absolute Continuity of an Integral. The following property 
is known as absolute continuity of the Lebesgue integral. 

Theorem 9. Let a function f (x) be integrable over Q. Then for any 
e > there is a 6 > such that for an arbitrary measurable set E cz Q y 
mes E <C 6, the inequality 

I J fdx |<e (13) 

E 

holds. 

Proof. In view of the inequality (5), it is enough to prove the 
theorem for \ f (x) |, that is, we may assume that / (x) >- a.e. in Q. 

Taking an arbitrary 8 >> 0, we choose a function f e (x) £ C (Q) 
such that / (z)>/ e (z)>0 a.e. in Q and 0< j fdx—^ f e dx<^e/2. 

Q Q 

Then J / dx = J f% E dx = j (/ — h) Xe dx + J / e x £ dx + M 8 mes £ , 

E Q Q Q 

where M e = max / e (#) . Hence (13) follows if we set 6 = e/(2M e ). | 

11. Relationship between Multiple and Iterated Integrals. We 

shall now discuss the question of reducing a Lebesgue multiple 
integral to an iterated integral, and simultaneously the question 
of interchanging the order of integration. 

Let Q n be an ^-dimensional bounded region in variables x = 
= . . x n ) and Q m an m-dimensional bounded region in va- 
riables y = (y x , . . ., y m ). We consider a function / (x, y) in the 
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bounded region Q m + n = Q m X Q n of (m + rc)-dimensional space 
in variables (x, y). 

Theorem 10 (Fubini). Let the function f (x, y) be integrable over 
Qm+n- Thenf (x, y) is integrable with respect to y £ Q m for almost all 
x 6 Qm is integrable with respect to x £ Qn f or almost all y £ x Q m , the 

functions £ / (x, y) dy and j" / y) dx are integrable with respect 

to x 6 Qn and y £ <? m » respectively, and 

J fdxdy= J dx j fdy= j dy J fdx. (14) 



2n 



It is, of course, enough to prove Fubini's theorem (see Subsec. 9) 
for the case where Q n is the cube K n = { \ x t | < a, i = 1, n}, 
Q m is the cube K m = {| y t |< a, i = 1, . . ., m), and <? m+7l is- 
the cube # m+n = {| x t | < a, | */,• |< a, £ = 1, . . ., rc, 7 = 
= 1, . . ., m} for some a > 0. Before proving the above theorem, 
we shall establish the following assertion. 

Lemma 4. Let E be a set of (m + n)-dimensional measure zero> 
situated in K m + n , and let E 2 (x) and E x (y) be its m- and n-dimension- 
al sections by the planes x = xand y = z/, respectively. Then for almost 
all x £ K n the set E 2 (x) has m-dimensional measure zero and for almost 
all y g K m the set E ± (y) has n-dimensional measure zero. 

By Lemma 1 (Subsec. 1), the set E can be covered by a countable 
system of cubes with finite total volume in such a manner that every 
point of the set belongs to infinitely-many cubes. We may assume 
that the sides of these cubes are parallel to coordinate planes. The 
series formed by integrals of characteristic functions % k (x, y) of 

these cubes converges. Since j % k (x, y) dx dy = J dx ^ % k dy r 

K m+n K n K m 

according to Corollary to Theorems 3 and 5 (Subsec. 6) the series- 
composed of integrals j % k (x, y) dy converges for almost all x. This, 

m 

in turn, means that for almost all x the set E 2 (x) is covered by a count- 
able system of m-dimensional cubes with finite total volume in a 
manner such that each of the points lies in infinitely-many such 

cubes. | 

Proceeding now to the proof of Fubini's theorem, we first note 
that we can confine to the case / (x, y) ;> a.e. in K m + n . 

Take a sequence of functions f k (x, y), k = 1, 2, . . ., in C (K m + n } 
such that f h (x, y) f / (x, y) a.e. in K m + n . Denote by £ a set having* 
(m + rc)-dimensional measure zero such that for all (x, y) £ K m+n \E' 
the sequence f h (x, y) converges monotonically to / (x, y). 
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By the definition of an integral, 

j dx j fk (x, y)dy= f f k (x, y) dx dy -+ [ / dx dy 

K n K m K m+n K m + n 

as k oo . 

By Levi's theorem, monotone sequence F k (x) = j" f h (x, y) dy, 

m 

k = 1, 2, . . ., of functions belonging to C (K n ) converges a.e. in 
K n to a function F (x) integrable over K n , and 

f F dx = lim f F fe (a:) da; = f / dx dy. (15) 

Let us take an arbitrary point x £ if n at which the number sequence 
Fh{ x ), k = I, 2, . . ., converges to F (x) and the set F 2 (a:) (the 
intersection of i? with the plane x — x) has ra-dimensional measure 
zero. According to Lemma 4, the set of points of K n not satisfying 
these properties has ra-dimensional measure zero. The sequence 
jh (x, y), k = 1, . . ., converges monotonically for all y £ K m \E 2 (x) 
(consequently, a.e. in K m ) to / (x, y). Levy's theorem asserts that 
f(x, y) 6 A (K m ), and, as fc oo, 

J / fc y) dy f ; /(*, y)dy. (16) 
Hence the functions j / (#, y) dy and F (a:) coincide a.e. in if n .( 

K m 

In what follows, we shall often make use of the following propo- 
sition which is a consequence of Fubini's theorem. 

Corollary. // / (x, y) is measurable in Q m + n , is a.e. nonnegative, 
and if one of the iterated integrals in (14) exists {that is, for instance, 
for almost all x f (x, y) is integrable with respect to y and the function 

j / dy is integrable with respect to x), then the function f (x, y) is 

integrable over Q m + n , and hence the second iterated integral also exists 
and (14) holds. 

To establish this, it suffices to verify that / (x, y) £ A (<? m + u ). 
The sequence f h (x, y) = min (/ (x, y), k), k = 1, 2, . . has the 
property that f h (x, y) f / (x, y) a.e. in Q m + n , 

j h (*> y)dxdy= j" dx j f h {x, y)dy <^^ dx £ / dy 
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(the equality here has been written on the basis of Fubini's theorem 
as applied to a measurable and bounded, and hence integrable over 
Q m+n , function f k (x, y)). The fact that / (x, y) £ A {Q m+n ) now 
follows from Levi's theorem. 

12. Integrals of the Potential Type. Let a function p (x) be meas- 
urable and bounded a.e. in Q, | p (x) | ^ M a.e. Then for every 

x £ R n the function u (x) = [ p ^ dy , a < n, is defined and is 

I \*-y\ a 

known as integral of the potential type. 

Let us show that u (x) £ C (R n ). For a ^ it is obvious, so let 
a > 0. We first note that for any points x° and x and any 8 > 
we have the inequality 

l»W-u(z)\^ \p(y)\\ ^ — 7 -±-^\dy 
Q J 



} -y\ a \x-y\ a , 
<M f ( i — r + *—Ady 



|*°-f/|<6 

+ M f 



1 



1 



\x-y\« 



dy. (17) 



Fix x° and take an arbitrary e>0. Since for a^O and x^x° 

11.. 1 
— — — ^ sup — 

6 a - - 



inf 



2/e{|x-2/|<6}n(l^-y|>6} \x — y\ a 6 a vt{\x-y\>t>}f{{\xO-v\<b} | 3 — 1/ | a ' 

and mes {( | x - y | < 6) (] ( | x° - y | > 6)} = mes {( | * - y | > 6) f] 
.0 (|*° — z/|<6)}, it follows that 

f dy f di/ 



Hence 



J 



|*0-y|<6 



|x°-.i/| a 



f. .(" 



■ = const 6 n 



Accordingly, we can find (and fix) a 6 > so that the first term on 
the right-hand side of (17) is less than e/2. 

1 1 



The function F (x, y) = 



-y\ a 



is continuous on 



the closed set Q = { | x~x° \ <^f- , y£Q f| (|» — *°|^6)} and 
F (x, y)\x= x o =0. Therefore an r), < r] < 8/2, can be found such 



that F y) < - 



2M JqT whenever \x — x°\<r\ for all y £ Q {] 
C\(\y — x°\^8). Accordingly, if \x — x°|<r], the second term 
in (17) also does not exceed e/2. Then, for \x — x°\<Cr\, 
j u (x°) — u(x)\<C&, that is, u (x) is continuous. 
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Now assume n — a > 1. We shall demonstrate that in this case 
u (x) is continuously differentiate in R n and that 

u Xi <*) = J p <„) -£- ( 1 -^- F ) dy = a j p M-j^gr- *V- 

Since y *~I+ 2 <- 1 , tt ■ 1 , i = 1 , . • . , w, arguing in the same 

way as above for u(x), we conclude that the functions 

Ui(x) = a \ P (y)—^l^—dy 1 i = n, 

are continuous in i? n . Further, by Fubini's theorem, for any i„ 
j = 1, . . n, 

x j x i 

f u t (x) dxi = a[ dxt \ p (y) Vi ~** 2 dy 

= W (#) — — U (Xj , . . . , X(~i , Xi , #j+i> • • • ? ^n) * 

Therefore 

Or) = u x .(;r), £ = 1, . .., n, 

establishing the assertion. 

In exactly the same way, it can be shown that if n — a > 5, s is 
an integer, then u (x) has continuous derivatives up to order s y 
and that 

D«u(x)= \ 9 {y)D« x —±—dy 

for all a = (a 1? . . ., a n ), | a | ^ s. 
We remark that the function 

u t (x)= jj p(y) lnf x — y \dy, 
Q 

called logarithmic potential, is (n — 1) times continuously differen- 
tiate in R n and for all a, | a | ^ n — 1, 



D a u t (x)= j p In 
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13. Lebesgue Integral of Complex- Valued Functions. Suppose that 
the function / (x) defined in the region Q is complex-valued: 

/ (x) = Ref{x) + ilmf (x). 

The function / (x) is called measurable in Q if so are the functions 
Re / and Im / , while / (x) is integrable in Q if both Re / and 
Im / are integrable in Q. In this case the integral of / (x) is defined 
by the relation 

J fdx = [ Refdx + i ^ Imfdx. 
Q Q Q 

Since y (| Re / | + | Im / |)< | / | < | Re / | + | Im / |, in order 

that the measurable function / (x) be integrable it is necessary and 
sufficient that the function | / (x) \ be integrable. 

14. Lebesgue Integral on an (n — l)-Dimensional Surface. Let 
S be an (n — l)-dimensional surface (of class C 1 ), and let S m , m = 

N 

= 1, 2, . . ., N, be a cover of S by simple pieces, S = (j S m 

m=l 

{see Chap. I, Introduction). Every simple piece S m is described by 
the equation 

{X U . . . )€An, Vm£&{D m ) (18) 

(D m , the projection of S m onto the coordinate plane x p = 0, 1 ^ 
^ P = P ( m ) ^ n i is an ( n — l)-dimensional region having boun- 
dary of class C 1 ). 

Formula (18) provides a one-to-one correspondence between 
the points (x^ . . ., x pmml1 x p+11 . . ., x n ) of the set D m and the 
points (x ± , . . x p _ x , x p , . . x n ) of S m : with every point 

. . ., #p_i, <p m (x 1 , . . #p-i* #p+l» • • •» ^n)? ^p+i? • • •> ^n) £ 

££ m is associated a point (x x , s 2 , . . ., x p ^ x p+1 , . . ., x n ) £D m 
(its projection onto the plane x p = 0). 

Suppose that the set E is contained in S m for some wi, = 1, ... 
. . N. Let denote its original in D m under the above mapping. 
We shall say that J? is a set of surface measure zero if % is a set of 
{n — l)-dimensional measure zero. 

A set E belonging to S is called a set of surfaces of measure zero 
if each of the sets E f) S m , m = 1, . . ., N, is a set of surface mea- 
sure zero. 

It can be easily shown that the property of the set E cz S being 
a set of surface measure zero is independent of the choice of the 
cover S ± , . . S N of the surface S. 
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The notion of a set of measure zero permits us to introduce, in 
complete analogy with the case of ^-dimensional region (see Sub- 
sees. 1-4), the concept of a.e. convergence on S and the related con- 
cepts of measurable and Lebesgue-integrable functions on S. 

A function defined on S is called measurable (on S) if it is the 
limit of a sequence of functions in C (S) that converges a.e. on S. 

The nonnegative function / (x) defined on S is said to be (Le- 
besgue) integrable on S if it is the limit of a monotone nondecreasing 
sequence, converging a.e. on S, of functions f k (x), k = 1, 2, . . 
continuous on S for which the sequence of surface (Riemann) inte- 
grals is bounded above: ^ f k (x) dS ^ C, k = 1, 2, .... The (Le- 

s 

besgue) surface integral of / (x) is defined by 




A real-valued function / (x) defined on S is said to be Lebesgue- 
integrable over S if the nonnegative functions / + (x) = max (/ (x), 0) 
and /" (x) = max (— / (x), 0) are Lebesgue-integrable; in this case 

J fdS = ] fdS— J f-dS. 

s s 's 

Let the function / be defined on a surface S, and let S u . . ., S & 
be a cover of S by simple pieces. Suppose that f m (x x , . . ., x p(m) _ lr 
#p (m)+1 , . . x n ) defined on D m denotes the function / (x ± , . . . 

• • "i x T>(m)-ii ( x l-> • - "> x p(m)-li X T>(m)+li • • •? x n)i x p{m)-\-li • • • 

. . ., X n ). 

We shall show that the function f is measurable if and only if all 
the functions f m , m = 1, . . TV, are measurable', f is integrable over S 
if and only if each of the functions f m is integrable over D m , m = 
= 1, . . N; furthermore 

N 

f f dS = 2 ( r/l + IVcPml 2 ^! ...dXjHm^dXpirnMdXn, (19) 
J •• 

S m=l tV 

771- 1 _ 

where D\ = D U and Dm, rn>i, is the projection of S m \ U St 

i=i 

onto the plane x p(m) = 0. 

If / is measurable (integrable), then, clearly, so is each of the 
functions / m , m = 1, . . ., N. 

Let us show that if all the functions / m , m = 1, . . ., N, are 
integrable, then so is / (assertion regarding measurability is estab- 
lished similarly); this we shall do assuming (this is no loss of 
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generality) that /, and hence, all / m , m = 1, . . ., N, are nonneg- 
ative a.e. (on S and correspondingly oni) m ). 

For each m, m = 1, . . ., TV, take a monotone nondecreasing 
sequence /™ , k = 1, 2, . . ., of nonnegative functions in C (D m ) 
converging a.e. (in D m ) to the function / m . We examine the sequence 
n ft , ft = 1, 2, . . ., of decompositions of an (n — l)-dimensional 
cube K containing D m \ 1^ is decomposition of K into 2 n ~ 1 equal sub- 
cubes with sides equal to half that of K, the decomposition II 2 is 
obtained by taking finer divisions of ITj in which every cell (cube) 
of decomposition rtj is divided into 2 n_1 equal subcubes, and so on. 
For all 7?t=l, . . ., N, ft = 1, 2, . . ., we denote by D' m , h a closed 
set composed of (a finite number of) closures of all the cells of decom- 
position n fe contained in D' m , and by f™ a function continuous in D m 
which vanishes in D m \D' m h and in D' m h equals the function 
/*• £ (fc-r ro , h ), where £(0 = for < t< 1/2, £ (t) = 2t - i 
for 1/2 t ^ 1, £ (t) = 1 for t > 1, and r m? fe is the distance between 
the point (^, . . ., z P(m ,_i, z P(m >+i, . . *n) 6 k and the boun- 
dary of B' m> h . Clearly, for all m, m = 1, . . ., TV, the sequence 

, A: = 1, 2, . . ., is monotone nondecreasing a.e. in Z>™ and con- 
verges to / m . 

We define a function /™, m = l, . .., TV, fc=l, 2, con- 
tinuous on 5 as follows: 

for X £ S m / ft = / ft (#!, . . . , #p(m)-i, ^p(m)+l» • • • i x n)i 

for x£S\S m fZ = 0; 

N ^ 

and put /ft = 2 ^ = 1» 2, . . . . Clearly, each of the functions 

771=1 

/ft, ft=l, 2, is continuous on £ and 

JV JV 

S m=i S m=l S m 

N 

= 2 \ f™Vl + \ V(p m p dxi ... da; p(m) - 1 dx pim)+i . . . dx n 
m=1 D m 

N 

= S J /rfHW^l - • • <fcj*m>-i ^P<m)+1 . . . ^n- (20> 

Furthermore, as k-+oo, f k \f a.e. on S. Since the function 
/ w JA + 1 Vcp m | 2 , 77i = l, . .., JV, is integrable on Z?™, (20) implies 

that the sequence ^ /ft^S, ft = l, 2, . . . , is bounded. Consequently, 

s 



64 



PARTIAL DIFFERENTIAL EQUATIONS 



f is integrable over S. Passing to the limit, as k ^ oo, in (20), 
we obtain (19). 

From what has been just proved/ it readily follows that all the 
properties that were established earlier for an ^-dimensional region 
also hold for functions measurable and continuous over S. 



§ 2. NORMED LINEAR SPACES. HILBERT SPACE 

1. Linear Spaces. A set is called a linear space if on its ele- 
ments the operations of addition and multiplication by real (complex) 
numbers are defined and the resulting elements also belong to $F and 
have the following properties: 

(a) A+/,=/.+ A, 

(b) (A + h) +f 3 =U + (U + / 3 ), 

(c) there is an element o in such that 0-/ = o for any / 6 

(d) (c x + c 2 )f = cj + cj, 

(e) c (A + / 2 ) = cf x + cf 2 , 

(f) ( Cl c 2 ) f = c x (cj), 
(8) !■/ = / 

for any/, / 1? . . . £ $F and any real (complex) numbers c, c x , . . .. 

Depending on whether the numbers by which the elements of ^ 
are multiplied are real or complex, the space ^ is designated as 
a real or a complex linear space. For definiteness, in this chapter we 
shall consider only complex linear spaces. All the definitions and 
results are easily carried over to the case of a real linear space. 

A subset of the linear space ^ which itself constitutes a linear 
space is called a linear manifold in jF. 

Let / m , m = 1, 2, . . ., be a countable (or finite) system of ele- 
ments of the linear space A set composed of elements of the form 
c ifi + . • • + Chfu for all possible k and arbitrary complex q, ... 
. . ., c h is a linear manifold in $f and is called linear manifold 
spanned by the elements f h , k = 1, 2, .... The elements / lT . . ., f m 
of & are linearly independent if cj ± + . . . + c m f m = o holds only 
for c ± = . . . = c m = 0; otherwise / x , . . ., f m are linearly depen- 
dent. When the set of elements of *F is infinite, it is linearly inde- 
pendent if every finite subset of it is linearly independent. 

A linear manifold is finite-dimensional (n-dimensional) if it has n 
linearly independent elements and the aggregate of any of its (n + 1) 
elements is linearly dependent. 

The linear manifold spanned by linearly independent elements 
k = 1, . . ., 72, of *F is 72-dimensional. 

A linear manifold is called infinite-dimensional if one can find in 
it a linearly independent subset composed of infinite number of 
elements. 
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2. Normed Linear Spaces. The space ^ is a normed linear space 
if to each element / of this space we can assign the quantity || / || = 
= 11/11^ (norm of f) having the following properties: 

( a ) II c f II = I c I II / II f° r an Y complex c and any / £ 

(b) || h + f % IK II fi II + II U II ^ any /^f, i = 1, 2 (the 
triangle inequality), 

(c) II / II > 0, where || / || = if and only if / = o. 

In a normed linear space one can introduce the notion of distance 
II /i — fz II between two elements / x and / 2 as well as that of con- 
vergence. 

The sequence / m , m = 1, 2, . . ., of elements of <F is called 
fundamental if || f k — f m || ->- as /c, m oo. 

The sequence / m , /ft = 1, 2, . . ., of elements of ^ is said to 
converge to f 6 F (/ m f as ati oo, or lim / m = f) if || / m — / ||->- 

m-y oo 

— >- as m oo. 

A sequence cannot converge to two different elements, for if 
11/^-/11-^0 and || / m -g || + as m^oo, then || / = 

= II/- /m+/m-^ IK II /m- / 11+ II /m-^ II as IH->oo f 

that is, || / — g || = 0, implying / = g. 

If f m /, then || / m || || / || (continuity of the norm). Indeed, by 
the triangle inequality, || f m IK || / m — / || + || / || and || / || < 

< II fm - f II + II fm II. Consequently, I II /m II — II / II K 

< Wfm -/ 11-^0 as m^oo. 

If the sequence converges (/ m -^/), then it is fundamental, since 

II fk - fm II = II fk - / + / - fm IK II h - / II + 

+ II / — fm II -> as ft, 771-^ OO. 

The converse, generally speaking, does not hold. 

A normed linear space is called complete if corresponding to every 
fundamental sequence of its elements there is an element of this 
space to which this sequence converges. 

A complete normed linear space B is known as Banach space. 

A linear manifold in a Banach space B that is complete in the 
norm of B (and hence is itself a Banach space with the same norm) 
is called a subspace of B. The linear manifold spanned by a finite 
number of elements of B is a subspace of B. 

If oM is a linear manifold in S, then the set <M obtained by adding 
to o/ll all those elements which are limits of all the fundamental 
sequences of elements of S (in B every fundamental sequence has 
a limit) is known as the closure (in B) of manifold oM. 

The closure <M of a linear manifold o/H is clearly a linear mani- 
fold. Let us show that it is closed. To this end, let / fe , k = 1, 2, . . ., 
be a fundamental sequence of elements of oM, and put / = lim / ft . 

ft->-oo 
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We show that / £ o/lt. By the definition of Jl , for any k = 1, 2, . . 
there is an element fk^oM such that || — f k || <C l/k, therefore 

II / — /ft II = II / — A + /* — /h IK II / — /ft II + Uk-+0 

as k oo, that is / = lim /£, implying f £ oM. 

ft-»oo 

Thus the closure of a linear manifold in B is a subspace. 
The closure of a linear manifold spanned by the elements f hr 
k = 1, 2, . . ., is called a subspace spanned by these elements. 

A set a B is bounded if there is a constant C such that ||/ IK C 
for all/ 6 o*'. 

The set a B is said to be everywhere dense in B if for any / £ B 
there is a sequence /c = 1, 2, . . ., of elements of g^' that con- 
verges to /. 

A Banach space B is separable if it contains an everywhere 
dense countable set. 

3. The Scalar Product. Hilbert Space. We say that a scalar product 
is introduced in a linear space H if with every pair of elements h lt 
h 2 £ E there is associated a complex quantity (h x , h 2 ) (the scalar 
product of these el ements) with the following properties: 

(a) h 2 ) = (fe 2 , h t ) (in particular, (h, h) is a real number), 

(b) (h x + h 2 , h) = (h ± , h) + (h 2 , ft), 

(c) for any complex c {ch x , h 2 ) = c (h u h 2 ), 

(d) (fe, ft) ^ 0, where (ft, ft) = if and only if h = o. 

Let us establish the important inequality, known as Bunyakov- 
skWs inequality, 

I (K, h 2 ) |K(^, fci)-(fc„ fc 2 ), (1) 
which holds for arbitrary ft 1? h 2 in if. When h 2 = o, the inequali- 
ty (1) is obvious, so let h 2 =^= o. For any complex t ^ (ft x + £ft 2 , 
ft x + ih 2 ) = (ft x , ft x ) + t (ft x , h 2 ) + t (ft x , h 2 ) + \t | 2 (ft 2 , ft 2 ). If we 

put t = — { *! u \ 2 \ , this inequality becomes (h ± , ft,) — 'ff 1 ' ffi* > 
(/i 2 , /i 2 ) (/i 2 , /i 2 ) 

^> 0, equivalent to (1). 

The scalar product generates a norm || h \\ = YQ 1 , h) in H. 

Properties (a) and (c) of a norm are apparently satisfied. To show that 

(b) (the triangle inequality) is also satisfied, we make use of the 

Bunyakovskii's inequality 

II K + K II 2 = II K II 2 + (K K) + (K, K) + \\ h 2 |f 

< H h, |p + 2 || K || || K !| + || K II 2 = (II K II + II K II) 2 . 

A linear space with a scalar product that is complete in the norm 
generated by this scalar product (that is, is a Banach space in this 
norm) is called a Hilbert space. 

Apart from the convergence (in norm), it proves convenient to 
introduce one more type of convergence in a Hilbert space. A se- 
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quence ft m , m = 1, 2, . . ., in H is said to converge weakly to an ele- 
ment ft g H if lim (ft m , f) = (ft, f) for any f (z H. 

m->oo 

Let us show that a sequence cannot converge weakly to different 
elements of H. Assume that there are two elements h, h' £ H such 
that lim (ft m , f) = (ft, /) and lim (ft m , f) = (ft', f) for any 

771— vOO 771—^.00 

/ £ H. Then for all / £]H (ft — ft', f) = and, in particular, with 
/ = ft — ft' we have (ft — ft', ft — ft') = 0, implying ft = ft'. 

If a sequence ft m £ H, m = 1, 2, . . converges to ft £ then 
it converges to it weakly as well. Indeed, 

I (h m , f)-(h,f)\ = \(h m -h t f)\ 

<\\h m -h\\ H/U-+0 asm+oo. 

4. Hermitian Bilinear Forms and Equivalent Scalar Products. 

A Hermitian bilinear form W is said to be defined on a Hilbert space H 
if with every pair of elements ft x , ft 2 £ H there is associated a complex 
number W (ft l7 ft 2 ) with the following properties: 

(a) W (h x + ft 2 , h) = W (ft x , h) + W (ft 2 , ft), 

(b) W (ch^ ft 2 ) = cW (fc lt ft 2 ), 

(c) W (fe lt ft 2 ) = W (ft 2 , ft x ) 

for arbitrary ft, ft x , h 2 £ H and arbitrary complex c. 

The function W (ft, ft) defined on H is called quadratic form cor- 
responding to the Hermitian bilinear form W (ft 1? h 2 ). By Property 
(c), the quadratic form corresponding to a Hermitian bilinear form 
is real-valued. 

An example of Hermitian bilinear form defined on H is the scalar 
product and the corresponding|quadratic form is the square of the 
norm generated by the scalar product. 

If/a quadratic form corresponding to a Hermitian bilinear form 
has the property that W (ft, ft) > for all ft 6 // and W (ft, ft) = 
for ft = o only, then the bilinear form W (ft x , ft 2 ) can be taken as 
the (new) scalar product in H: W (ft x , ft 2 ) = (ft 2 , ft 2 )\ and the result- 
ing (new) norm is defined by || ft' || = YW (ft, ft). 

The norm || ||' is said to be equivalent to the norm || || if there 
exist constants C x > 0, C 2 > such that || ft ||' < C x \\ ft ||, || ft || < 
^ C 2 || ft ||' for any element ft 6 H. Two scalar products ( , ) and ( , )' 
are said to be equivalent if so are the norms generated by them. 

If the norm || ||' is equivalent to the norm || ||, then the set H 
is a Hilbert (that is, a complete) space also with respect to the? 
scalar product ( , )'. 

In fact, let the sequence ft ft , k = 1, 2, . . ., of elements of H be 
fundamental in the norm || ||': || h h — h s ||' as k, s-^oo; 
this sequence is also fundamental in the norm || ||, since || h h — ft s || ^ 
^ C 2 II hh — h s H'. Because H is complete in the norm || ||, there 
exists an element ft £ H to which the sequence in question con- 

5* 
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verges: \\h k — h \\ — as k — oo. But the sequence converges to h 
in the norm || ||' also, since \\h h — h ||' ^ C ± \\ h h — h ||, and the 
conclusion follows. 

5. Orthogonality. Orthonormal Systems. Two elements h x , h 2 £ H 
are orthogonal (h x J_ h 2 ) if (h x , h 2 ) = 0. An element h is said to be 
orthogonal to a set H' cz H if (h, h') = for all h' £ H' . Two sets H' 
and H" in if are orthogonal (H' ± H") if (/*', h") = for all h' 6 #\ 
7*" 6 H". 

If h £ II is orthogonal to a set H' that is everywhere dense in H, 
then h = o. Indeed, let /4, A: = 1, 2, . . ., be a sequence of ele- 
ments of E' and h' k ->- as /c ->- oo. Since (fe^, ft) = for all k^> 1 
and by weak convergence (ft&, ft) ->- || h || 2 , it follows that || h \\ = 0, 
implying h = o. 

An element h £ H is normalized if || ft || = 1, and a set iiT' cz H 
is called orthonormal {orthonormal system) if its elements are norma- 
lized and are mutually orthogonal. An orthonormal set is, obvious- 
ly, linearly independent. 

A countably infinite (or finite) linearly independent set of ele- 
ments h h , k = 1, 2, . . ., can be transformed into a countably 
infinite (or finite) orthonormal set in the following manner (Gramm- 
Schmidt's method): 

__JH_ _ h 2 —(h 2 , e-j) e x 

1_ ll^i II ' 2 ~ ll*2-(*2, «l)'lll 

h n — {K, e i) e \— g n-i) g n-i 
71 II K — {K, ei) e l— (fcn. e n-i)*n-ill ' 

(according to the supposition that the set h h , k = 1, 2, . . ., is 
linearly independent, h n — (h n , e ± ) e x —... — (ft n , e n ^) e n -i o 
for any n ^ 2). 

6. Fourier Series with Respect to an Arbitrary Orthonormal 
System. Suppose that / is an arbitrary element of H and e l9 . . ., 
e n , . . . a countable orthonormal system in H(ifH is finite-dimension- 
al, one must take an orthonormal system consisting of a finite 
number of elements). Denoting by H p , for some /? ^> 1, the subspace 
spanned by the elements e 1? . . ., e p , we try to find in H p an ele- 
ment which is closest (in the norm of H) to the element /. Since any 

v 

element of H v is of the form 2 c ^r with certain constants c l7 . . ., c p , 

the problem reduces to determining constants c lf . . ., c p such 

v 

that the quantity 8h (/; C\, • • •» O = II / — 2 c r^r II 2 attains 

p r=l 



its minimum. 
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The quantities fu = if, e h)> = 1, 2, . . ., are called Fourier 
coefficients of / with respect to the system e l9 e 2 , . . .. Since 

p_ p 

6h p (/; C U . ..,C p )(/— 2 ^r, /— S c r*r) 

r=l r=l 

Hl/ll 2 -!; Crfr-t C r f r +% \c r \* 
r=l r=l r=l 

= l|Cr-/r|»-S |/r|» + |//|P, 

r=l r=l 

the quantity 6h p (/; c 1t . ..,c p ) attains its minimum only when 
c r = f r , r = l, and this minimum, denoted by 6h p (/), is 

equal to ||//p_ fj |/ r | 2 : 

r=l 

6h p (/) = II/IP-S |/r| 2 . (2) 

r=l 

Thus, for a given /, we have the inequality 

II/- £ c r e T || > ||/- £ f r e r \\ 

for all c l9 . . ., c p , describing the minimal property of Fourier coef- 
ficients; the equality is attained only for c T = / r , r = 1, . . ., p. 
Denoting by f p the unique element closest to / in the subspace H p : 

v 

/ P = s2 fr^ri 

we have 

H/-/T = 6fr p (/). (3) 
The element f p is called the projection of / onto the subspace H p . 
Equality (2) implies that for any f£H and any p^l, 

p oo 

2 I fr I 2 ^|| / II 2 - Accordingly, the number sequence 2 |/r| 2 con ~ 

r=l r=l 

verges and BesseVs inequality 

r=l 

holds. 

Lemma 1. Let f k , k= 1, 2, . . be a sequence of complex num- 
bers and e h , k — i, 2, an orthonormal system in H. In order 

oo 

that the series 2 fk e k ma V converge in the norm of H it is neces- 

oo 

sary and sufficient that the number series 2 |/r| 2 converge. 
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P oo 

Proof. Let Sp = 2 f r e T be the partial sum of the series 2 frfr- 

r=l r=l 

For p>q we have the equality || S p - S q |[ 2 = || 2 / r e r || 2 = 2|/ r |* 

Q+l 7+i 

which implies that convergence of 2 I fr | 2 is necessary as well 
as sufficient for the sequence of its partial sums to be fundamen- 
tal, and hence for convergence of series in question, since H 
is complete. | 

Let / be any element of H and k = 1, 2, . . ., its Fourier coef- 
ficients with respect to the orthonormal system e kl k = 1, 2, .... 
The series 

is called Fourier series of / with respect to the system e h , k = 
= 1, 2 

Lemma 1 and Bessel's inequality yield the following result. 

Lemma 2. The Fourier series of any element f £ H with respect to 
an arbitrary orthonormal system converges in the norm of II. 

Lemma 2 establishes the existence of an element / £ H to which 
the Fourier series of / converges. A natural question can be asked: 
Is / = / for all / e H? 

In the general case, unless additional conditions are imposed on the 
system e x , e 2 , ... besides its orthonormality, the answer to above 
question is in negative. 

7. Orthonormal Basis. It follows from (2) that for any / £ H the 
quantity 8h (/) decreases when p increases. Therefore a priori there 
are two cases to be examined: 

(a) for all /g H b 2 H (f) as p ->- oo, 

(b) there is an element / £ H f or which 8]r (/)->- c > asp-^oo. 
When (a) holds, for any / £ H we have, £y (3), 

p 

/=lim 2 fh^h 

or, which is the same 

/= 2 (4) 

that is, in case (a) the Fourier series of an element / converges (in 
the metric of H) to /. Furthermore, for any / £ H we have 

ll/ll 2 = 2 I / ft I 2 , (5) 
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known as the Parseval-Steklov equality, and its generalization 

(f,g)=I ! fkgk, (5') 

true for all /, g £ H. 

Equality (5) is a consequence of (2). To establish (5') we first 
note that the series on the right side converges absolutely, because 
its general term has a majorant which is the general term of a con- 
vergent series: | f h ~g h | <1 (| f k |* + | g k | 2 ). Further, by (4) 

(/, g) = ]im(f>, f) = lim(2/ fc « fc , g) 

p-*-oo p-»-oo h—i 

V V _ oo _ 

= Hm 2 fh to* g) = lim 2 fhgh = S 

p-*oo fc=i p->oo h=l h=l 

as desired. 

In case (b), there is an element / £ H whose Fourier series con- 
verges (by Lemma 2 of the preceding Subsection) to f=jt=f, that is, the 
element h = / — / o. Hence 

oo 

where h o and is orthogonal to the subspace spanned by the 
system e x , e 2 , .... 

We again return to case (a) in which we are basically interested. 

A countable orthonormal system e ± , e 2 , . . . is called complete 
or an orthonormal basis for the space H if any element / £ H can be 
expanded in a Fourier series (4) with respect to this system. 

The aforementioned discussion leads to the following assertion. 

Lemma 3. For an orthonormal system e x , e 2 , . . . to be an orthonor- 
mal basis for H it is necessary and sufficient that the Parseval-Steklov 
equality (5) hold for any element f £ H or (5') hold for any two elements 
f and g of H. 

Lemma 4. For an orthonormal system e u e 2 , ... to be an orthonor- 
mal basis for H it is necessary and sufficient that the linear manifold 
spanned by this system constitute an everywhere dense set in H. 

If the system e x , e 2 , ... is an orthonormal basis for H, then every 
element / g H is approximated in the norm of H as closely as one 
pleases by the partial sums of its Fourier series which are linear 
combinations of this system. This shows that the condition is neces- 
sary. 

To show that the condition is sufficient, take an arbitrary element 
/ 6 H. For an e > we can find a number p = p(s) and numbers 

v 

Ci(e), . . ., c p (e) such that II / — 2 Ch ^ eh " ^ e ' Since the 

ft=l 
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Fourier coefficients have the property of being minimal, it follows 
that 

l|/-S/ ft e ft || 2 <||/-|]c ft (e)e ft || 2 <^ 

k=i h=i 

-which shows that / has a Fourier expansion (4).| 

Theorem 1. In a separable Hilbert space there is an orthonormal 
basis. 

Proof. Let h\, h' 2 , ... be a set everywhere dense in H . By h 1 denote 
the first nonvanishing element h' hl (h[ = . . . = /^i-i = o), by h 2 
the first nonvanishing element of the set h' hl+1 , Ak 1+2 , . . . that 
forms with h x a pair of linearly independent elements, and so on. 
The countable (or finite) system h 2 , ... is linearly independent 
and the linear combinations of the elements of this system are every- 
where dense in H. We can transform the system h 2 , ... (Sub- 
S ec. 5) into a countable orthonormal system of elements e l9 e 2 , . . . 
whose linear combinations are also dense in H. By Lemma 4, this 
system is an orthonormal basis for H. | 



§ 3. LINEAR OPERATORS. COMPACT SETS. 
COMPLETELY CONTINUOUS OPERATORS 

1. Operators and Functionals. Let B x and B 2 be Banach spaces and 
B' { a set lying in B x . An operator A {operator A from B x into B 2 ) is 
said to be defined on B[ if to every element / £ B\ there corresponds 
a n element g € B 2 : g = Af. The set B\ is called the domain of defini- 
tion of A and is denoted by D A , D A = B[, while the set of elements 
of the form Af, f 6 D A , is known as its range B A cz B 2 . 

The operator A is a functional if the space B 2 is a set of complex 
numbers (the modulus of a complex number is taken as a norm of this 
se t). The functionals will commonly be denoted by I. 

Simplest examples of operators are the operator 0, the null ope- 
ra tor, and (for B 1 = B 2 ) the identity operator / defined as follows: 
Of = o for all f eD , If = f for all / 6 Z)j. 

An operator A is said to be continuous on an element f £ D A if it 
maps a sequence f k , k = 1, 2, . . ., of elements of D A converging 
to / in the normi?! into a sequence Af h , k = 1, 2, . . ., that converges 
to Af in the norm B 2 . Operator A is continuous on the set E a D A 
(in particular, on D A ) if it is continuous on every element / £ E. An 
operator A that is continuous on D A will be referred to as continuous. 

The operator A is linear if D A is a linear manifold and 
A(cih + ^2/2) = c ±Af! + c 2 Af 2 for any elements f t £D A and 
numbers c t , i = 1, 2. 
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The null element of B x is mapped by the linear operator A into 
the null element of B 2 , because 

Ao = A{0-f) = O-Af = o 

(/ is any element of D A ). 

For a linear operator A to be continuous it is necessary and sufficient 
that it be continuous on the null element (or, generally, on some element 
ofD A ). 

The necessity of this condition is apparent. To show that it is 
sufficient as well, let k = 1, 2, . . ., be a sequence of elements 
of D A that converges to / 6 D A . Since g h = f h — /, k = 1, 2, . . ., 
is a sequence of elements of D A converging to zero, it follows that 
Ag h ->■ o as k ->- oo, thereby implying Af h Af as k oo. | 

Let A t , i = 1, 2, be linear operators from Z?! into i? 2 , Z) ,4 4 = Z)a 2 > 
and let Cj, i = 1, 2, be certain numbers. We define a new operator 
A = c x A x + c 2 A 2 as follows: for any f £ D A = D Ai = Z>a 2 > ^/ = 
= c ± AJ + c 2 ^4 2 /. Operator A is also linear. 

Thus the operations of addition and multiplication by complex 
numbers are defined on the set of linear operators with common do- 
mains of definition. It is easily seen that this set is a linear space. 

A linear operator A is said to be bounded if there is a constant 
C > such that || Af \\ B2 < C \\ f \\ Bi for all / £ D A or, what is 
the same, || Af ||j3 2 ^ C f° r f £ D A satisfying || / \\b x — 1. 

The exact upper bound of the values of C is known as the norm of A 
and is denoted by || A ||. 

We can show that 

II^II= su ptt^ 2= su p ii ^ii*- (1 > 

/6D A II / lljJi f£D A 
11/11^=1 

Put a = sup || Af |M| / || Bl . For all / 6 D A , II Af HWII/lk< 

^ a, therefore || A || ^ a. To establish the reverse inequality, we 
note that, by the definition of exact upper bound, for every e > 
there is an element f E £ D A such that || Af e \\bJW fe Ibi a — e. 
This implies that || A || ;> a — e for any e > 0, that is, || A \\^> a. 
Hence || A \\ = a. 

In particular, when 4 is a bounded linear functional, A = l r 
its norm is given by 

||Z|| = supJ^L== sup \lf\. 

/€D Z I' 1 \\Bi /GD z 

ll/|lBi=i 

Note that the set of bounded linear operators with common domains 
of definition is a linear manifold in the space of all the linear opera- 
tors with the same domains of definition. The norm defined above 
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for a bounded linear operator satisfies all the axioms of being a 
norm. It can be easily shown that this normed space is complete 
{that is, it is a Banach space). 

The following proposition establishes a connection between the 
notions of boundedness and continuity for linear operators. 

For a linear operator A to be continuous it is necessary and sufficient 
that it be bounded. 

Sufficiency. Let the sequence f h , /c=l,2, . ..,in D A converge 
<in B t ) to f£D A . Since || Af h - Af \\ B2 = \\ A (f h - f) |b 2 <|| A || x 
X \\fh — /IIbi->0 as k-*~oo, it follows that Af h -+Af, as ft-^oo, 
in B 2 . 

Necessity. Assume the contrary, that is, A is unbounded. Then 
there is a sequence fa, k = 1, 2, . . ., of elements of D A such that 
\\ Af' h \\b 2 > k \\fa \\ Bi , but this contradicts the continuity of A, 
because the sequence f h = fa/(k || fa \\ Bi ), k = 1, 2, . . belonging 
toD A converges in B 1 to zero, while the sequence Af h , k = 1, 2, . . M 
cannot converge to Ao = o since || Af h \\ Bt ;> l.| 

A bounded linear operator A whose domain of definition D A is 
-everywhere dense in B± can always be assumed to be defined on the 
whole of B x , by redefining it on B 1 \D A as follows. Let / be an ele- 
ment of B{\D A and k = 1, 2, . . ., a sequence of elements of 
D A that converges to / in the norm of B x (D A is everywhere dense 
in B ± ). Since A is bounded, the sequence Af h , k = 1, 2, . . ., of 
elements of B 2 is fundamental in B 2 , and because B 2 is complete, 
the sequence Af h , k = 1, 2, . . ., has a limit in B 2 . We show that 
this limit is independent of the choice of the sequence f h , k = 
= 1, 2, . . .. In fact, let k = 1, 2, . . ., be another sequence 
of D A converging to /. Then || Afa - Af h \\ B2 = \\ A (fa - fa) \\ B2 = 
= II A II II fh — /fe IIbi as k ->- oo; accordingly, the limit depends 
only on the element /. We take this as the value Af of A on /. The 
extension of A obtained in this manner, and referred to as the exten- 
sion with respect to continuity, is a bounded linear operator defined 
on the whole of B x . 

If An A 2 are linear operators for which R A2 <= D Ai , then the 
linear operator A X A 2 on D A2 with range in R Ai is defined as follows: 
^1^2/ = ^1 (^2/)- If ^1 and -4 2 are bounded, then so is A X A 2 and 

IPMt IK IMi II IM2 II. 

Suppose that the equation Af = g has a unique solution f £ D A 
for every g £ R A . This means that on R A an operator, denoted by 
A" 1 , is defined which with every g (z R A associates the unique / 6 D A 
such that Af = g. The operator A' 1 is called inverse of A. Clearly, 
Z) A -i = R A , Ra-i = D A , A' 1 A = I, A A' 1 = /; and A _1 is linear 
provided so is A. 

2. Riesz's Theorem. An example of a bounded linear functional 
defined on a Hilbert space H is provided by the scalar product: if we 
fix an arbitrary element h £ H, then (/, h) is (with respect to f) 
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a bounded linear functional (boundedness is a consequence of Bunya- 
kovskii's inequality). The most striking feature is that any bounded 
linear functional defined on H (or, by the results of Subsec. 1, on 
a set everywhere dense in H) may be expressed as a scalar product 
by a proper choice of h £ H. Namely, the following important asser- 
tion holds. 

Theorem 1 (F. Riesz). For every hounded linear functional defined 
on a Hilbert space H there is a unique element h £ H such that for 
all f £ H 

*(/) = (/■ h). (2) 

We shall prove this theorem only for a separable Hilbert space H 
(only for such, spaces will this theorem be used in this book). 

Proof. Let e u . . . , e n , ... be an orthonormal basis for H (such 

oo 

a basis exists, by Theorem 1, Sec. 2), and let 2 fk e k be the 

p 

Fourier expansion of some f£H. Since, as p-*oo, 2 fh e h^f> 
by the continuity of I 

l (/) = lim I ( |j f k e k ) = lim J] f h l (e h ) = f| f k h k , (3) 

p-*oo fe=l p-*oo h=l h=l 



where h k = l(e k ), /c=l,2, .... 

v 

Consider the element h p =^]h k e k . Since 1 1 (h p ) |<|| I \\ \\ h p \\ 

V V 

(I is bounded) and l(h p )= 2 h h l(e k )= 2 | h k | 2 = || h v || 2 , we have 

fc=l ft=i 
p oo 

for all p^i 2 I Afe| 2 -< || / 1| 2 , which implies that the series 2 l^/il 2 

h=l h=l 

00 

converges and 2 I hh l 2 <^ll I IP- By Lemma 1 (Sec. 2.6), the 

oo 

series 2 h h e h converges in the norm of H to an element h£H 

(h k are Fourier coefficients of h). 

Substituting f h = (/, e h ) into (3) and again making use of the 

oo oo 

continuity of Z, we obtain (2): l(f)= 2 (/» h h e k ) = (/» 2 = 

h=i h=i 

= (/, h). 

Apart from representation (2) if there is another representation 

for I: I (/) = {f, h'), then for all / £H (f, h — h') = 0, implying 
h = h'. | 
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Let us note that, when proving Theorem 1, we have established 
that || h |K || I ||. The reverse inequality || I ||< || h \\ follows 
from (2) and the Bunyakovskii's inequality. Thus || I \\ = \\h ||. 

3. Adjoint Operator. Suppose that H is a Hilbert space and A 
a linear operator from H into H which is defined on a set D A every- 
where dense in H (operator A is, generally speaking, not bounded). 

Let Z) A * denote a set of elements of H satisfying the following 
condition: for any g £ D A * there is an element h£H such that 
for all / 6 D A 

(AU g) = (/, h). 

The set D A * is nonempty, because the null element of H belongs 
to it: when g = o, h = o. 

We show that to every element g £ D A * there corresponds only one 
h £ H. Assume the contrary, that is, to a g £ Z> A * let there corres- 
pond two elements fe, h' of H. Then for all / £ D A (/, h — h') = r 
implying h = h' (recall that D A is everywhere dense in H). 

Thus an operator, denoted by ^4*, is defined on D A *: to every ele- 
ment g£D A * there corresponds a unique element h = A*g£lf 
such that 

(Af, g) = (/, A*g) (4) 

for any / £ D A . Operator A* is called adjoint of A. Its domain of defi- 
nition is the set Z) A * consisting of those elements of H for which (4) 
holds for all / £ D A . 

If g 1? g 2 are arbitrary elements of D A * and c 2 arbitrary complex 
numbers, then for any / £ D A (4) yields 

(/, Cl A* gl + c 2 A*g 2 ) = 7 ± (/, ,4*^) + 7 2 (/, A*g 2 ) 

= £~i (Af, gj + c 2 (Af, g 2 ) = {Af, c x g x + c 2 g 2 ) r 

which implies that c x g x + c 2 g 2 £ D A * (that is, Z) A * is a linear mani- 
fold) and ^4* (c\g\ + ^£2) = c iA*gi + c 2 A*g 2 . Thus the operator 
^4* is linear. 

Now suppose that A is bounded. By Subsec. 1, it can be assumed 
to be defined on all of H. Take an arbitrary element g £ H. The linear 
functional I (f) = (Af, g) is bounded, because | I (f) | ^ \\Af || X 
X || g || < (|| A || || g ||) || / ||. By Riesz's theorem (Subsec. 2), 
there is a (unique) element h £ H such that I (f) = (Af, g) = (/, h) = 
= (/, A*g). Hence (4) holds for all g£H, that is, D A * = H. 

Let us show that A* is bounded and that || A* || = || A ||. Set- 
ting in (4) / = A*g for any g £ H, we obtain 

|| ,4*g || 2 = (iW**, g) < |M (A*g) II II g II 

<(M || |U ||) M** ||. 
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Therefore || A*g || ^ || A \\ \\ g ||, that is, A* is bounded and 
|| A* || ^ || A ||. Setting in (4) g = Af for any / £ H, we similarly 
obtain || 4* || > IM II- Hence || A* || = || A ||. 

Summarizing, the adjoint operator A* of a bounded linear opera- 
tor A is defined on the whole space, is linear, is bounded and its 
norm equals that of A. 

It can be easily shown that (4*)* = A, (cA)* = cA* (c is a com- 
plex number), (A + 5)* = A* + £*, (AB)* = 5*4*. 

4. Matrix Representation of a Bounded Linear Operator. While 
proving Riesz's theorem, it was established that a bounded linear 
functional defined on a separable Hilbert space is completely deter- 
mined by its values on an orthonormal basis for this space. Same is 
the case with bounded linear operators. 

Let A be a bounded linear operator acting from a separable Hilbert 
space H into H. Let D A = H and e x , . . ., e n , ... an orthonormal 
basis for H. 

The infinite matrix a t j = {Ae t , e } ) = (e t , A*ej), i ^> 1, / ^> 1 
will be called matrix representation of A in the basis e 1? . . ., e n , . . 
Since (A*ej, e t ) = a tj , i = 1, 2, . . ., are the Fourier coefficients 
of A*ej, by the Parseval-Steklov equality (equality (5), Sec. 2.7) 

oo 

the series 2 \ a u I 2 converges and for all / = 1, 2, ... we have the 
inequality 

f 1 \a i ^ = \\A*ej\l^\\A*f = \\A\\\ (5) 

7 = 1 

OO 

Take an arbitrary element f£H, and let /= 2 fk e h De i ts 

h=i 

Fourier series expansion. Since Af£H, its Fourier coefficients 
(Af), = (Af, ej ) = (A S f t e it e,) = | /, (Ae„ e,) = | (6) 

i=l i=l i=l 

7 = 1, 2, .... The series on the right side of (6) converges abso- 
lutely, because its general term/^j does not exceed the general term 

2" (l/i I 2 + \ a ij\ 2 ) °f a convergent series. Substituting the values 

oo 

of the Fourier coefficients in the Fourier series Af = 2 (^f)j e ji 
we obtain 

Af=%(%a ij f t )e J . (7) 

j=l i=l 
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Thus, for any / £ H, the element Af £ H can be determined cor- 
responding to / by means of only the matrix (a*;). This means that 
the matrix (a t j) completely defines the operator A. 

If (a,ij) is the matrix representation of A in the basis e 1? e 2 , . . . r 
and (a*j) is the corresponding representation of the adjoint opera- 
tor A*, then 

a*j = (A*ei, ej)=^(ei, Aej) = aji for all i^l, /^l. 

Operator A is designated as finite-dimensional (n-dimensional) 
if it maps a Hilbert space H into an rc-dimensional subspace of it. 

Suppose that H n is a subspace of H spanned by the elements e x , . . » 
. . ., e n . For the bounded linear operator A to map H into H n it is 
necessary and sufficient that a t j = for / > n, i ^> 1. This state- 
ment is an immediate consequence of (6) and (7). 

5. Self ad joint Operators. Operators of Orthogonal Projection* 
A bounded linear operator from a Hilbert space H into H which is 
defined on H is termed self ad joint if A = A*. 

With a selfadjoint operator A we can associate a Hermitian bili- 
near form W (/, g) = (Af, g) and the corresponding quadratic form 
(Af, /). These forms are called, respectively, bilinear and quadratic 
forms of operator A. The quadratic form of a selfadjoint operator is 
real- valued. A selfadjoint operator A is said to be nonnegative if 
(Af, f) >- for all / £ H. A nonnegative operator A is positive if 
(Af, /) = only for / = o. 

The matrix representation (a t j) of a selfadjoint operator satisfies 
(when H is separable) the property: a i} = a^i,] = 1, 2, . . .. 

Suppose that e x , e 2 , . . . is an orthonormal basis for a separable 
Hilbert space H and e it , . . ., e ik . . . is a countable (or finite) sub- 
set of it, while e H , . . ., e jk , . . ., a subset of the basis, is complement 
of the chosen subset. Let SR', 91" denote, respectively, the sub- 
spaces spanned by the elements e^, k = 1, 2, . . ., and 
Zc= 1, 2, .... Subspace 9i' (91") is the aggregate of elements of H 
that are orthogonal to all the elements e- k , k = 1, 2, ... (e ift ,. 
/c = 1, 2, . . .). Equivalently, the subspace 9i' (9T) is the set 
of all the elements of H having the property that in their Fourier 
expansions with respect to the basis e kj k = 1, 2, . . ., the Fourier 
coefficients of the elements ej h , k = 1, 2, . . . (e ih , k = 1, 2, . . .) 
vanish (that is, the corresponding terms do not appear in the expan- 
sions). The subspaces 31' and 9i" are orthogonal, Ji'jJJT. 

With an arbitrary / £ H, whose Fourier expansion is of the form 
2/a£&> we associate the elements 

f = *7 = 2 Vv f = p "f = S Vv (8) 
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Since, by Bessel's inequality and Lemma 1 (Sec. 2.6), the series in 
(8) converge in the norm of H, they define on H two operators P' 
and P". These are linear with range R P . = W , R P - = 9T. 

Operators P' and P" are known as operators of orthogonal projec- 
tion of H onto the subspaces W and 9T\ respectively (for the sake 
of brevity, these operators will be referred to as projection operators). 

A projection operator is bounded and its norm is unity. In fact r 

since for all f£H || P'ff = \\ f || 2 = Jl | /ij 2 < Jj h | 2 = II / l| 2 , we 

have ||P'||<1. But P'e^e H which implies \\P'\\ = \. 

A projection operator is selfadjoint, because (P'f, h) — 

= ( 2 fi h e ih , h) = § (e ijk , fe) = S AA = (/, for any / and 

From equality (8) it follows that for any / 6 H 

f = // = P'f + P7, I = P' + P", (9 ) 

where P'/gJi', P"f£W. Furthermore, 

|| / IP = || />'/ + P7 |p = || P'j f + 1| P'f || 2 + (i"/. *7) 

+ (P7^7) = ||P7|| 2 +I|^7|| 2 , (10) 

because 5R'_L$R". 

6. Compact Sets. Let H be a Hilbert space. A set o/fl a H is called 
compact in if if any (infinite) sequence of its elements contains 
a subsequence that is fundamental in H. 

Lemma 1. A compact set is bounded. 

Proof. Suppose Jk is unbounded. We claim that it cannot be 
compact. Taking any one of its elements /\ we denote by Sft a ball 
of radius 1 with centre at /\ that is, the set of those / £ H for which 
|| / — /' || < 1. Because <M is unbounded, the set oM x — oM\S f x 
is nonempty. We take any/ 2 £ o^i (II f — f 1 II > !)• Since Ji 2 = 
= QM x \Sf2 is also nonempty, there is an element f 6 <M such that 
II f — f 1 II ^ 1» II / 3 — / 2 II ^ 1- Continuing in this manner, we 
obtain a sequence f h , k = 1, 2, . . ., of elements of c# satisfying 
the inequality || f — f || > 1 for all i, /, i ^ j. This sequence does 
not contain any fundamental subsequence. Hence o/tl cannot be 
compact. | 

Lemma 2. For a set oM of a finite-dimensional (n-dimensional) 
Hilbert space H to be compact it is necessary and sufficient that it be 
bounded. 

That the condition of boundedness is necessary follows from 
Lemma 1. We shall show that it is sufficient also. 

Since <Jt is bounded, ||/||<C for all f^oM. Consequently, the 
Fourier coefficients f i = (f,e i ), i = l, ...,zz, in the expansion 
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/ = /Vi+ +fn e n of an element f^oM* satisfy the inequalities 
|/«| = l(/^i)l<|l/||||^|l = |l/|l<C. Hence for any sequence 

f k , & = 1, 2, of elements of Jl the sequence {f\, . .., /£), 

k= 1, 2, . .., of ra-dimensional vectors, where f\ = (f k , e t ), is bound- 
ed. From it, by the Bolzano-Weirstrass theorem, one can choose 

u k 

a fundamental subsequence (/j S , / n s ), 5=1,2, 

|/? S -/lT+...+|/n S -/n P P + as *, p^OO. 

k h h 

The corresponding sequence / s = /i s ^i+ . . . + fn S e n , 5 = 1, 2, 
is fundamental in //, because 

j|/^_/ h P||2 = |/^_/>|2 + ... + | / ^_ / >|2_^ as .9, p->oo. I 

7. A Theorem on Compactness of Sets in a Separable Hilbert 
Space. Suppose that H is an infinite-dimensional separable Hilbert 
space and e x , . . ., e n , ... an orthonormal basis for it. 

First of all we note that not every bounded set in H is compact. 
For instance, any bounded set containing the orthonormal basis is 
noncompact because no fundamental subsequence can be selected 
from the sequence e h , k = 1, 2, . . ., since || e t — ej \\ = "|/*2, 
i j. In particular, the set {||/ || ^ 1} (the closed unit ball) is 
noncompact in the infinite-dimensional space. 

Let P' n denote the projection operator which maps H onto the 
n-dimensional subspace H n spanned by the elements e x , . . ., e n , 
and put P" n = I — P' n . For any / £ H and arbitrary w>l we have 
(see (9)) 

f = P' n f + P"nf, (11) 

n oo 

where P' n f = 2 f k e h , F' n f = ^ f k e k . Then (11) yields 

fc=l • h=n+i 

II / IP = II P'nf IP + II Pnf || 2 , (12) 

where p;/|| 2 = j] \f k \\ \\P'kl\\ 2 = fl \f h \\ which implies that 

h=l /i=n+l 

for any f£H the number sequence ||P'n/|| 2 , n=^l,2, being 
monotone nonincreasing, tends to zero as n-*oo. 

Theorem 2. For the set oM cz H (H is a separable Hilbert space) to 
be compact it is necessary and sufficient that it be bounded and for any 
e > there be an n = n (e) such that \\ P„f || ^ e for all f £ qM. 

In other words, for the compactness of S it is necessary and 
sufficient that it be bounded and "almost finite-dimensional". 

Sufficiency. Let || / || ^ C for all / £ JL We consider an arbitrary 
sequence f k , k = 1, 2, . . ., of elements of <M. Setting e = 1, we 



* With respect to some orthonormal basis e ly . . ., e n . 
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have || P'nf |K 1 for all k, where n x = n (1). Since || P' n% f h || < 
< || f |K C for all k {P' n is defined in (11)), the set P' nt /\ k = 
= 1, 2, . . ., is bounded in the ^-dimensional space H ni . From 
this space, according to Lemma 2 (Subsec. 6), one can choose a fun- 
damental subsequence and from the latter a subsequence P' nx f { » s , 
s=l,2,..., having the property that || P' nt f^ s — P' ni p || < 1 
for all s and p >- 1. Then, taking into account (12), for the subse- 
quence Z 1 ' 1 , . . ., jf 1 * 5 , ... we have the inequalities 

ii/ i ' 4 -/ l 'Hi a =ii^;/ ,, -i , ;/ ,p ii a +ii^7 1,, --p;,/ 1,p ii a 

<l + (||^ l / 1, '|H-||^,/ 1,p |l)»<5, 

true for all p and s. 

Take a number n 2 = n (1/2) corresponding to 8=1/2. The se- 
quence i^n./ 1,1 ? • • • , PnJ 1 ' *i ... belongs to H nt and is bounded; 
hence from it a subsequence P' n J 2 ' s , 5=1, 2, can be selected 
for which ||P;/ ,s -P;/' p ||<l/2 for all p and 5. 

In view of (12), we have || / 2 ' 5 -/ 2 ' p || 2 = || />;/• s - />;/' p || 2 + 

+ \\Kf' 8 -Pnf' v \\ 2 <\ + \ = \ for all 5, p; and so on. For 

e = l/i we can find w z = w(l/i) and from the subsequence P' ni f~ i% *, 

5=1,2, we can choose a subsequence Pn.f'*, 5=1,2, 

such that ||P;/ ,f — P;/ ,p ||<l/i for all 5, p! Noting (12), for 

the subsequence f u \ 5 = 1,2, we have || /*■ a — /*• p || 2 < 

<l/i 2 + 4/i 2 = 5/i 2 for all 5, p. 

The diagonal sequence / 5 » 8 , 5 = 1, 2, . . ., is a subsequence of 
the initial sequence and is such that || /?» p — / s » 5 IK 5/i 2 for all 
p, s ^> i, that is, it is fundamental. 

Necessity. The necessity of boundedness of the set o# was proved 
in Lemma 1 (Subsec. 6). We shall establish the necessity of the 
second condition in the hypothesis. 

Suppose that oM is compact but nevertheless there is an e > 
such that for any n \\ P^f 1 || >- e for some f 1 6 o/tl. 

Taking arbitrary n 2 , we find a corresponding / ni £ S such that 
II PnJ ni II ^ s . On the basis of f ni we choose a number n 2 > n x 
such that || PnJ m II < e /2 (this is possible, since for any fixed 
/ 6 H, || || -> as oo). Corresponding to rc 2 we choose 
/ n2 6 such that || PnJ n2 II > and on the basis of f n2 we choose 
an n 3 such that || P" n J n2 II < £ /2, and so on. Thus, we obtain a se- 
quence / n fe, k = 1, 2, . . of elements of 0// for which the inequa- 
lities 

\\Kf k \\>*o, \\Pn k+ f h \\<eo/2 

hold. 
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We show that this sequence cannot contain a fundamental sub- 
sequence. Indeed, in view of (12) and the fact that || P„f || is mono- 
tone with respect to n, we have for any k> s 

II f h -f* || 2 = II P'n h {f h ~f°) || 2 + || K h {f h -f S ) f 

> || K h (/"" ~ /"*) || 2 > ( || Pn/ h || - || Pn/' || ) 2 

> ( II P"n/ h II || Fn s+ f° || ) 2 >(e - V2) 2 = e*/4. 

Corollary. Let el be a set in the separable Hilbert space H. 
Consider a family of sets oM e a H, e > 0, having the following 
property: for any / £ oM an element /' = /'(e) can be found in each 
<M B , e > 0, such that || /' — / || ^ e. // /or some sequence s h -* as 
k oo, e k > 0, aZZ o# Cfe are compact, then qM is compact. 

Consider an arbitrary e h of this sequence. Since a^e h is compact, 
we can find an n = (e ft ) such that || II ^ e& for all / £ <^e fe - 
But then for any II Pnf II = II (/ — /') + Kf II < 

< II K (/ - /') II + II Pnf II < II / - /' II + s h < 2e ft if /' is an 
element of o# eft such that || / — /' || ^ e k . Since e k ->- 0, by Theo- 
rem 2 the set is compact. 

8. Weak Compactness. A set oM in the Hilbert space H is called 
weakly compact if from any (infinite) sequence of its elements one 
can construct a subsequence that converges weakly to an element 
of H (not necessarily belonging to <M). 

Theorem 3. Any bounded subset of a Hilbert space is weakly com- 
pact. 

In fact, boundedness is not only sufficient but also necessary 
for the set to be weakly compact; however, we shall not prove the 
necessity and confine only to the proof of sufficiency in the case of 
a separable Hilbert space. 

Proof. Let e k , k = 1, 2, . . ., be an orthonormal basis for H and 
M a bounded set in H: \\ f || ^ C for all f £ Jl . Consider an arbitrary 
sequence /\ k = 1, 2, . . ., of elements of J( . Since for all k \\f h \\ ^ 
^ C, the number sequence (f h , e x ), k = 1, 2, . . ., is bounded: 
I (A e i) I ^ II f h II II e i II ^ hence from the sequence f k , k = 
= 1, 2, . . ., one can select a subsequence f { > h , k = 1, 2, . . 
such that the number sequence (/ 1 » fe , ej converges to some o ± : 
(f lth , O ~^ a i as k^-oo. The number sequence (/ 4 ' ft , e 2 ) is also 
bounded; this means that from the sequence f x > h , k = 1, 2, . . ., 
a subsequence / 2 » ft , k = 1, 2, . . ., may be chosen such that (/ 2 > h , e 2 ) 
converges toaa 2 asfc->oo, and so on. 

We shall show that the diagonal sequence / fe » h , k = 1, 2, . . 
is weakly convergent. First, let us note that for any s ^ 1 (/ fe » h , e s )->- 
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o 8 as ft ->- oo. Hence for any m ^ 1 



m 



(f'\ 2<W= 2 *i (/*•*,*)->■ 5 \o t \* as /c+oo. 

i = l 1=1 i=l 

m mm 

Since |(/"' h , 2^e i )| 2 <||/ ,ft || 2 S |Oi| 2 <C 2 lj l^l 2 , we have 

i=l i=l i=l 

m oo 

21 |cri| 2 <C 2 for any m>l. Consequently, 2 |a f | 2 <C 2 . By Lem- 

i=l i=l 

oo 

ma 1, (Sec. 2.6) the series 2 a i e i converges to an element 

i=i 

oo 

/ £ /f and || / || 2 = 2 I °i I 2 - ^ be shown that the sequence 

i=l 

A; =1,2, converges weakly to /. 
Let g be any element of H. Taking an e>0, we choose s=s(e) 

oo 

such that ^ l^fil 2 -^ 82 ' By the generalized Parseval-Steklov 

i=s+l 

equality (equality (5') in Sec. 2.7), we obtain 

I (/"• " - Ug) I = I S ((/"• *, c,)-a,)g,|< 2 I (/"• * - e t ) - a, | • | | 

i=l i=l 

+ 2 \(f b '\e i )\-\g l \ + S Kl-k4 («) 

2=5+1 2=S+1 

Furthermore, 

( 2 ja,|.j ft |) 2 < 2 Kl 2 - 2 kH 2 <!l/l! 2 -e 2 , 

i=s+l i=s+l i=s+l 

( 2 l^'Voii^l)^ 2 I (/"• h . *<) I 2 2 kd 2 <c 2 e 2 - 

i=5+l i=5+l i=s+l 

By the definition of numbers o u the first term in the right side of 
(13) can also be made < 8 if ft ;> ft (e) for some k (e). Thus 

I (/*•* - f, g) I < e + e (C + II / II) for ft > ft (e). | 

9. Completely Continuous Operators. Let H bea Hilbert space. 
A linear operator A acting from H into H and defined on H is said 
to be completely continuous if it maps a bounded set into a compact 
set. 

If A 1 and A 2 are completely continuous operators, then so is the- 
operator c 1 A 1 + c 2 A 2 with arbitrary constants c 1? c 2 . If the operator 
A is completely continuous and the operator B defined on H is bound- 
ed, then the operators AB and BA are also completely continuous. 

From Lemma 1 (Subsec. 6) it follows that a completely continuous 
operator is bounded. However, not every bounded operator is com- 
pletely continuous. For instance, the identity operator / acting 

6* 
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in an infinite-dimensional Hilbert space cannot be completely 
continuous, for it maps a noncompact set — the orthonormal basis — 
into itself. 

A finite-dimensional bounded operator is completely continuous; 
this fact is a consequence of Lemma 2 (Subsec. 6). The following 
result is a direct generalization of this assertion. 

Theorem 4. For a bounded linear operator A defined on a separable 
Hilbert space H and acting from H into H to be completely continuous, 
it is necessary and sufficient that for any e > it is possible to find an 
integer n = n(e) and linear operators A x and A 2 , where A 1 is n-dimen- 
sional and \\ A 2 || ^ e, such that 

A = A x + A 2 . (14) 

Thus completely continuous operators are those operators which 
are "almost finite-dimensional". 

Necessity. In view of (11) (see Subsec. 7), for any / £ H and any 
n > we have the representation 

Af = P' n Af + P" n Af {A = P' n A + P" n A). (15) 

Since A is completely continuous, given an e > an n = n(e) can 
be found such that || P m n A ||< e. Indeed, by Theorem 2, || P'^Af \\ = 
= ||/|| || P' n A(f/\\ f ||)|| < e || / ||, because the boundedness of 
{//|| / ||} implies the compactness of {A (f/\\ f ||)}. Since P' n A is 
rc-dimensional, the necessity is established. 

Sufficiency. Let f h , k = 1, 2, . . ., be an arbitrary bounded se- 
quence *in H, \\f k || ^ C, k = 1, 2, . . .. We shall demonstrate 
that fundamental subsequence can be extracted from the sequence 
Af, k = 1, 2, .... Choosing an e>0 from the set {1, 1/2, . . . 
. . ., 1/i, . . .}, for e = Hi we can find n t = n (i/i) and operators 
A\ and A\ such that A = A\ + A\, where A\ is rc r dimensional and 
|| A\ || < Hi. Then || A\ || = || A - A\ ||< || A \\ + \\ A\ \\ < 

< || A || + 1. The set A\f k , k = 1, 2, . . ., is bounded in the 
^-dimensional space, therefore (Lemma 2, Subsec. 6) from it a 
fundamental subsequence A\f l * fe , k = 1, 2, . . ., can be chosen. The 
sequence f l > h , k = 1, 2, . . ., has the property: ||^^/ 1 » ft || < 

< \\A\ || || f^ h || < 1-C. The sequence A 2 J^ h , k = 1, 2, . . ., is 
a bounded sequence of the rc 2 -dimensional space, therefore there is 
a corresponding fundamental subsequence A 2 J 2 > k ,k = 1, 2, .... 
This subsequence satisfies the inequality || A 2 J 2 > h ||< || A 2 2 \\ \\ / 2 « h ||< 

< Y -C, and so on. 

The diagonal sequence Z 1 ' 1 , Z 2 - 2 , . . . has the following obvious 
properties: the sequence A\f h ^, k = 1, 2, . . ., is fundamental 
for any i, because f or k ;> i f h > h are elements of the sequence 
k = 1, 2, . . .. Further, || A\f h > h \\ < Cli for all i. Let us show 
that the sequence Af h > h , k = 1, 2, . . ., is fundamental. Take an 
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8 > and fix i > 1/e. Since A\f h > h , k = 1, 2, . . is a fundamen- 
tal sequence, for sufficiently large ft, s we have 

|| ^/*. ft _ A f>* || < || ^ (/*• h - f • s ) || + 1| A\ (/*• h - f s ) || 

< e + 1| 4/ h> " || + 1| 4f ' 5 1| < e + 2C/i < (1 + 2C) e. 

as required. | 

Theorem 4 yields, in particular, the following result. 

Suppose that the linear operator A acting from a separable Hilbert 
space H into H and defined on the whole H is completely continuous. 
Then its adjoint A* is also completely continuous. 

Indeed, the representation (14) generates the representation ^4* = 
= A* + A%, where || A% || = || A 2 || < e. Accordingly, the above 
assertion will have been established if it is shown that A* is a finite- 
dimensional operator. 

Let R Ax be an rc-dimensional subspace of H and e n an 

n 

orthonormal basis for it. Then for any f£H ^i/ = j2 (A if, e^e^ 

i=l 

n 

= 2 (/> ^i e i) e i- Consequently, for any /, g£ll we have 

i=l 

(AJ, g) = S (/, AXei)- gi = (U |j g t AUi), 

i=l i=i 

that is, 

(/, A\g) = (AJ, g) (/, J g^Te,). 

1=1 

n 

Hence for all g£H A*g= ]X giA*ei. This means that R * is a 

i=l 1 

subspace spanned by the elements A*ei, . .4*e n , that is, 4* is 
finite-dimensional. 



§ 4. LINEAR EQUATIONS IN A HILBERT SPACE 

The results of this section are true for any Banach space; nonethe- 
less, we shall confine our discussion only to a separable Hilbert 
space H. 

1 . Contracting Linear Operator. A linear operator A acting from H 
into H and defined on H is called a contraction if || A || <C 1. 

Lemma 1. If A is a contraction from H into H, then there is an 
operator (I — A)' 1 from H into H which is defined on H, and 

Ui-A)-* K^. 
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To prove this, we consider the equation 

(/ - A) f = g (1) 
and show that for any g £ H it has a unique solution given by the 

oo 

series / = 2 A h g (A = I) which converges in 77. 

The last series converges, because 77 is complete and the partial 

m 

sums g m = 2 A k g constitute a fundamental sequence: for, p > m 

h=0 

\\g P -g n \\ = \\A>g+...+ A™*g || < || A*g || + . . . + 1| A m +*g || 

<lkll(IMir l +---) = lkll-S ! 4S-^ as m ' 

The element / 6 H is a solution of (1), since (7 — A)f = 
= (g + Ag + ...)- (Ag + A*g +...) = g. 

This solution is unique. In fact, assume that there are two solu- 
tions f x and / 2 of Eq. (1). Then the element / = f x — f 2 is the solu- 
tion of the homogeneous equation / = Af\ accordingly, it satisfies 
II / II = II Af || < || A\\\\f ||. Hence / = o, that is f x = / 2 . 

Thus the operator (7 — A) 1 exists, is defined on the whole H, 
is bounded, because for all g£H \\(I~A)~ i g\\ = \\g-j-Ag~\-.,. 

. . . +A m g+ . . . IKII^H (1 + || A ||+ . . = T ^ T , and 11(7-^ ||< 
< 1-\\A\\ ' I 

Remark. Under the hypothesis of Lemma 1 the bounded opera- 
tor (7 — ^l*)" 1 also exists, since || A* || = || A || < 1, and 
(/ _ a*)' 1 = [(/ - A)- 1 ]*. 

To prove this relation, we take arbitrary /' , g' 6 H and construct 
(Lemma 1) corresponding /, g £ 77 such that {I — A) f = f , 
{I -A*)g = g'. 

Since / = (7 — ^l)' 1 /' and g = (7 — A*)- 1 g\ the relation 
((/ - A) /, g) = (/, (/ - A*) g) can be written as (f\(I-A*)- 1 g f ) = 
= ((I — A)' 1 /' , g'), whence the desired relation follows. 

2. Equation with a Completely Continuous Operator. We consider 
Eq. (1) without the assumption that the norm of A is small. Instead 
we assume that A is completely continuous. 

By Theorem 4, Sec. 3.9, (1) can be written as (7 — - A 2 ) / — AJ = 
= g, where A 1 is an rc-dimensional operator and || A 2 || ^ e < 1. 
Put h = (7 — 4 2 ) /.By Lemma 1, the operator 7 — ]L4 2 has a bound- 
ed inverse (7 — A 2 )~ x defined on H; 

(I-A t )f = h, f = (I-A,)- 1 h. (2) 
Eq. (1) for h can be expressed in the form 

h-A l (I- A 2 )~% = g. (3) 
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Let A* be adjoint of A. The equation 

(/ — A*)f* = g* (1*) 

is referred to as adjoint of Eq. (1). The relation A = A x -f- A 2 
implies A* = A* + A%. In view of the Remark to Lemma 1, the 
operator (/ — A*) has a bounded inverse (/ — A*)' 1 = [(/■— ^4 2 )" 1 ]* 
defined on H, 

(I - = ** = (/- At) z*. (2*) 

Eq. (1*) can be written in the form 

(I -At) f* -A*f* = g*. 

Applying to it the operator (/ — - A J)" 1 , we obtain the equivalent 
equation 

/* _ [(/ _ AJ- 1 ]* A*J* = z*, (3*) 

where the operator [(/ — ^4 2 ) -1 ]*^4f is adjoint of the operator 
A X {I - AJ- 1 (in Eq. (3)). 

The operator A^I — ^4 2 ) _1 is clearly rc-dimensional, therefore, 
its matrix representation (a^) in the corresponding orthonormal 
basis e k , k = 1, 2, ... (the subspace spanned by the elements 
e ly e 2 , . . ., e n coincides with B a^i-aj- 1 , satisfies the property that 
a t j = for i ^ 1, / ;> n + 1 (see Sec. 3.4), and formula (5) of 
Sec. 3.4 yields, for any /, 

fj K-KH^ || 2 . 

i=l 

By formula (7), Sec. 3.4, Eq. (3) can be expressed in the form 

2fe 7 £/ — - 22 hi a ij e j = ^iSj e j which, in view of the linear inde- 

; j t j 

pendence of the system e x , e 2 , . . is equivalent to a system of algeb- 
raic equations for the Fourier coefficients fe lT . . ., fe m , ... of the 
desired element fe: 

oo 

Since the coefficients fe 7 - are known when / > n: 

h J = Sh 1 > ( 4 ) 
the last system reduces to the system of algebraic equations 

n oo 

h— H a ij h i = gj+ 2 atjgi, /=*1, (5) 

i=l i=?i-fl 

for fey, 
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Similarly, Eq. (3*) can be replaced by an equivalent algebraic 
system of equations for determining Fourier coefficients f) , / = 
= 1, 2, . . of the element /* in terms of the Fourier coefficients 
zf, / = 1, 2, . . ., of the element z* = (I — A*)- 1 g*. For /*, 
; ^ n, we obtain the linear algebraic system 

n 

/?— S fl/i/f = 7 = 1. - (5*) 

2=1 

while /*, / > ra, are determined uniquely in terms of /*, j ^ rc, by 
the formulas 

3. Fredholm's First Theorem. The matrices of systems (5) and 
(5*) are Hermitian conjugate, therefore moduli of their determi- 
nants are equal. Hence if one of these systems is solvable with any 
free term, that is, the corresponding determinant does not vanish, 
then the same property is possessed by the second of these systems, 
and the solutions of these systems are determined uniquely. In 
particular, the corresponding homogeneous systems have only 
trivial solutions. Or if one of the homogeneous systems (5) or (5*) 
has only a trivial solution (accordingly, the corresponding determi- 
nant does not vanish), then so has the other, and the systems (5) 
and (5*) are solvable (uniquely) with any free term. 

Eqs. (1) and (1*) also have the same property. 

In fact, assume that Eq. (1) (or Eq. (1*)) is solvable with any g 
(or g*) of H; or, in view of (2) (or (2*)) what amounts to the same 
thing, Eq. (3) (or (3*)) is solvable with any g(orz*) of H. In particu- 
lar, it has a solution for any g (or z*) of the subspace spanned by the 
elements e x , . . ., e n . Consequently, the system of Eqs. (5) (or (5*)) 
is solvable with any right-hand side. That is, the determinant of the 
system does not vanish, and the homogeneous systems (5) and (5*) 
have only trivial solutions. Then, in view of (4) and (4*), the homo- 
geneous equations (1) and (1*) have only trivial solutions. 

Conversely, suppose that one of the homogeneous equations (1) 
or (1*) has only a trivial solution. Then the corresponding homoge- 
neous system (5) or (5*) has only a trivial solution. Consequently, 
the determinants of both the systems do not vanish. That is, the 
nonhomogeneous systems (5) and (5*) have (unique) solutions for 
any free term. Then, in view of (4) and (4*), Eqs. (1) and (1*) are 
(uniquely) solvable with any free term belonging to H. This implies 
that the inverse operators (/ — A)' 1 and (/ — .4*)" 1 exist and are 
defined on H. 

Let us show that these operators are bounded. 
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Suppose that the system (5) is uniquely solvable (the determinant 
of matrix in (5) is nonvanishing) and that {h x , . . ., h n ) is its solu- 
tion. From Cramer's rule it follows that there exists a constant 
C > 0, independent of the free term in (5), such that 

2 \hj\ 2 <C^ \ g) + I a iigi \\ (6) 

/=1 j=l i=n-f-l 

Since 

21*,+ S ^! 2 <2 2(l^F+ 2 Kvl 2 - 5 kd 2 ) 

j=l i=/i+l j=l i=n+l i=n+l 

< || g f (2 + 2n |M, (/ - A 2 r |P) = C\\\g \\\ 

we have 

I |^l 2 <( cc i) 2 !kll 2 

and 

IW=2IM 2 + 2 | l 2 < (i + c*c\) || * ip =c°|U|p. 

i=l j=n+l 

Consequently, in view of (2) 

II / II < C 3 || g II, (7) 

where the constant C 3 > does not depend on g. This in turn means 
that the operator (/ — A)' 1 and, hence also, the operator (/ — ^4* ) _1 
are bounded: || (/ — A)- 1 = \\ (I — || < C 3 . 

Thus we have established the following assertion. 

Theorem 1 (Fredholm's First Theorem). Let A be a completely 
continuous linear operator from H into H which is defined on H. If one 
of the Eqs. (1) or (1*) has a solution for any free term, then the other 
also has a solution for any free term, and these solutions are unique, 
that is, the homogeneous equations (1) (g = 6) and (1*) (g* = o) have 
only trivial solutions. 

If one of the homogeneous equations (1) (g = o) or (1*) {g* = o) 
has only a trivial solution, then so has the other equation. Eqs. (1) and 
(1*) are uniquely solvable with any free terms, that is, the operators 
(I — A)~ l and (I — A*)' 1 exist and are defined on H, and these 
operators are bounded. 

4. Fredholm's Second Theorem. Note that the ranks of matrices 
B = || b t j ||, where b u = 6 U — Ojj, i, j = 1, . . ., n (6 - = 
when i j, 8 ti = 1), and 5* = || bj t || in the systems (5) and (5*) 
are the same. Therefore the homogeneous systems (5) and (5*) have 
always the same number k ^ n of linearly independent solutions. 
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Then, by (2), (4) and (4*), the sets of all solutions of homogeneous 
equations (1) and (1*) also contain exactly k linearly independent 
elements. 

Thus we have the following result. 

Theorem 2 (Fredholm's Second Theorem). // the homogeneous 
equation (1) (A is a completely continuous operator from H into H and 
defined on H) has nontrivial solutions, then only a finite number of 
them are linearly independent. The homogeneous equation (1*) has also 
the same number of linearly independent solutions. 

5. Fredholm's Third Theorem. We now examine the question of 
solvability of Eq. (1) when the homogeneous equation (1) may have 
nontrivial solutions. By Fredholm's Second Theorem, the homoge- 
neous equation (1) has only a finite number of linearly independent 
solutions: /\ . . ., f h . The same number of linearly independent 
solutions has also the homogeneous equation (1*): Z 1 *, . . ., f h *. 
"The system f 1 , . . .,f h (as also the system /**, . . f k *) can be 
assumed to be orthonormal. 

Theorem 3 (Fredholm's Third Theorem.) For Eq. (1) with a com- 
pletely continuous operator A from H into H and defined on H to have 
a solution, it is necessary and sufficient that the element g be orthogonal 
to all the solutions of the homogeneous equation (1*). 

Among all the solutions of Eq. (1) there is a unique solution f that 
is orthogonal to all the solutions of the homogeneous equation (1). 
Any other solution of Eq. (1) is expressed as a sum of this solution and 
some solution of the homogeneous equation (1). Solution f satisfies the 
inequality (7) in which the constant does not depend on g. 

Proof. Suppose that the] solution of Eq. (1) exists, then, by (2), 
Eq. (3) as well as the system (5) alsojhave solutions. 

Let the rank of the matrix B = \\ b tj ||, where b tj = 8 U — a t j, 
i, 7 = 1, . . ., n, be n — k. Then the subspace R n -h of the ^-dimen- 
sional vector space spanned by the vectors B t = (b^, . . ., b in ), 
i = 1, . . ., n, forming columns of B, is of dimension n — k. Since 

n 

the homogeneous system (5*): 2 ^jift = 0, / = 1. . . n, can be 

written in the form (/*, B t ) = 0, i = 1, . . ., n, it follows that 
the solutions of the homogeneous system (5*) constitute a /c-dimen- 
sional subspace, denoted by Rn-h, orthogonal to the subspace 
Rn -u> 

By the Kronecker-Kapelli theorem, for the system (5) to have 
a solution it is necessary and sufficient that the ranks of B and the 
augmented matrix obtained by adjoining to B the column consisting 
of free terms of (5) coincide, that is, the vector constituted by free 
terms should belong to the space R n - h or, what is the same, should 

be orthogonal to Rn—h* 
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Noting that any solution /* of the homogeneous equation (1*) 
is of the form 

/* = /fa + • • • + f*e n + fl+ie n+i + . . . , 
where the vector /* = (/*,..., /£) is the solution of the homoge- 

n 

neous system (5*) and /* = 2 a 3ift wh en / > n, and expressing 

2=1 _ 

the condition of orthogonality of vectors /* and the right side of 
(5) as follows 

j=l i=n-\-\ j=l i=n+i 

we find that if the solution of the nonhomogeneous equation (1) 
exists, then the element g must be orthogonal to all the solutions of 
the homogeneous equation (1*). 

Conversely, if the element g is orthogonal to all the solutions /* 
of the homogeneous equation (1*), then the vector with components 

oo 

gj+ 5j ciijgi, y = l, . . ., n, is orthogonal to all the solutions 

/* of the homogeneous system (5*). Consequently, system (5) and 
together with it Eq. (1) have solutions. 

Let / be a solution of the nonhomogeneous equation (1) and 
Z 1 , . . ., f h be an orthonormal system of solutions of the homogeneous 
equation (1). Then the element / = / — (/ , f 1 ) f 1 — . . . — 
— (fo, f) f k is also a solution of Eq. (1), and it is orthogonal to all 
the solutions of the homogeneous equation (1). Such a solution is 
unique: for if there were one more such solution /, then their differ- 
ence] / — /, being a solution of the homogeneous equation (1), 
would be orthogonal to all the solutions of the homogeneous equa- 
tion (1) including itself, that is, / — / = o. 

If /' is any solution of the nonhomogeneous equation (1), then 
/' — / = /" is a solution of the homogeneous equation (1), that is, 

/' = / + r. 

We shall now establish inequality (7). Suppose that h is an ele- 
ment of H corresponding, according to (2), to the element /. This 
means that h is a solution of Eq. (3) which satisfies k equations: 

= (/, f) = ((/ - A % )-% f) = (ft, (/ - 

i = 1, . . k. (8) 

Since the augmented matrix of system (5) has the same rank n — k 
as the matrix B, some of k equations in the system (5) are linear 
combinations of the remaining n — k equations. Therefore if we de- 
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lete these k equations, the resulting system will be equivalent to the 
system (5). 

Thus n-dimensional vector (h u . . ., h n ) is a solution of the 
linear system of n equations (n — k equations of (5) and k equa- 
tions of (8)) whose coefficients do not depend on the right-hand side 
of (5). Moreover, since the element / is unique, it follows that 
(/&!, . . ., h n ) is a unique solution of this system, that is, the deter- 
minant of the resulting system is not zero. Then the vector 
(/&!, . . ., h n ) can be obtained by Cramer's rule. Therefore inequal- 
ity (6) holds for it, which readily yields the desired inequality (7). | 

6. Eigenvalues and Eigenelements of a Completely Continuous 
Operator. A quantity X is called an eigenvalue of a linear operator A 
acting from H into H if there is an element / £ H such that / o 
and Af = Xf; the element / is termed eigenelement of the operator A . 
The quantity \i = HX, X =^ 0, is called the characteristic value. 
Since together with / the element cf for any constant c is also 
an eigenelement corresponding to the eigenvalue X, the eigenelements 
can be assumed normalized by, for instance, the condition, || / || = 1. 

The maximum number of linearly independent eigenelements 
corresponding to the given characteristic value (eigenvalue) is 
called the multiplicity of this characteristic value of the eigenvalue. 
If there is an infinite number of linearly independent eigenelements 
corresponding to a characteristic value (eigenvalue), the multiplic- 
ity of the characteristic value (of the eigenvalue) is infinite. 

Suppose that the operator A defined on the whole H is completely 
continuous. Then the operator \iA, where is a complex number, 
is also completely continuous. The following assertions are a con- 
sequence of Theorems 1, 2 and 3. 

For the equation 

f-pAf = g (1') 

to have a solution for all g £ H, it is necessary and sufficient that \i 
should not be a characteristic value of A (that is, l/\x should not be an 
eigenvalue). If \i is a characteristic value, then it is of finite multiplicity 
and \l is characteristic value of the operator A* with the same multiplic- 
ity. In order that Eq. (1') may be solvable in this case, it is necessary 
and sufficient that the element g be orthogonal to all the eigenelements 

of A* that correspond to the eigenvalue l/(x. In this case the solution 
of Eq. (1') is unique, and this solution is orthogonal to all the eigen- 
elements of A corresponding to the eigenvalue 

These are precisely the assertions that are usually referred to as 
Fredholm's Theorems. 

7. Fredholm's Fourth Theorem. We shall establish some prop- 
erties of characteristic values of a completely continuous operator. 
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Theorem 4 (Fredholm's Fourth Theorem). For any M > the 
disc {| (x | < M} 0/ the complex plane can contain only a finite number 
of characteristic values of a completely continuous operator acting 
from H into H with domain of definition H or, equivalently, only a 
finite number of eigenvalues can lie outside the disc { \ X \ < i/M}. 

Proof. Assume the contrary, that is, let the disc {| \i | < M} 
contain an infinite number of characteristic values [x x , . . ., \i n , . . 

z£ |x ; , i=f=. j. Let e t be some eigenelement corresponding to the 
characteristic value fx i? i = 1, 2, .... 

We shall demonstrate that for any the system e t , e n 

is linearly independent. When n=i, this assertion is trivial. 
Let it be also true for n — 1 elements. Assume that e t , ...,e n 
are linearly dependent. Then e n = c i e i + . . . +c n _ 1 e n _ 1 for some 

constants q, . .., c n - 1? not all zero. But Ae n = — — + . . . 
. . . + ^ ; accordingly, c, ( 1 - JJ2- ) e, + . . . +c n _ t ( 1 _ Jfa. ) x 

Xe rl = o, which is impossible, since 1 — fc=l, ra— 1. 

Let 9i n be the subspace spanned by the elements e x , . . e n . 
From what has been shown above, it follows that S^cz 3i 2 c= • • • 
. . . cz 9i n cz . . . and 3l n 3l n ~i f° r an Y w « Therefore, for any n 
an element / n £ %l n can be found such that / n _L$ft n -i» II /n II = 1- 
Since the set f x , f 2 , . . ., / n , ... is bounded and the operator ^4 
is completely continuous, a fundamental subsequence can be chosen 
from the set Af x , . . ., Af n , . . .. 

We shall demonstrate that this, in fact, cannot be done, which 
will be the contradiction required for the proof of the theorem. 

For arbitrary integers m, n, m<in, Af n — Af m = — f n + 
+ — (VnAf n — f n ) — Af m = -—f n + o n , where a n ^3l n ^ because 

M-n M-n 

<4/m € 51m cz aj n _! and \k n Af n — f n = \i n A {c x e i + . . . + c n e n ) — fa^ + 
. . • + c n e n ) = Cl ( - Ja— 1 ) « t + . . . + ( jg. - 1 ) c n . t G . There- 

fore |I ^ /ri - |, = || -J- + cr^ || ^y^y || [I = ^^^^ , that 
is, the sequence Af x , Af 2 , Af n , ... cannot contain a funda- 
mental subsequence. | 

Theorem 4 implies that the set of characteristic values of a completely 
continuous operator is at most countable (it may even be empty!). The 
characteristic values, if they exist, can be arranged in the order of non- 
decreasing moduli 

M'l' m> • • •» (9) 

I (Aj I ^ I M-i+i l» * = 1» 2, . . .; moreover, every characteristic value 
in the sequence (9) is counted as many times as its multiplicity. The 



94 



PARTIAL DIFFERENTIAL EQUATIONS 



set (9) may contain a finite number of elements (in particular, it 
may be empty) or infinitely-many elements. In the latter case 

| \i h | oo as k ->■ oo. (10) 

With the sequence (9) is associated the sequence of corresponding eigen- 
elements 

• • M (11) 

which is linearly independent. 

It will be proved in the following section that for a selfadjoint 
completely continuous operator A O the sets (9) and (11) are 
nonempty. 



§ 5. SELFADJOINT COMPLETELY CONTINUOUS 
OPERATORS 

1. Eigenvalues and Eigenelements of a Selfadjoint Completely 
Continuous Operator. Let A be a bounded selfadjoint linear opera- 
tor from H into H. Since for all /, || / || = 1, | (Af, f) |< || A \\, 
it follows that on the unit sphere || / || = 1 there exist exact upper 
and lower bounds of the quadratic form (Af, f) associated with the 
operator A: m = inf (^4/, /), M = sup (Af, /); furthermore, 

11/11=-! 11/11=1 

| m | < \\A ||, M < \\A ||, ™< (Af, f) < M. 
If / is an arbitrary nonzero element of H , then the element 

//||/|| belongs to the unit sphere; consequently, m = inf ^'.P , 

f£H II / II 

= sup ^|p , and hence the inequalities m \\ f\\ 2 ^i(Af, /)< 

<Af || /|| 2 hold for all f£H. 

Since the quadratic form of operator A is real-valued, all its 
eigenvalues (characteristic values) are real: if X is an eigenvalue and / 
the corresponding eigenelement, that is, Af = Xf, then X = 
= (Af, f)/\\ f || 2 . Therefore, m < X < M. 

The eigenelements f 1 and / 2 of operator A corresponding to different 
eigenvalues X 1 and X 2 are orthogonal. In fact, scalar multiplication 
of the relations Af x = X 1 f 1 and Af 2 = X 2 f 2 by f 2 and f x , respectively, 
and subsequent subtraction yield (Af x , f 2 ) — (/ x , Af 2 ) = 
= (K — K) (/n h)- This implies f 2 ) = 0, since (Af^ f 2 ) = 
= (/^ 4/ 2 ) and X 1 ^ X 2 . 

Lemma 1. For the number M = sup (^4/, /) to be an eigenva- 

ll/|| = i 

lue and f the corresponding eigenelement (it is assumed that \\ f \\ = 1) 
of a selfadjoint bounded operator A from H into H, it is necessary and 
sufficient that (Af , f ) = M. 
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Similarly, for the number m = inf (Af, f) to be an eigenvalue 

ll/H = i 

and f the corresponding eigenelement (it is assumed that \\ f \\ = 1) 
of the operator A, it is necessary and sufficient that (Af , f ) = m. 

Proof. If M is an eigenvalue and f any corresponding eigenele- 
ment of the operator A, then Af = Mf . Therefore (Af , f ) = 
= M (f , f ) = M, which proves the necessity part of the lemma. 

To prove the sufficiency, let (Af , f ) = M for some / , || f || = l r 
or, equivalently, (Mf — Af , f ) = 0. Since for all / in H ^ 
< M || / || 2 — (Af, f) = (Mf — Af, f), it follows that for an arbit- 
rary cp in H and any complex t (M (f + £cp) — A (f + *cp), f + 
+ t cp) > 0, that is, 1 (Mf - Af , cp) + t (Mf - ^/ , cp) + 
+ I M 2 (-W<P — - ^4cp, cp) 1> 0. Putting in this inequality £ = — oe ia , 
where a = arg (Mf — ^4/ , cp) and a is real, we obtain the inequali- 
ty —2a I (Mf — Af , (p) I + a 2 (Mcp — i4cp, cp) > 0, true for all 
real a. This inequality implies (M/ — Af , cp) = 0, and, since cp is 
arbitrary, Mf — Af = 0. 

The second part of the lemma follows from the first part if instead 
of A one considers the operator — A. | 

Lemma 2. // the operator A acting from H into H is selfadjoint and 
completely continuous, then the quantity M = sup (Af, f) (similarly, 

II / II = 1 

the quantity m = inf (Af, /)), if different from zero, is an eigenvalue 
ll/ll=i 

of this operator. 

Proof. Suppose M 0. We consider the Hermitian bilinear from 
(Mf — Af, g), f, g £ H ', and the corresponding quadratic form (Mf — 
- Af, /). For all / in H (Mf - Af, fs) > 0. 

We shall demonstrate that there is a nonzero element f such that 
(Mf — Af , f ) = 0. Then Lemma 2 will follow from Lemma i. 

Assume that no such / exists. Then (Mf — Af, j), f £ H , can van- 
ish only when f = 0. Therefore the bilinear form (Mf — Af, g) 
can be taken as a new scalar product in H. This means that for any 
f,gmH Bunyakovskii's inequality 

\(Mf - Af, g) | 2 < (Mf - Af, f) (Mg - Ag, g) (1) 

holds. 

From the definition of M as the exact upper bound of the quadra- 
tic form (Af, f) on the unit sphere || / || = 1 it follows that there is a 
sequence f x , / 2 , . . ., || f t \\ = i, i = 1, 2, . . ., for which 
(Afn, /J->M or 

(Mf n -Af n , f n )-+0, Al-^oo. 

Putting in (1) f = f n ,g = Mf n - Af n , we obtain || Mf n - Af n || 4 < 
^(Mf n -Af n , f n ) (M*f n - 2MAf n + A*f n , Mf n - Af n ) < 
^ (Mf n - Af n , f n ) (| M I + \\A ||) 3 . Therefore, in view of (2), it 
follows that the sequence Mf n — Af n Since the ope- 

rator A is completely continuous and the sequence f x , f 2 , ... 
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(\\ fi II == 1) is bounded, the sequence Af x , Af 2 , ... is compact. 
This means that a convergent subsequence can be chosen from it; 
we assume that it coincides with Af±, Af 2 , .... Then the sequence 
Mf x , Mf 2 , • • ., and together with it (M ^= 0) also the sequence 
/i» fn • • •» converges. If the limit of the sequence f x , f 2 , ... is 
denoted by / , then, evidently, || / ||.= 1, and by (2) (Mf — 

-Af J ) =0.| 

Theorem 1. For every nonzero self adjoint completely continuous oper- 
ator A from H into H (H is a Hilbert space) one of the quantities 
±1/|| A || = ±1/ sup | (Af, f) | is the first {smallest in absolute 
il/ll=i 

value) characteristic value j^, and [i x = l/M if M > | m |, where 
M = sup (Af, f), m = inf (^4/, f), \i x = i/m if M < | m |. 
Il/ll = i 

If M = \ m \, then both the quantities 1/m and l/M are characteristic 
values, smallest in absolute values, of the operator A. 

All the elements f for which (Af , f )/\\ f || 2 = M when M> 
> | m | or (Af , f )/\\ f || 2 = m when M < | m |, and only they, 
are eigenelements corresponding] to // M= \ m |, then eigenele- 
ments corresponding to the characteristic value l/M are only those f 
for which (Af , f )/\\ f II 2 = M, while eigenelements corresponding to 
the characteristic value llmare only those f for which (Af , f )/\\ f || 2 = 
= m. 

In particular, if the operator A is nonnegative, then 

1 _ 1 _ . , 1 _ . , || /H 2 
^ L || A || - aup i (Af, f) ~ ^i, (Af, f) - Jg (Af, f) 

and the] eigenelements corresponding to normalized by the condition 
|| / || = 1, are only those elements f , \\ f \\ = I, where the quadratic 
form (Af, f) attains its upper bound on the unit sphere. 

Proof. To establish Theorem 1, it suffices, in view of Lemmas 1 
and 2, to demonstrate that ||-4|| = N, where N = sup | (Af, f) \ = 

ll/ll=i 

= max (| m \, M). As shown above, N ^ IMH, so that it remains 
only to establish the reverse inequality || A || ^ N . 

Since for any g 6 H \(Ag, g) \ ^ N \\ g || 2 and since (A (h ± / 2 ), 
A ± /,) = (Af x , / x ) + (Af 2 , f 2 ) ± 2Re (Af x , f 2 ), we have for any 
A, /. 6 H 

|Re(4/i, h)\ = \\(A(f i + h), h + f2)-(A(f l -f 2 ), A — /*)| 
< ^-(\(A(f i + f 2 ), h + Ml + UAfa-h), /r-/ 2 )|) 

<T (II 'i + h 'I' + II h ~ h I' 2 ) = T (II h 'I' + 1' h I' 2 )' 
Putting in this inequality f i = Y'Nf, f 2 = I— Af, where / is an 
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arbitrary element of H, we have ||^/|| 2 <^- (j\r||/||2 + ^||,4/|| 2 ) , 

whence it follows that || 4/||<7V|[/||. Accordingly, H^IKJV. | 
Thus the sets 

Hi> • • • , (3) 

e x , e 2 , . . . (4) 

of characteristic values and corresponding eigenelements of a self- 
adjoint completely continuous operator A =^ O are not empty. In 
this case all the characteristic values are real and the system of eigen- 
elements can be assumed to be orthonormal, since eigenelements 
corresponding to different characteristic values are orthogonal and 
the finite number of linearly independent eigenelements corresponding 
to a given characteristic value can be orthonormalized. 

Let A be a completely continuous selfadjoint operator acting from 
H into H. By H n we denote the subspace of H consisting of elements 
/ that are orthogonal to the first n eigenelements of the operator A: 
(A e % ) = 0, i = 1, . . ., n. 

For any / in H n , the element Af is also in H n , since (^4/, e t ) = 

= (/, Ae t ) =— (/, e t ) = for all i = 1, . . ., n. This means that 

Hi 

the operator A can be regarded as an operator acting from the Hil- 
bert space H n into H n . And it is, of course, selfadjoint and completely 
continuous. Its characteristic values and the corresponding eigen- 
elements coincide with the characteristic values jm n+1 , |i n + 2 i • • • an d 
the corresponding eigenelements e n+1 , £ n +2> ... of the operator A 
acting from H into H. Therefore Theorem 1, applied to the operator 
A from H n into H n , yields 

1 1 

1 fAn+1 1 = 1 {Af ' f) 1 = mli 1 {AU n 1 " 

i=l, ...,n 



If the operator A is nonnegative, then 



11 1 inf 11/11' /*x 

,.ffi?i c/.^o (5) 

(/.^O «=1 n 

i=l n 

2. Fourier Expansion with Respect to Eigenelements of a Self- 
adjoint Completely Continuous Operator. Consider the orthonormal 
system (4) which consists of the eigenelements of a selfadjoint com- 
pletely continuous operator A from H into H, A O. Let P n be 
the operator of orthogonal projection onto the subspace spanned by 
the elements e u . . ., e n , and let the operator A n = A — AP n = 
= A(I- P n ). 

7-0594 
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The operator A n is linear and bounded: || A n || ^ || A ||. 

The operator P n commutes with the operator A , because for any 

AP n f = A (he, + ...+ f n e n ) = f.Ae, + ...+ f n Ae n 

-£•>+•••+£•■-('•£)•«+•■• + ('•£)!•■ 

= (A M) «!+...+(/. Ae n ) e n = (Af, e t ) e ± + . . . +{Af, e n ) e n =P n AU 

Since the operators A and P n commute and are selfadjoint, the oper- 
ator AP n is self adjoint: (AP n )* = P%A* = P n A = AP n . Accord- 
ingly, the operator A n is also self adjoint. 

Furthermore, the operator A n as the sum of two completely con- 
tinuous operators, the operator A and the finite-dimensional operator 
AP n = P n A, is completely continuous. 
For any / £ H 

n 

A n f = Af-2±e h . (6> 

The quantities |Li n+1 , . . . and the elements e n+1 , . . . are char- 
acteristic values and corresponding eigenelements of the operator 
A n . Indeed, since (e p , e k ) = 0, k p, using (6) we have A n e p = 

= Ae p - %togLe x =£ for p>n + l. 

h=i Hp 

The operator A n has no other characteristic values. Assume, on 
the contrary, that \x and e are the characteristic value and eigenele- 
ment, \iA n e = e, \i =^= |i p , p ^ n + 1. Scalar multiplication of the 
last equality by e h , k ^ rc, yields (e, e h ) = \i(A n e, e h ) = \i (e r 
A n e h ) = 0, since A n e k = o when k ^ n. Therefore, noting (6), 
A n e = Ae, that is, \iAe — e. Thus [x is the characteristic value and e 
is the eigenelement of the operator A . But all the characteristic 
values of A are contained in sequence (3) and since e±e h , k = 
= 1, . . ., n it follows that \i coincides with one of \i h , k^> n + 1. 

Since |u n+1 is characteristic value, smallest in absolute value, of 
the operator A n , Theorem 1 yields 

l(A " +il= iiiir- (7> 

If the sequences (3) and (4) are finite and contain m elements, then, 
according to TheoTem 1, A m — O, since it has no characteristic val- 
ues. In this case A = AP m is a finite-dimensional operator, that is, 
for any f £ H 

771 fti 

fe=l ft=i 
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When the sequences (3) and (4) are infinite, (7) and relation (10) 
of the preceding section imply that || A n || as n oo. This 
means that for any / 6 H \\A n f ||< \\A n \\ \\f || -^0 as rc->oo, that 
is, for any / £ H 



oo oo 




We have thus established the following important theorem. 

Theorem 2 (Hilbert-Schmidt). // A is the self adjoint completely 
continuous operator from H into H and f is an arbitrary element of H, 
then the element Af has Fourier expansion (9) (or (8)) with respect to 
the system (4). 

In our later discussions we shall require some corollaries of the 
Hilbert-Schmidt theorem. 

oo 

According to Lemma 2, Sec. 2.6, the Fourier series 2 fh e k of 
any element f£H with respect to the orthonormal system (4) 

oo oo 

converges in H\ consequently, A 2 fh e k= 2 fkAe h . But f h Ae k = 

h=i h=l 

= fk-^r = (/> Ae h ) e k = (Af, e k ) e k = (Af) k e k . Therefore by (9) we have 

A(f-%f h e k ) = o. (10) 

If the operator A has an inverse A' 1 , then (10) yields 

/= 2 he k 

for any element f (z H. This means that in this case the system (4) is 
an orthonormal basis for the space H. Thus we have proved the 
following result. 

Corollary 1. // the selfadjoint completely continuous operator A 
from H into H has an inverse, then the system (4) is an orthonormal 
basis for the space H. 

In the general case, from (10) we can only conclude that for any 
element f ^ H there exists an element e £ H, Ae = 0, such that 

/ = *<>+ 2 he h . (11) 

The set 31 containing the elements g 6 H for which Ag = is a 
subspace of H; any nonzero element of 31 is an eigenelement of the 
operator A corresponding to the zero eigenvalue. If the space H is 
assumed separable, a countable orthonormal basis e\, e" 2 , . . . (con- 

7* 
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sisting of eigenelements of the operator A corresponding to the zero 
eigenvalue) can be constructed in 31. Then, by (11), for any / £ H 
we have the expansion 

where /£ = (/, e' h ). 
Thus we have proved 

Corollary 2. For any selfadjoint completely continuous operator A 
from the separable (Hilbert) space H into H there exists an orthonormal 
basis for H whose elements are the eigenelements of the operator A. 



CHAPTER III 



FUNCTION SPACES 



In the preceding chapter we introduced the notions of Banach and 
Hilbert spaces. These notions were based only on the relationships 
between elements: it was enough to introduce the operations of 
addition of elements and multiplication by numbers, norm or cor- 
responding scalar product that satisfy some definite axioms. The 
nature of elements of these spaces was not at all important, and the 
general results obtained in the last chapter are applicable to all the 
spaces irrespective of the elements they are composed of. However, 
for the theory of differential equations these general properties are 
far from sufficient. In the investigation of partial differential equa- 
tions it is natural to consider function spaces, that is, spaces whose 
elements are, for our purposes, functions of n real variables. In the 
present chapter we shall introduce some function spaces and obtain 
assertions regarding mutual Relationships between them that enable 
us to conclude from some properties of their elements various other 
properties. 



§ 1. SPACES OF CONTINUOUS AND CONTINUOUSLY 
DIFFERENTIABLE FUNCTIONS 

1. Normed Spaces C(Q) and C k {Q). We_consider the set C (Q) 
of all the functions that are continuous in Q (Q is a bounded region 
in the space R n ). Let us first note that this set is a linear space. It 
can be directly verified that the functional max | / (x) | defined on 

C(Q) satisfies all the axioms for being a norm (see Sec. 2.2., 
Chap. II): max \cf\=\c\ max | / |; | h (x) + / 2 (x) |< | f x (x) \ + 

*6Q £€Q 
+ I /2 ( x ) I f° r a H x € Q, therefore max| f x (x) + / 2 (x) \ ^ 

xfQ 
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^ max | / x (x) | + max | / 2 (x); max | / (x) | !> and max \ f(x)\ = 

x£Q *6Q x£Q_ x£Q 

= only when f(x) == 0. Thus in C(Q) we may introduce the norm 

ll/Kc(Q) = ma ?l/^)l- (1) 

x£Q V 7 

The convergence in norm (1) coincides with uniform convergence in Q. 

The space C(Q) with norm (1) is Banach space, because, by the 
Cauchy criterion, any sequence of functions in C (Q) that is funda- 
mental in norm (1) converges uniformly to a function belonging 
to C(Q). 

Since, by Weirstrass's theorem, every function continuous in Q 
is the limit of a sequence of polynomials that converges uniformly 
in Q (that is, in the norm (1)), the set of all the polynomials is every- 
where dense in C(Q). But, in turn, an arbitrary polynomial can be 
expressed as the limit of the sequence of polynomials with rational 
coefficients that converges uniformly in Q. Therefore the countable 
set of all polynomials with rational coefficients is also everywhere 
dense in C(Q). This means that the space C(Q) is separable. 

We consider in C(Q) the set C(Q) containing all the functions that 

• 

vanish on the boundary dQ of Q. Clearly, C(Q) is a linear manifold 
in C (Q). This manifold is closed (in the norm (1)), because the limit 
of a sequence of functions in C(Q) converging uniformly in Q is a 
function belonging to C(Q)\ accordingly, C(Q) is a subspace of the 
space C(Q). 

Next, in C(Q) consider the subsets^ C k (Q), k = 1, 2, . . ., con- 
sisting of the functions whose all the derivatives up to order k are 
continuous in Q. The set C h (Q) is a linear space. What is more, in 
C h (Q) one may introduce the norm 

\\f\\ cH ^^ 2 max|£ a /(*)|. (2) 

Convergence in this norm means the uniform convergence in Q of 
the * functions and all their derivatives up to order k. Evidently, 
C h (Q) is a Banach space (with norm (2)). 

Let (o h (| x — y |) be some averaging kernel (see Chap. I, Intro- 
duction) and / 6 C(Q). With h > 0, consider the function 

M*)= j f(y) <M| *-y I) *y, x£R n . (3) 
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Functions f h (x), h> 0, are called the average functions for the 
function f(x) (the averaging functions for f(x)). From the Property (a) 
of an averaging kernel and Theorem 7, Sec. 1.7, Chap. II, it follows 
that f h (x) 6 C°°(R n ) for any h>0. Further, f h (x) =0 outside 
Q h (Q h is the union of balls {| x_— x° |< h) taken over all x° 6 Q). 

Let us show that if f £ C (Q), then f h (x) converges to f (x), as 
h 0, uniformly on any strictly interior subregion Q' of Q, Q r Q. 

In fact, for sufficiently small h (less than the distance between dQ' 
and dQ) by Properties (b), (c) and (a) of the averaging kernel we 
have, for x £ Q', 

I fh (x) - f (x) | = | j / (y) co h (| x—y |) dy— f (x) j a> h (\x — y\)dy 

\x-y\<h \x-y\<h 

< max \f(y) — f(x)\ \ <*n{\x — y\) dy = max \f(y) — f(x)\. 
Therefore, by uniform convergence of f(x) in Q, we obtain 

\\f h -f\\ C( Q^0 &S h^0. 

Since for f£C h (Q), with x£Q' and sufficiently small h, 

D*f h (x)= J f(y)I%*h(\x-y\)dy 
Q 

= i-l) M $ fti)0S*h(\x-y\)dy 
Q 

= \D«f{y)-u> h {\x-y\)dy, |a|<fc, 
Q 

the above assertion implies that 
if f e C h (Q), then for any Q' Q 

\\fh-f\\# &) -+0 as ' W0 ' 

2. Formulas of Integration by Parts. Suppose that in the region Q 
(the boundary dQ 6 C 1 ) there is defined a ve ctor A (x) = {A x {x), . . . 
. . ., A n (x))$ whose components A t (x) 6 C(Q) f| C 1 «?), i = 1, ... 
. . ., n. From the Course of Analysis it is known that if the func- 
tion div A(x) . . . +-^. is continuous in Q, or even 

integrable over Q, then the following formula, known as Ostrograd- 
skiVs formula, holds: 

j div A (x) dx = j A (x) n (x) dS , (4) 

Q dQ 
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where n is the unit vector normal to the boundary dQ and directed 
outwards with respect to Q. 

Let u(x) e C\Q) fl C^Q), u 6 C X (Q), and let the function Au = 
= div (V^) be integrable over Q. Since u Au = v-div (V^) = 
= div (v^u) — V^W (V^V^ = u Xi v Xi + . . . + u Xj v Xn ), by Ostro- 
gradskii's formula (4) we have 

j vAu dx = £ v~dS — j Vw Vi> dx, (5) 



dQ 



du 



because Vu-n\ d0 = — 

If both the functions u and v belong to C 2 (Q) fl C X (Q) and the 
functions Au and Ay are integrable over Q, then, apart from for- 
mula (5), we also have 

j uAvdx= j u -j^dS — j VvVudx. (5') 

Q dQ Q 

Subtraction of (5') termwise from (5) yields 

j (vAu-uAv) dx=^ (v^L-u^dS. (6) 

Q dQ 

Formulas (5) and (6) are known as Green's formulas. 



§ 2. SPACES OF INTEGRABLE FUNCTIONS 

As shown above, the set of continuous functions in Q is a Banach 
space with the norm max \f{x)\. Nevertheless, it often proves 

convenient to consider on this set integral norms, for example, 
| / (x) | dx or ( I | / (x) | 2 dx) 1 ! 2, (it is easy to see that they satisfy 
I 

all the axioms of a norm). We examine the space with norm 
\ | / (rr) | dx whose elements are continuous functions in Q. This 

i 

normed space is incomplete. In fact, from the definition of Lebesgue 
integral it follows that for any function f(x) integrable over Q there 
is a sequence f m {x) of functions continuous in Q which converges to 
f(x) in this norm: I | f m (x) — f (x) \ dx as m oo. This 

means that if we wish to obtain a complete normed (Banach) space 
with the norm j | / (x) \ dx which would contain all the functions 
Q 
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continuous (or even infinitely differentiable) in Q, we must include 
all those functions which are integrable over Q. But then the func- 
tional j | f(x) | dx ceases to be a norm— it does not satisfy the last 
Q 

axiom (see Sec. 2.2, Chap. II) of a norm, since j | f(x) \ dx = for 

Q 

all f(x) = a.e. in Q. However, according to Theorem 2, Sec. 1.4 r 
Chap. II, I | f(x) \ dx = only for functions f(x) that vanish a.e. 

i 

in Q. Therefore, for the last axiom of the norm to be satisfied, we 
must identify all the functions that vanish a.e. in Q. For this we 
may consider as the elements of the space either classes of functions 
each of which contains all the functions that are equal a.e. or else, 
equivalently, may introduce a new definition of equality of functions: 
functions are equal if their values coincide almost everywhere. Since 
it is more convenient to operate with functions than with classes of 
functions, in the sequel we shall regard functions equal if their 
values coincide for almost all (not necessarily for all) x in Q. Since 
in such a definition of equality of functions the functions remain un- 
changed when their values change arbitrarily on any fixed set of 
measure zero, in this case it is natural to assume that the functions 
are defined almost everywhere. If a function / vanishes almost every- 
where, we take it as the zero function. Similarly, if a function 
coincides almost everywhere with an everywhere defined continuous 
function, we regard it as a continuous function, while / is contin- 
uously differentiable up to order k if it coincides almost everywhere 
with a function that is everywhere defined and is continuously differ- 
entiable up to order k. In accordance with the abovementioned no- 
tion of equality, we shall assume that the space C h (Q), k ;> 0, con- 
tains also the functions defined almost everywhere in Q and con- 
tinuously differentiable up to order k. That is, a function f(x) be- 
longs to C k (Q) if it coincides almost everywhere with a function 
which is defined at all points of Q and is continuous in Q together 
with all its derivatives up to order k. Further, by the value of an 
element of the space C(Q) (and, more so, of functions in C h (Q)) at 
some point we shall mean the value at this point of the continuous 
function defined everywhere that coincides with this element almost 
everywhere in Q. 

1. Spaces L X (Q) and L 2 (Q). Consider the set of complex-valued 
functions that are integrable over Q. Obviously, it is a linear space 
(also in the new sense of equality of functions), and the functional 

| f(x) | dx satisfies all the axioms of a norm. This linear space 
Q 
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will be denoted by L^Q): 

|l/lk(Q)= J \f(x)\dx. (1) 
Q 

The set of complex-valued measurable functions (recall that func- 
tions coinciding a. e. are identified) the squares of whose moduli are 
integrable over Q will be denoted by L 2 {Q). Let us demonstrate 
that L 2 (Q) is a linear space. Let c x , c 2 be arbitrary numbers, and 
f x {x), f 2 (x) arbitrary functions in L 2 (Q). Since the measurable 
function cj^x) + c*f?[x) satisfies the inequality | cj^x) + 
+ c 2 f 2 (x) | 2 < 2 | c x | 2 | U(x) | 2 + 2 l c 2 | 2 | f 2 (x) | 2 , by Theorem 5, 
Sec. 1.6, Chap. II, the function | cj^x) + c<j 2 (x) | 2 is integrable, 
which implies that c-J-^x) + cj^x) (j L 2 (Q). 

The function f x (x) f 2 (x), where /i(^), f 2 (x) 6 L 2 (Q), is integrable, 

because it is measurable and | f ± (x) f 2 (x) I ^ y ( I I 2 + 

4- | / 2 (#) | 2 ). Therefore with the pair of functions f 1 and / 2 one can 
associate the quantity 

(fu / 2 )l, ( Q) = J h(x) JMdx. (2) 
Q 

It is easily checked that formula (2) defines a scalar product in 
L 2 (Q). The norm generated by this scalar product is of the form 

I!/||l, (Q )= (J \f{x)\>dx) U \ (3) 

Since | / | = | / |-1 ^ y (| / | 2 + 1), we find that when the region 

Q is bounded the function f(x) belonging to L 2 (Q) also belongs to 
^i ((?)• This means that L 2 (Q) cz L^Q) for a bounded region. In 
this case it is also evident that C(Q) cz L 2 (Q) cz L X (Q). 

Theorem 1. L x (Q) is a Banach space with norm (1). L 2 (Q) is a 
Hilbert space with scalar product (2). 

To prove this theorem, it suffices to establish that the spaces L x (Q) 
and L 2 (Q) are complete in the respective norms. 

1. Let the sequence f k , k = 1, 2, . . ., of functions in L X (Q) be 
fundamental in L^Q), that is, for any e > there is a number 
N(e) such that || f h — f m ||li(Q) < e for all k, m^ N(e). Choose 
e = 2~* for some integer k, and let N h denote the number N{2~ h ) 
such that N h < N h+1 . Then for N h we have 

\\fN h -fm\\L M) <2-\ (4) 

and, in particular, || fN h — fN h+1 Hl^q) < %~ h - Hence the series 

oo 

2 \\fN h — fN b Wlm) converges. This, in view of Corollary to 

I, A & «+l 
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Sec. 1.6, Chap. II, means that the series 2 — fN k ) converges 

a. e. in Q to a function belonging to L t (Q), which, in turn, 
means that the sequence f N , k=^l, 2, converges, as fc-^oo, 
a.e. in Q to a function f£Li(Q): 

fN h (x)-+f{*h /Woo. 

We shall show that || f m — f \\ l\(Q) as m oo. Indeed, for 
m ;> N r , k^r the inequality (4) implies 

| fm - fN k lk(Q) ^ || fm - fN r + || /* „ - /iV ft |[l i( Q) < 2 • 2"' = 2^. 

Letting A; oo in this inequality, we obtain, by Fatou's lemma 
(Theorem 4, Sec. 1.6, Chap. II), the inequality ||/ m — / || li(Q) ^ 
5^ 2 1_r which is true for all m >- N r . For sufficiently large m the 
number r can be chosen large enough, therefore || f m — / || l^q) 
as tti— oo. Thus the space L^Q) is complete. 

2. Suppose that the members of the sequence k = 1, 2, . . 
belong to L 2 ((?) and that the sequence is fundamental in the norm 
L 2 (Q). As in the proof of the first part of this theorem, a number 
sequence N t ^ N 2 ^ ... ^ N h ^ ... can be found such that 

||/^-/m|k(Q)<2-* (4') 

for all 77i > N k , and, in particular, || f Nk+i — f Nh \\ LM) < 2~\ 
An application of Bunyakovskii's inequality gives \\fN k+1 — 

-fN k \\l M) < V\Q\ II fN h+1 -f* k lk<Q> < V\Q\2- h , therefore there 
is a function f(x)£Li(Q) such that fN h {x)-+f(x), as Zc-^oo, 
a.e. in Q. This means that | f N | 2 ->| /| 2 , as &-^oo, a.e. in Q. 
Furthermore, 

|| fN h \\l,{Q) < || /iv ft — ||l 2 (Q) + 1| /iVi |k(Q) < y + II /iV t |k(Q)- 

Hence, by Fatou's lemma, f(x) 6 L 2 (Q). 

Let us show that \\f m —f || Lj( q) ->- as m oo. For m^> N T and 
fc^r inequality (4') implies 

|| fm — /iV ft |k(Q) < || fm — /iV r lk(Q) + || fN r — |k(Q) < 2 1 ~ r . 

Letting k -»- oo in this inequality and again using Fatou's lemma, we 
conclude that || f m — / || (l 2 q> ^ 2 1_r for all 771 ;> N r . And since 
with sufficiently large m, r can be chosen sufficiently large, we obtain 

II fm — f II L,«,) -^0 as 771 -> OO. | 

Remark. We remark that in proving Theorem 1 we have at the 
same time established the following assertion. 
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From every sequence of functions converging to a function f in L X (Q) 
or in L 2 (Q) a subsequence can be chosen that converges to f a.e. 

2. Densenessof the Set C(Q) in L X (Q) and L 2 {Q). Separability 
of L X (Q) and L 2 (Q). Continuity in the Mean of Elements of L X (Q) 
and L 2 (Q). 

Theorem 2. The set of functions continuous in Q is everywhere dense 
in L X (Q) and L 2 (Q). 

1. Let f(x) 6 L ± (Q). With no loss of generality this function can 
be assumed real-valued and nonnegative. Then by the definition of 
integrability of f(x), there exists a sequence k = 1, 2, . . 
of functions continuous in Q having the property that f h (x) \ f(x) 

a.e. in Q and j f h dx->- j/ dx as k ->- oo. Since j | / — f h \ dx = 

Q Q Q 

= j" (/ — f h ) dx, it follows that || / — f k || Li( q) as k oo, as 
Q 

required. 

2. Let f(x) £ L 2 (Q) which is again assumed real-valued and 
nonnegative. Since f(x) 6 L X (Q), we can find a monotone nondecreas- 
ing sequence / h , k = 1, 2, . . of functions belonging to C(Q) that 
converges to / a.e. in Q. The functions can be additionally 
assumed to be nonnegative, for, if necessary, this sequence can be 
replaced by the sequence k = 1, 2, .... But then fl(x)\ 
\f{x), as k->- oo, a.e. in Q. By the definition of the integral of 

f{x) \ftd*-+\f that is » H h II1.CQ) II / lli,(Q). Since f h f < 

Q Q 

^ / 2 , by Lebesgue's theorem (Theorem 6, Sec. 1.7, Chap. II) 
lim /) Ll(Q ) = || / ||l t( Q), which implies that \\f h — f \\l tiQ) = 

=ll fu III.(Q) - 2 (/ fe , /)l,(Q) + II / lli,(Q) ->0 as fc^oo.l 

Note that if a sequence of functions in C(Q) converges to a fun- 
ction in the norm of C (Q), it also converges to it in the norms of 
L X (Q) and L 2 (Q). Consequently, any function continuous in Q can 
be approximated by a sequence of polynomials with rational coeffic- 
ients in the norms of L X {Q) and L 2 (Q). Then Theorem 2 implies 
that the countable set of polynomials with rational coefficients is 
everywhere dense in L X (Q) and L. 2 (Q). We have the following result. 

Theorem 3. L X (Q) and L 2 (Q) are separable spaces. 

A function f(x) belonging to L 2 (Q) (and extended outside Q by 
assigning to it the value zero) is called continuous in the mean (square) 
or in the norm of L 2 (Q) if for a given e > a 6 > can be found such 
that || f(x + z) - f(x) || L ,( Q ) < 8 for all z, | z |< 5. 

A function f{x) belonging to L^Q) (and extended as being equal to 
zero outside Q) is called continuous in the mean or in the norm of 
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L X (Q) if for a given e > a 6 > can be found such that 
|| f(x + z)- f(x) Hlkq) < e for all z, | z |< 6. 
Theorem 2 implies the following result. 

Theorem 4. Any function belonging to L 2 (Q) is continuous in the 
mean (square). Any function belonging to L X (Q) is continuous in the 
mean. 

Proof. Let / (E ^2(0 (the proof is exactly the same when / £ 
€ L X (Q)). Consider a large number a > so that Q (g: S a , where S a 
is the ball {| x | < a}. Since f(x) £ L 2 (Q), the function F^r), 
which is equal to f(x) when x 6 (? and vanishes when # £ £2a\(?> 
belongs to L 2 (S 2a ). Take an arbitrary e > 0. By Theorem 2, there is 
a function F(x) which is continuous in S 2a an( ^ satisfies the inequali- 
ty || F(x) — F(x) \\ Lt (s 2a ) < c/3. By multiplying F(x) by a prop- 
erly chosen slicing function for the region S a , it can be assumed 
that F(x) == for x £ S 2a \S a . Therefore for | z |< a, || F(x + z) — 
- + z) || Lf(Sta) = || F(x) - || Lt( s a )_5 e/3. Since the 
function F{x) is uniformly continuous in S 2a , there is a 8 > 
(6 «< a) such that || /^(x + z) — /^z) ||L t (s 2a ) ^ ey ^ whenever 
I z | <c 6. This means that for | z | < 8 

|| /(* + *)-/ (*) ||«<i) = || F (x + z) - F (*) || £ , (Sm) 

< || *■(* + *) - F (s + z) \\ UiSta) + \\F(x + z)-F (x) || Ll( s 2a) 

+ \\F(x)-F(x)\\ L , iSia) ^%+± + l=e. | 

3. Averaging of Functions Belonging to L X (Q) and L 2 ((2)- As in 

the case of functions belonging to C(Q), averaging functions can 
also be defined for functions belonging to L X (Q) and L 2 (Q). 

Let cDfcd x — y |) be some averaging kernel (Chap. I, Introduc- 
tion), and let f(x) £ L t (Q). The function 

/*(*)= J f(y)<»h(\x-y\)dy, fo>0, (5) 

Q 

is called the average function for the function f (averaging function 
for /). 

By the Property (a) of an averaging kernel and Theorem 7, Sec. 1.7, 
Chap. II, J h (x) 6 0(i? n ) for h > 0. Further, / h (s) = beyond <? A . 

Theorem 5. // /(*) € L X (Q) (L 2 (Q)), then || / ft - / \\ Ll(Q) -> 
(II / fc - / HmO) 0) as A 0. 

Proof. Both the assertions are proved exactly in the same way, 
therefore we examine, for example, the case when / £ L 2 (Q). The 
function / is assumed extended outside Q by assigning to it the value 
zero. Successive applications of Properties (b) and (c) of an averag- 
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ing kernel, Bunyakovskii's inequality and Property (d) of the 
averaging kernel yield 

I /*(*)-/(*) I 2 

= { 1(y)M\x-y\) d y— f( x ) j ©/.(k-J/Ny 



\x-V\<h \x-y\<h 
\x-~y\<h \x-'y\<h 



J u>U\x-y\)dy J \f(y)-f(x)\ z dy 



<^ J \1{x + z)-t{x)\*dz. 

\z\<h 



By the Corollary of Fubini's theorem (Sec. 1.11, Chap. II) 
|/,-/||L(Q)<^ \dx J \f(x + z)-f(x)\*dx 

j dz j \f( x + z)-f(x)\*dx. (6> 



\z\<h 
const 
h n 

\z\<h 



Take any e > 0. By the theorem on continuity in the mean (Theo- 
rem 4), a 6 > can be found such that || f(x + z) — f(x) \\l 2 (Q) < 
<C e whenever | z | ^ h < 8. Therefore for such h the inequality (6) 
implies \\i h — f \\ Li (Q) < const- e. | 

Remark. It should be noted that the proof of Theorem 5 nowhere 
uses the fact that the averaging kernel is nonnegative. Consequently, 
if the averaging function f h (x) for f(x) is defined by the formula (5), 

where (o h (\ x — y |) = ^ w i(^T^) and ^iW' ~~ 00 < 1 < °°' 
is an infinitely differentiable even function that vanishes for | t | 1 
and is such that j (D^l z |) do; = 1 (compare with the definition of 

R n 

the averaging kernel given in Introduction, Chap. I), then Theorem 5 
remains valid in this case also. 

Theorem 6. The set C°°(Q) is everywhere dense in L x (Q) and in 
L t (Q). 

Proof. Let f(x) 6 L<l{Q) (the case / 6 L X {Q) is disposed of similar- 
ly), and fix any e > 0. By the theorem on absolute continuity of a 
Lebesgue integral (Theorem 9, Sec. 1.10, Chap. II), there is a 6 > 

such that j I / | 2 dx < e 2 /4. This means that the function F (x) 

with compact support in Q which belongs to L 2 (Q) and equals f(x) 
when x 6 (?a and vanishes when x 6 Q\Q&, satisfies the inequality 
II F — f IIl,(Q) < e/2. By Theorem 5, a h > can be found such 
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that || F h — F \\ LM) < e/2 for all < h < h . The averaging 

function F h for the function F with compact support belongs to 
• 

C°°(Q) for sufficiently small h and 

I|/-Ml,(Q) < \\f-F\\L M) + \\F-F h \\ Li(Q) < «-+«. = 8 . | 

Since for any k > C°°(Q) cz C h (Q) a L 2 {Q), it] follows that 

for all k ;> C*(@) are everywhere dense in L 2 {Q).\ 

4. Linear Spaces L lAoc> , L 2 .ioc« The set of functions that are 
integrable over any strictly interior subregion Q' of Q, Q' Q, are 
denoted by L it i 0C (Q). 

The set of functions that are measurable in Q and the squares of 
whose moduli are integrable over any strictly interior subregion Q' 
of Q, Q' (<= Q, is denoted by L 2 , i oc ((?). 

It is clear that L lt i 0C (Q) and L 2t \ 0C (Q) are linear spaces. Further, 

L^cz L 1% ioc(0 and L 2 (Q) cz L 2 , l0C (Q). The function —A—, 

for example, belongs to L lt i oc (l a: | < 1) and L 2 , i oc (| x \ <C 1) 
for any m, and at the same time it belongs to L ± (\ x | < 1) only 
when m < 1 and to L 2 (| £ | < 1) only when m < 1/2. 



§ 3. GENERALIZED DERIVATIVES 

1. Simplest Properties of Generalized Derivatives. Suppose that a 
continuous function f(x) in Q has continuous derivative f x .(x) in Q. 

Then for any function g(x) £ 

fg x .dx=; — j fx^g dx. 
Q Q 

It turns out that the derivative f x , of / is completely determined 
by the last equality: it can be easily shown that if for a continuous 
function f(x) there exists a continuous function h^x) such that 

i% _ 

fg Xi dx= — \ higdx (1) 
Q Q 

for any g(.r) g £*((?)> then the function f(x) has in () the derivative 
f x . and = hi for all x £Q. Thus by means of identity (1) a defini- 
tion of the derivative of f(x) can be given that is equivalent (in the 
class of continuous functions) to the usual definition. If in (1) the 
continuity condition of f(x) and h t {x) is dropped and instead it is 
required that they be integrable or their squares be integrable (the 
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latter is more convenient for us) and the integrals in (1) are under- 
stood in Lebesgue sense, then we enlarge the class of functions for 
which the notion of derivative can be introduced; the function h t is 
called the generalized derivative of / with respect to x t in Q. 

Let a = (a x , . . a n ) be a vector with nonnegative integral 
components. A function ^{x) £ L 2t \ c(Q) is called ath general- 
ized derivative (g.d.) in Q of a function f{x) £ L 2t ioc(0 if 

j f(x) D a g(x) dx = — (1)N j / a (z) gjjfidx (2) 
Q Q 

for any g(x) £ CW(Q). 

We shall first show that a function f(x) can have only one g.d. 
(recall that functions are considered equal if they coincide a.e.). 

In fact, let ft(x) and ft(x) be two g.d. of f(x). For an arbitrarily 
fixed subregion (?', Q ' <g Q, and an arbitrary function g(x) £ 

€ CM(Q') the identity (2) yields f (ft — ft) "£ dx = 0. But 

ft — ft ^ L 2 (Q'), therefore, by Theorem 6, Subsec. 3 of the previous 
section, ft — - ft = a.e. in Q\ which means that this holds a.e. 
also in Q. 

• 

Let f(x) 6 O a i(Q). By Ostrogradskii's formula we have 

j f(x) D^jdx = ( - 1)W j D*f(x) (3) 
Q Q 

for any g(x)£CW(Q). That is, the function f(x) has g.d. 
equal to D a f(x). In particular, the function f(x) which is equal to a 
constant (a.e.) in Q has each g.d. ft(x) = 0, | a \ > 0. 

In the sequel g.d. ft of a function / will be denoted by D a f. The 
generalized derivatives, primarily the first-and second-order deri- 
vatives, will also be denoted by f xv f XiXjJ . . . and , . . . . 

depend on the order of differentiation, it follows from the uniqueness 
of a generalized derivative and formula (2) that a generalized deriv- 
ative also does not depend on the order of differentiation. 

The definition of g.d. also implies that if the functions fi(x), i = 
= 1, 2, have g.d. D a f iy then the function c 1 f 1 + cj 2 y w * tn an Y con " 
stants c u has g.d. D a (c^ + cj 2 ) = c 1 D (X 'f 1 + c 2 D a f 2 . 

Example 1. The function f(x) = | x x | has in the ball Q = 
= { | x | < 1} first generalized derivatives f x ^ = sign x x , f x% = 0, 
i = 2, . . n. 



Since for smooth functions g(x) the derivative — - — g „ does not 
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In fact, for any g(x) 6 C 1 (Q) 

j \xi\g Xl dx= j" Xig^dx— j x t g Xl dx, 

Q o+ Or 

where Q + = Q f| (x ± > 0), Q~ = Q f] (x x < 0). Applying Ostrograd- 
skii's formula, we have (x t g = on dQ and also for x x = 0) 

\ \xi\gx x dx= — j gdz-f J g<fo = — j sign fif dr. 
Q Q+ Q- Q 

Therefore g.d. with respect to x 1 of the function | x x | exists and is 
equal to the function sign x ± . Since for i ^> 2 

j IsilFxjda^ j" (| a:i | i)x 4 ^ = = — j O.^da;, 

Q Q Q 

the function | x x | has generalized derivatives with respect to x u i = 
= 2, . . ., n, equal to zero. 

Note that the function | x x | has no classical derivative with re- 
spect to x x in Q (the derivative does not exist for x x = 0). 

Example 2. The function f(x) = sign ^ x has in the ball Q = 
= {I x | < 1} first generalized derivatives = 0, i = 2, . . ., n, 
but has no generalized derivative f Xi . The existence of g.d. / x , i = 
= 2, . . n, is established in the same manner as in Example 1. 
Let us show that / has no g.d. with respect to x x . Suppose, on the 
contrary, that there is a function co 6 L>2,\oc(Q) which is a general- 
ized derivative of / with respect to x x . Then for any g(x) £ C X (Q) 

j (og dx = — j (sign Xi) g Xt dx = — j g Xl dx + j g Xx dx 
Q Q Q + Q~ 

= 2 \ ~g dx 2 ... dx n . (4) 

Qn<*i=o> 

This equality, first of all, implies that co = (a.e.) in Q. In fact, 
substituting in (4) an arbitrary g(x) £ C 1 (Q) vanishing in Q~, we 
have j tog dx = 0, which implies that co = (a.e.) in () + . Analog- 
Q+ 

ously, it can be shown that co = (a.e.) in Q~. Accordingly, for any 
g(x) g C Y {Q), j (Dg dx = 0, that is, j g (x) dx 2 . . . dx n = 0, but 

q Qn^i=o} . _ 

this cannot hold for an arbitrary function g(x) 6 C^Q). 

In contrast to the corresponding classical derivative, the general- 
ized derivative D a f is defined by (2) globally, at once in all of Q. 

8-0594 
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However, in every subregion Q' cz Q also the junction D a f will be 

g.d. of the function f, since the function g(x), belonging to C\*\(Q') 
and extended outside Q' by assigning to it the value zero, belongs to 

CW(Q) (this property was, in fact, used while proving the unique- 
ness of a g.d.). Therefore if / (x) has in Q g.d. D a f and f(x) = c (a.e.) 
in Q' cz Q, then D a f = (a.e.) in (?'. In particular, g.d. (if it exists) 
of a function f(x) having compact support in Q (that is, for some 
Q", Q" <g Q, f(x) = a.e. in Q\Q") has compact support in Q r 
and therefore belongs to L 2 (Q). 

Suppose that the function f(x) belonging to L 2 ,\ c(Q) has g.d. 
D<*f = F and the function F(x) has g.d. D$F = G. Then there 
exists g.d. D a +P/ and D a +&f = G. 

Indeed, suppose g(x) 6 O a +N(Q). Since D&g £ C ,a, (<?), we 
have 

j fD^g dx = (- 1)1*1 j D«fWg dx 
Q Q 

= ( — l) ,a| j FWgdx = ( — \)W+\*\ J D*Fgdx = ( — \)\«+*\ J Ggdx y 

Q Q Q 

as required. 

In contrast to the classical derivative, the generalized derivative 
D a f is defined at once for order | a | without assuming the existence 
of corresponding derivatives of lower orders. Let us show that the 
derivatives of lower orders may not, in fact, exist. 

Example 3. In the ball Q = { \ x | < 1} consider the function 
f(x) = cp^) 4- y(x 2 ) J where (p(#i) = sign x x . The results of 
Example 2 show that f(x) has no generalized derivatives f Xl and f Xt . 

Nevertheless, we shall now show that the generalized derivative 

fx x x 2 exists. Taking an arbitrary g(x) 6 C 2 (Q), we have 

J g Xl xJ dx = j cp (Xi) g XlXi dx + j cp (x 2 ) g XlXi dx. 
Q Q Q 

Since 



j <P (*i) gx t x 2 dx=— j g XlX2 dx+ j g XlXi dx = 

and, similarly, j q{x2)g XxXt dx=^0, it follows that 
Q 

j fg Xl x 2 dx = 0= j 0>gdx. 
Q Q 
Thus the generalized derivative f XiXt exists and is equal to zero. 
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2. Generalized Derivatives and Averaging Functions. A Criterion 
for the Existence of Generalized Derivatives. Let f(x) £ L 2 (Q) 1 
and (o h be some averaging kernel, and let 

hi*) = j <MI *-v\) f(y) dy, h > 0, 

Q 

be the averaging function for the function f(x), f h (x) £ C°°( J ff n ). 

Lemma 1. // the function f(x) £ L 2 (Q) has a generalized deriva- 
tive D a f 6 L 2 {Q), then for any point y £ Q 

(D a f)n(y)^D^f h (y) (5) 

with sufficiently small h > 0, and for any subregion Q f (g Q 

ll^/fc-^/lkcQ')-^ (6) 

as h — >- 0. 

// m addition to the above, the function f(x) has compact support in 
Q (and is extended outside Q by assigning to it the value zero), then 
formula (5) holds for all y £ Q for sufficiently small h > 0, and 

\\D*f h -D*f Wuu + O as k^O. (7) 

Proof. Taking in (2) for g(x) the averaging kernel <x) h ( \ x — y |), 
y £ Q, with sufficiently small h > (h is less than the distance be- 
tween y and the boundary dQ) and applying Theorem 7, Sec. 1.7, 
Chap. II, we obtain formula (5) 

(D*f)h(v) = (-l) w J f(x)02<*H{\x-v\)dz 

= J /(*) Z)X (| x-y \)dz = DSf h (y). 
Q 

If there exists a h > such that when h ^.h formula (5) 

holds for all y (z Q' . If f(x) has compact support (in this case D a f 
also has compact support and belongs to L 2 (Q)), again there is a 
h > such that when h^ih formula (5) holds for all y 6 Q- There- 
fore relations (6) and (7) follow from Theorem 5, Sec. 2.3. 

Corollary. // all the first-order g.d. of a function f are zero, then 
f = const. 

In fact, in a subregion Q' Q (f Xi )h = 0, i = 1, . . ., n, for 
sufficiently small h. By (5), (/h)*. = 0, i = 1, . . n, that is, 
f h = const = c (h) in Q' for such h. Since || f h — / ||l 2 (Q') = 
= II c(h) — f IIl 2 (q-) ->0 as A -> (Theorem 5, Sec. 2.3 ), it follows that 
II c (hj - c (h 2 ) || L2(Q ,) =\c{h l )-c (h 2 ) I V I <?' I 0. as h» h 2 -+ 
-> 0. Consequently, c(h) = / 7l converges uniformly in ()' (and more 
so in L 2 (Q )) to some constant, that is, / = const, in Q' , and there- 
fore also in Q. 

8* 
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By means of Lemma 1 the following criterion for the existence of 
generalized derivative of / 6 L 2 (Q) is established. 

Theorem 1 . For the existence of g.d. D a f of a function f £ L 2 (Q) it 
is necessary and sufficient that for any subregion Q' Q there exist 
constants C(Q') and h (Q') such that \\ D a f h \\l 2 (Q') < C (<?') for 
all h<h (Q'). 

Proof. The necessity has been proved in Lemma 1. 

Sufficiency. Consider a system of regions Q 1 Q 2 (g= ... 
<S Q m <^ • • • ^ Q such that any point x £ Q belongs to some Q t 
(and therefore to all Qj, j > i). Since fovh < h (Q x ) \ \ D a f h ||l 2 (Qo ^ 
^ C(Qi)i ^e set {D a fh} is weakly compact for such h (Theo- 
rem 3, Sec. 3.8, Chap. II). Therefore a sequence of values of h, 
n i, ii • • -> h lt ft, | as k -> oo, can be found such that the 
sequence of functions D a f hl h , k = 1, 2, . . ., converges weakly in 
L>2.{Qi)' Similarly, from the sequence h lt ft , k = 1, 2, . . ., one may 
choose a subsequence h 2% h , k = 1, 2, ... such that the sequence of 
functions D a f h2 fe , k = 1, 2, . . ., converges weakly in L 2 {Q 2 )\ 
and the weak limit of this sequence in Q± coincides, of course, with 
the weak limit of the sequence D a f hlt h , k = 1, 2, . . ., and so forth. 
The diagonal sequence D a fh h fe » A; = 1, 2, . . ., converges weakly to 
some function co(^) £ L 2t \ 0C (Q) in the space L 2 {Q{) for any i = 
= 1,2, .... Then for any Q' (g Q D a f hh converges weakly to co 

in L 2 {Q'). 

Consider an arbitrary function g £ CW-(Q), and let Q' be the 
region beyond which g(x) = 0, Q' Q. For all k = 1, 2, . . ., we 
have 

j D«f hk Jdx = {-i)M \ f hh h D«gdx, 
Q Q 

where the integration is, in fact, not over entire Q but over Q' . Since 
the sequence D a f hh ft , k = 1, 2, . . ., converges weakly in L 2 (<?') to 
the function co and the sequence f hh ft , k = 1, 2, . . ., converges 
strongly (and therefore also weakly) to the function /, we may pass 
to the limit as k -> oo in the last identity: 

j (x)gdx = ( — l)l a l j fD<*gdx. 

Q Q 
This means that / has generalized derivative D a f equal to the func- 
tion 0). | 

3. Existence of Generalized Derivative in the Union of Regions. 

As noted in Subsec. 1, if D a f is g.d. of a function / in Q, then it is 
g.d. of this function in any subregion Q' cz Q also. In the present 
subsection we shall prove the following assertion. 
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Theorem' 2. If a function f has g.d. D a f in regions Q x and Q 2 and 
tf Qi U (?2 = Q is a ^ so a region (that is, a connected set), then g.d. 
D a f exists in Q. 

Proof. Take an arbitrary point x £ Q. Let S p (x) be the ball of 
radius p > with centre at x, and let p x = min \ x — y |, p 2 = 

V£dQ, 

= min | x — y \. If x (j Q\\Q 2 , then S Pi/2 (x) <g= while if 

x 6 <?2\<?n tnen s pJ*( x ) ^ (V> however, if x 6 Qi fl <?2 and 
p = min (p 1? p 2 ), then S p/2 (x) Q x and Sp/aOz) <? 2 - 

Let all the points of Q be divided into two classes: the first class 
contains all the points of Qi\Q 2 and those points of Q 1 f| Q 2 for 
which p x < p 2 , p = Pi, and the second class contains the remaining 
points, that is, all the points of Q 2 \Qi as well as those points of 
Qi fl <?2 for which p 2 < pi, p = p 2 . 

In this way, Q is covered by the balls S p / 2 (x): if x belongs to the 
first class, then p = p 1? and if x belongs to the second class, then 

P = P 2 - 

Let Q f be any strictly interior subregion of Q, Q' Q. From the 
cover of Q' by the balls S p / 2 (x) one can choose a finite subcover. 
A part of the balls of this subcover having centres at the points of 
the first class constitutes an open set Q[ (g: Q x , while the remaining 
ones constitute an open set Q' 2 d= Q 2 . Thus for Q' there are two open 
sets Q\ and Q' 2 having the following pr<$perties: (a) Q[, i = 1, 2, is 
the sum of a finite number of balls, (b) Q' belongs to the region 
Q\ U <?2 and Q[ <g Q x , Q 2 C <? 2 - Since g.d. D"f exists in Q 1 and <? 2t 
by Theorem 1 there are constants C(Q[), C(Q 2 ), h (Q[) and h (Q 2 ) 
such that for h < h = min (h (Q[), h (Q 2 )), \\ D"f h 
< C(Q[), || D a f h \\ LM ^ < C(Q 2 ), where f h is the averaging func- 
tion for / in Q. Hence 

II D-f h ||I f(<n < || D«f h \\i Mp + 1| D«f h \\i(QV < c\ (<?;) 

+ Cl(Q' 2 ) = C 2 (Q') 

for all h<ch . Therefore, by Theorem 1, the function / has g.d. 
D a f of ath order in Q that coincides, of course, with D a f in Q x and 

4. A Connection Between Generalized Derivatives and Finite- 
Difference Ratios. Let f(x) have compact support in Q and belong 
to L 2 (Q). We extend this function outside Q by assigning to it the 
value zero and consider for h the difference ratio 

8hf(x) = ^foi' ---»Sft-u + x n ) — f(x) ^ 

ft = 1, . . ., n. Clearly, for all h =#= 0, 6£/(z) 6 £ 2 ((?)- If the func- 
tion g(;r) £ Z/ 2 (<?) (and is extended as being equal to zero outside 
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Q), then for sufficiently small | h | (less than the distance between 
the boundaries of Q and Q' , outside which / = 0) the formula of 
"integration by parts" holds: 

g)u(Q) 

= rj M* 1 ' + ^fe+i' ^n) — f{^))g{x)dx 

Q 

= y j f( x ) (i^i* *ft+ii •••» ^n)— ^))^ 

Q 

= -(/, 6V) La(Q) (9) 

Theorem 3. Le£ the function f(x) with compact support in Q belong 
to L 2 (Q). 

(a) // g.d. f Xk exists for some k = 1, . . n, then for all sufficient- 
ly small | h |, h 0, || 5*/ || Lj (Q) < || f Xh \\ LtiQ) and 

\\tif-~f Xh \\L M) -+0 as h->0. (10) 

(b) // there is a constant C > such that for all sufficiently small 
\h I h^O, || 5jJ/ ||l s (q> ^ C, then the function f has g.d. f Xh in Q, 
and the inequality || f Xh \\l 2 (Q) ^ C as well as relation (10) hold. 

Proof of (a). Suppose first /£ C i (Q). With no loss of generality 
one can take k = n. Then 6/J/ = -^ j d/fo^ In) where, as usual, 

x n 

x' = (x i , x^). Therefore (suppose fe>0, for definiteness) 

i «w P< £ (T I *.)'<! T l^rf 

x n x n 

whence it follows that 

+ f 1 6»(x) P i + f *.*f | |"dU - + f I ^ f 

— oo — oo x R - oo 

Integration with respect to £ i? n _i yields 

|l«S/lk(«)<l|/xJk,«)- (H) 



Further, 



x n +h 

I I ( 



df(x'. In) 



#(*', x n ) 



din 



din 



Hence 

+00 

t {W(x)-fx n (*)) 2 **n 



+00 



<?/(*', g B ) df(x',x n ) 



din 
+00 



- 00 



ar n + T|) 



'dl n 

df{x',x n ) \2 



^71 



) 



Integrating with respect to x'£R n -i, we have 

*/(*'» *n + T)) */(*', * n) \ 2 

J V 





ft 

l|aS/-/*,Hi.(Q)<xJ dT i J (■ 



ten 



Ox* 



) 2 dx. (12) 



Inequalities (11) and (12) established for the time being only for 

functions / £ C X {Q) are also true for functions in L 2 (Q) having com- 
pact support and g.d. f Xn in Q. To show this, it suffices to approxi- 
mate f(x) by its averaging function with a sufficiently small aver- 
aging radius p, use for this last function inequalities (11) and (12) 
(the averaging function has compact support in Q) and then take 
the limit as p ->■ 0. 

Thus the first inequality in (a), coinciding with (11), is proved. 

To prove relation (10), we apply the theorem on continuity in the 
mean (square) of functions belonging to L 2 (Q) (Theorem 4, Sec. 2.2), 
which implies that for a given e > a 8 = 6(e) can be found such 
that 

f / df(x', x n + r)) df(x', x n ) \ * dx <c2 
J \ dx n dx n ) ^ 

Q 

whenever | r\ | ^ | h | ^ 6. Therefore (12) yields the inequality 
||8/J/ — /x n ll£ 2 (Q)^ £ 2 whenever | h | ^ 6. This proves Propo- 
sition (a). 

Proof of (6). By Theorem 3, Sec. 3.8, Chap. II, the set {6£/} with 
small I h I is weakly compact in L 2 (Q). Accordingly, a sequence 
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&h p f, jo = 1, 2, . . ., hp as p ->- oo, can be chosen that con- 
verges weakly to some function co £ L 2 (Q)\ moreover, || co ||l 2 (Q) ^ C. 
Further, in view of (9), (6^/, g) LM) = — (/, &-h p g) La (Q) for any 

g(x) G £*((?)• When p ->■ oo, the left side of this identity tends to 
(co, g) and the right side, by Lebesgue theorem, to — (/, g Xk ). There- 
fore g.d. f Xjt exists and f Xk = co. | 

In the sequel the following proposition will also be used. 

Let Q be a simply connected region in R n which contains the ori- 
gin and is symmetrical with respect to the plane x n = (that is, 
if x = (x f , x n ) belongs to Q, then (#', — x n ) also belongs to Q), and 
let 6 > be a small number so that #6 is a region. We denote 

Q + =Qf] {*n> 0}, Q- = Q fl K < 0}, 
(<?a) + = <?6 n K > 0}. 

Theorem 4. Le* /(a:) 6 £ 2 «? + ) and f(x) = in (? + \((? 6 ) + . 

(a) // for some k < w g.d. / x &ris£s m () + , f/aerc /or aZZ sufficiently 
small \h \, h =^= 0, 

II ^ IImq + )< II /*Jk(Q+) 

and 

||6!t/-/xJk(Q*)-»-0 as fc->0. (10') 

(b) // there is a constant C > sucfe £/iai /or aZZ sufficiently small 
\h\,hj=0, || 8fr || L 

2 (Q + )^^' k <C n, then g.d. f x exists in Q + y 
and || f Xk \\l 2 (Q+) ^ C relation (10') feoZds. 

In ^ we define a function F(x) as follows: F(x) = f(x) in Q + and 
F(z) = /(*', —x n ) in <?". Clearly, F £ L 2 {Q) and F(x) = outside 
Q 6 . Moreover, || 6^||i 2(Q) = 2 || 8 h h f \\i M+) , k < n, < | h |< 6. 

Proo/ o/ (a). Suppose that the function / has g.d. f x in Q + . We 
shall first show that the function F has g.d. F x in (). In fact, con- 
sider an arbitrary function g(x) 6 C X (Q) and with any 6 > the 
even function Sa(^n) 6 oo, + oo), £ 6 (— x n ) = ^(x n ), sat- 

isfying the inequality | £,d(x n ) \ ^ 1 for all # n , and equal to 1 
when x n ^ 6 and to zero when ^ x n ^ 6/2. 

The equality 

j F(x) g Xh (x) t b {x n ) dx 

= J /(^)-4-(^n)[g(^^n) + ^', 
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and definition of g.d. of / in Q + (the function t,6(zn) x n ) + 

+ g(x', -xj) 6 imply 

j ^(*)&c fc (*) Eft 
Q 

= — j /* ft («) Cfi(^n) *n) + —*n))d* 

Q + 

= — j fx h {x', x n ) ^(x n ) g(x) dx — J / Xft (s', — x B ) tt(z n ) g(x) dx. 

Letting here 6->0, by Lebesgue theorem we find that the func- 
tion which is equal to U k (x) i n Q + and to fx h (x', — x n ) * n Q~ 
is g.d. F Xk in <? of F , and || ^ ||i, (Q > = 2 1| /.J|W 

By Theorem 3, || 8 h h F ||l 2 (Q)<|| ^Jk(Q), therefore || ||l l(Q+) = 

=4-11 HU)<t II F *k \\Uq)=\\ f* h lk(Q*>- Since II «^-^ ft ||i. W) = 
= y II JIW) aQ d I|6^-^J|l 2( q)->0 as + we find 

that || 6a/— /x ft ||l 2 (q+) as h-+0. This proves Proposition (a). 

Proof of (b). Suppose that || 6h/||L,(Q+)-<C\ k <. n, for all suf- 
ficiently small | h |, ft^O. Then for all such h || 6^ |B, i(Q) ^ 
<2-C 2 . By Theorem 3, g.d. F Xh exists in Q and || F Xfc ||l s (Q) C 
^ 2-C 2 , which means that g.d. f Xh exists in () + and || f Xh ||l 2 (Q+) ^ 
^ C 2 and (10') holds. | 



§ 4. SPACES #*(<?) 

1. Linear Space H^iQ). Hilbert Space H k {Q). The set of func- 
tions belonging to L2, \oc(Q) and having all generalized derivatives 
up to order k, k~^> 1, (belonging to L 2 ioe(<?)) will be denoted by 
HUQ). By H h (Q) we shall denote a subset of H\ 0C (Q) whose ele- 
ments belong to L 2 (Q) together with all the generalized derivatives 
up to order k. When k = 0, Hi 0C (Q) and H h (Q) will mean L 2 i 0C (Q} 
and L 2 (Q), respectively: H° l0C (Q) = L 2tl0C (Q), H°(Q) = L 2 {Q). 

It is clear that H\ 0C (Q) and H h (Q) are linear spaces. Let us show- 
that H h {Q) is a Hilbert space with the scalar product 

</.*)fl* (Q )= S ^D a fD a gdx. (1> 
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To demonstrate this, it is enough to prove that H h {Q) is complete 
in the norm 

'I / WhH Q) = l/ 2 \ \D a 1\ 2 dx, (2) 

* Ia|<k Q 

generated by scalar product (1). 

Let / m , m = 1, 2, . . be a sequence of elements of that 
is fundamental in the norm (2): 

\\fs-fm\\ 2 H k {Q) = 2 ( \D a f s -D a f m \*dx-+0 as m, s-+oo. 

Then for any a, | a | ^ /c, when 5-^ oo 

j \D«f s -D«f m \*dx-+0, (3) 
Q 

and, in particular (when a = 0), 

j|/ S -/m| 2 ^-^0. (4) 
Q 

Since L 2 (Q) is complete, (4) implies the existence of a function 
/ £ L 2 (Q) to which the sequence / m , m = 1, 2, . . converges (in 
LiiQ)), and (3) implies the existence, for any a, | a |< /c, of a 
function f a £ Z> 2 ((?) to which the sequence D a f m , m = 1, 2, . . ., 
converges (in L 2 {Q)). 

Since each of the functions / m (#) has all generalized derivatives 
up to order k belonging to L 2 {Q), it follows that for any a, | a | ^ k, 

(/m, D a g) LM) = ( - I)'"' (D a f m , g) LM) 

for any g £ C h (Q). Letting m — oo in this identity (strong conver- 
gence implies weak convergence), we find that the function /* is 

ath g.d. of /. So / 6 H h (Q) and || f m - f \\ H \ Q) as m -> oo, 
which proves the statement. 

Remark. Sometimes it becomes convenient to consider the set of 
all real-valued functions belonging to H h {Q), k = 0, 1, . . . 
(H°(Q) = L 2 (Q)). This set is, of course, a (real) Hilbert space with 
the scalar product (1). It will be referred to as the real H h (Q) 
-space and the same notation will be used for it. 

Let us note some of the properties of spaces H k (Q). 

1. If the region Q' cz Q and / 6 H k (Q), then / 6 H h {Q'). 

2. If / e[H h (Q) and a{x) 6 C h (Q), then af £ H h (Q). In this case 
any generalized derivative D a (af), \ a \ ^ k, is computed accord- 
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ing to the usual rule of differentiating the product of functions. 
In particular, (af) x . = a x .f + i = 1, . . n. 

3. If / g H h (Q) and f h (x) is the averaging function for /, then 
for any subregion <?',<?' <?, || //> — / ll H * (Cn as h 0. If, in 
addition, the function / has compact support in Q, then 
II h - t \\ H h (Q) as h-+0. 

4. If / 6 H h {Q) and has compact support in Q, then a function 
equal to / in Q and to zero outside Q belongs to H k (Q') for any 

<?', Q' ZD Q. 

Properties 1-4 are a direct consequence of the definition of spaces 
H h (Q) and the properties of generalized derivatives. 

5. Let the transformation y = y(x) (y t = yt(x x , . . ., x n ), i = 
= 1, . . ., n) map one-to-one the region Q onto the region Q, and 
let x = x(y) (x t = Xityn . . ., y n ), i = 1, . . ., n) be the corres- 
ponding inverse transformation. Suppose that for some k ^ 1 
y t {x) 6 C h (Q), x t (y) £ C h (Q), i = 1, . . ., n. Then in order that 
the function F(x) = f(y(x)), where /(#) is a function defined in 
Q, may belong to the space H h (Q) it is necessary and sufficient that 
f(y) should belong to H h (Q). Derivatives of F(x) are calculated 
according to the usual rule of differentiating a composite function. 
For example, the first derivatives are given by the formulas 

Moreover, there are constants C x and C 2 depending on functions 
y t (x), i = 1, . . n, such that (a) || F \\ R k {Q) < t C 1 \\f |l H fe (Q) , 
(b) II / ll fl fc (0) < C 2 || F \\ hHq) . 

The inverse transformation # = x(y) satisfies the same conditions 
as the transformation y = y(x), therefore we confine our proof to 
the sufficiency part and the inequality (a). 

Let ft = l, and f(y) £ H^Q). By Remark to Theorem 8, Sec. 1.8, 

n 

Chap. II, the function F(x) and the functions F t {x) = 2 fyj(y( x )) X 

j=i 

i = l, w, belong to L 2 ((?)- If is the averaging 

function for /(*/), then the function F(h, x) = fn{y (x)) belongs 

n 

to C*(Q), and dF £ x) = ^ f hyj ( y ( x ))^, i = l, n. 

3=1 

Let the subregion Q' Q and Q' be its image, then Q' Q. 
Since, as h -»■ 0, || /„ — / |! MQ) -»- and || — /„. || Li(Q0 — - 0, 
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i = 1, . . n, by Remark to Theorem 8, Sec. 1.8, Chap. II r 
i| F(h, x) - F(x) |i Lf(Q) -> and || F x<i (fc, x) - F t (x) \\ L , m 
->- 0, i = 1, . . rc, as 0, for any Q' (?. This means that 
in the equalities (F(h, x), g Xi (x)) LM) = — (F x .(h, x), g{x)) Li{Q)y 

i = 1, . . ., n, where g is any function in C 1 (Q) (Q f is chosen so 
that g = in Q\Q') one can pass to the limit as — >■ 0: 
(*\ gx t )u{Q) = — (F t , g)u{Q)' Therefore F has all the first gener- 
alized derivatives belonging to L 2 (Q), that is, F belongs to H^Q); 
the relations (5) hold, and therefore inequality (a) also holds when 
k = i. 

Suppose now k = 2. We have already proved that F(x) £ H 1 ^) 
and formulas (5) hold. By Property 2, the right-hand sides of (5), 
being the function of y, belong to //^(Q). Then the functions F Xi (x) 
also belong to H X (Q). Consequently, F 6 H 2 (Q) and inequality (a) 
holds for k = 2. Regarding third derivatives as the derivatives of 
second derivatives and so forth, we see that the assertion is true for 
any k. 

The following property will be used in Subsec. 2. 

6. If the region Q is a rectangular parallelepiped, then C°°(Q) 
(and hence C k (Q)) is an everywhere dense set in H h {Q). 

It suffices to establish this assertion for the parallelepiped II a = 
= {\Xi\< a u i = 1, . . ., ri), where a *= . . a n ), a* > r 
i = 1, . . n. 

Take any function / 6 H n (H a ) and any e > 0. Whatever be a y 
^ | a | ^ k, the function Z) a / 6 ^(I^a), therefore, by Theorem 2, 
Sec. 2.2, there is a function cp a (:r) £ C(II a ) such that || D a f — 

— <Pa l!L 2 (n a ) < e- 

In the parallelepiped II a(J = {| x t | < a^a, i = 1, . . ., n) where 
a > 1, II a (g: II aa , consider the function F CT (;r) = f(x/o). By Prop- 
erty 4, ^ CT 6 # ft (n aa ), and hence F G 6 # ft (II a ). Since 

||Z) a F G (^)-(p a (^)|| L2(na) 

< || D a F (x) - <p a (*/or) || Li( n fla) + 1| <P<* (x) - <p« || Li <n a > 



and by Theorem 8, Sec. 1.8, Chap. II, 
\\lTF (x) - v*{xla) \\ LiiUaa ) 

= I Da Wo) - <P« « || Ls(noa) < I ( 1 D«f (x/a) 

+ 1| D a / (*/a) - cp a (*/a) lk(n aG )<a»/2 ( 4 || D « f ^ + a n/2 e> 



FUNCTION SPACES 



125 



it follows that 
|||Wc(*)-<P.(*) ikuy 

< ffn/2 ( 1 ^)l|£ a /k<n a ) + a" /2 e + || q>.(«) - <p a (*/a) |k,<n a >. 

Therefore for any a, 0<|a|<A;, 

j| W B (*) ||L,(n )<||^ a /-cpa||L l( n a ) + || ^a-9a|k ( n ) 

<e(l +an/2) + o-/2 (l-^r) l|i> a /|k(n a ) + || <P«(*)-q>«(*/o) \\ Lt(lla) . 

The function qp a (x) 6 C(II a ), which means that || <p a (a:) — <P«(a;/cF) ||z. t (n )-»- 
->-0 as a->-l. Therefore a a = a >l can be found such that for 
all 'a, 0<|a|<fc, \\D a f(x) -D a F ao (x) \\ Ll( n a )<3e. Consequently, 

H/-^olU ( n a )< Ce - 
Take now the averaging function (F ao ) h (x) for the function 
/■«,(*) e^IU). By Property 3, || as fe->0, 

thereby implying that a number h = h can be found such that 
il(^«,)h!-^i,||fl* ( n a )< 8 - The function (F<y )k (x)£C°°(n a ) and 

II ( F o )ho — f \\H h <.n a) ^ H ( f ff o)io — f <j \\ H \n a ) 

M\?o-f\\ HhTla) <(C+i)*. | 

2. On Extension of Functions. Suppose that a function f(x) is 
•defined in a region Q and the region Q' contains Q. A function F(x) 
defined in Q' and coinciding with f(x) in Q is called extension of 
}(x) into Q' . Note first that every function f(x) has an extension. 
For example, F(x) can be taken as zero in Q' \ Q. When f(x) £ 
€ L 2 (Q), we already used such an extension above. However, if 
f(x) is a smooth function in Q, for example, / 6 H h (Q) (or / £ 
€ C h {Q)) for some k >- 1, then it is natural to seek its extension 
F(x) in the class of functions that are as much smooth in Q': be- 
longing to H h {Q') (or to C h (Q')). We shall demonstrate that under 
definite conditions on the boundary of Q such extensions are possible. 

Suppose first that Q' is the cube K a with side 2a > 0, K a = 
= {I I < a , £ = 1, • . ft} (independent variables here will be 
denoted by y x , . . ., t/ n ) and Q~is the parallelepiped if J = K a fl 

fl {#n > 0}- The extension Z(y) of a function z(y) £ C h (Ki) into 
= if a f] {i/ n < 0} is defined as follows: 

M-i 

S ^W. ( 6 ) 
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where y' = (y x , . . ., y n -ii and A x , . . ., A k+1 is the solution of the 
linear algebraic system of equations 

2 («l/i)M t = l, *=0, fc. (7) 

i=l 

Note that when y £ the points (z/', —yji) in (6) lie in Ka for 
all i = 1, . . ., k + 1. The determinant (VandermonaVs determin- 
ant) of the system (7) does not vanish, therefore the system (7) 
has a unique solution A 1 , . . ., A h+1 . 

For any y° = 0) 6 K a f] {y n = 0}, the function Z(y) is 

taken equal to lim z(y). Thus the function Z(y) is defined on 

vzkZ _ 
entire K a . Since 6 C^tfJ), by (6) Z(») € C h (Kl). We shall 
first show that Z(y) 6 C(^ a ). 

Passing to the limit in (6) as y y°, y £ Ka, and taking into 
account (7), we have 

lim Z(y) = *S 4, lim z(y) = % A X Z (y°) = Z(jf), 

y-»y0 i=l y^yO \=\ 

which means that Z(y) 6 C{K a ). 

For any vector a = (a 1? . . ., a n ), | a | k, with integer com- 
ponents, by (6) we have, for y £ #a, 

J^m=^ A t (-l/i) a nlfz{y', -yji). (8) 

i=l 

Letting y^y°, y 6 in (8), we obtain 
lim £ a Z(z/) = lim D a Z(y) 

y^yo y-+y0 
VtKl yEK+ 

for all possible a such that | a | = 1. Then at the points in the plane 
&a fl {#n = 0} all the first derivatives of Z(y) exist, and they coin- 
cide with corresponding limiting values. Therefore Z(y) 6 C^Ka). 
Repeating these arguments and using (7), we find that Z (y) 6 
6 C l (K a ) for all I < fc. 
For any a, | a | ^ k, the relation (8) yields, for all y £ i£a, 
ft+i fc+i 

p a z(y) I 2 < S 2 l^f'' -j^o I 2 

i n 

i=l i=l 

i=l 



Integration with respect to y£K a gives 
J |Z) a Z|2^<C 2 J \D a z(y\ -yji)\*dy 

k+i 

= C %i J | Z) a 2 (*/) p d„<C { | ^(y) | 2 dy. 

Since Z(z/) = z(#) when y £ if J, it follows that 
J | D a Z(y) \*dy = j | Z) a Z(j/) | 2 <ty + j | D a Z(j/) | 2 dj, 

K a K- 

Summing these inequalities over all a, | a | ^ k, we obtain the 
inequality 

\\ Z \\B\KJ< C lP\\ H \K+y ( 9 > 

where the constant C x > does not depend on the function z(y)~ 
Thus an extension Z(y) 6 C h (K a ) has been obtained for the func- 
tion z(y) £ C ft (Aa) and for this extension inequality (9) holds. 

Suppose now that the function z(y) £ H h (Ka). By Property 6 of 
the previous subsection, there is a sequence z s (y), 5=1,2, . . ., of 
functions in C h (Ka) converging to z(y) in the norm H k (Ki): 
II z s — z 11^^+) ->0 as oo. Denote by Z s (y) the extension of 

z s (y) into K a obtained in abovementioned manner, Z s (y) £ C h (K a ). 
From (9) follows the inequality || Z s — Z p ll H fc (JCa) < Ci \\z s — z p \\ H k (K + y 
which shows that the sequence of functions Z s , s = 1, 2, . . ., is 
fundamental in the norm H h (K a ). This means that there is a func- 
tion Z(y) 6 H h (K a ) to which this sequence converges in the norm 
H h (K a ). Since Z(y) = z(y) for y g Kt, the function Z(y) is an 
extension into K a of the function z(y). The function Z(y) clearly 
satisfies inequality (9). 

Thus the following result has been established. 

Lemma 1 . For any function z(y) £ H h (Ka) (C h (Ka)) there is an 
extension Z(y) £ H k (K a ) (C h (K a )), and inequality (9) holds. 

Note that since equalities (6) hold for Z s (y), s = 1, 2, . . ., and 
z s z in H k (Ka) and Z s Z in H h (K^), it follows that this equal- 
ity also holds for Z(y). 

Lemma 2. Suppose that the function f(x) £ H k (Q) (or C k (Q)} 
and for any point £ £ d Q there is a function fr\(x) defined in the ball 
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S r (t) = {I x — \ | < r) of radius r = r(Q > such that F^(x) = 
= f(x) for xe<?(] S r (Z) and F^x) £ H\S T {Q) (C k (S r (t))) (the 
junction Fi(x) will be referred to as the extension of fix) into the ball 
jSV(E)). Suppose further that inequality 

\' F t\WrG))<C 2 \\1\\ H k iQ y (10) 

where the constant C 2 does not depend on f(x), holds. 

Then for any p > there is an extension F(x) into the region Q p * 
of the function f(x) having the properties: F(x) £ H h {Q 9 ) {C h (<Q p )), 
F(x) = outside (? p/2 , there is a constant C 3 > depending only on 
Q and the number p such that 

IKIU( Q P)< C 3||/|l„ h(Q) . (H) 

Proof. According to the hypothesis, for any point \ £ Q there 
exists a ball S r (£), r = r(£), in which either the function / (x) £ 

6 H h (S r (l)) (C k (S r (I))) itself is defined if £ 6 Q or else its exten- 
sion of the same class. Assume that r(E) < p. The aggregate of 
balls S r /s(l) for all possible £ £ Q covers the set Q\ accordingly 
(recall that the region Q is bounded), from this cover a finite sub- 
cover S r js (x 1 ), . . ., Sr N /3(x N ), where r t = r(x x ), can be chosen. 

Let the function Q^x) £ C°°(R n ), &i(x) = 1 in S ri /3(£ a ) and 
titix) = outside the ball S ri / 2 (x i ), i = 1, . . ., N. We denote by 
Oi(x) the function 1 — G^z), i = 1, . . ., N, and construct the 
functions 

y { (x) = Qi(x), y 2 (x) = a^x) Q 2 (x), . . . , 

y i (x) = o l {x) . . . Ot-iWQiix), i<7V\ 
It is clear that yi(x) £ C°°(/? n ), 

y t {x) = in U S r j 3 (x j ) (12) 

j<i J 

and 

y i (x) = outside £ r ./ 2 (:r ? ). (13) 

Further, 

7i (x) + . . . + Yi (*) = (1 — <*i (*)) + <*i (*) (1 — a 2 (*)) 

+ . . . +Gi (x) ... (x) (l—Gi (x)) = 1 — Qi (*) . . . a* (s), 

therefore 

Tl (^ + ... +v .(^ ) = l (14) 
for x£ U S r ./ 3 (x j ), and, in particular, for a: £ £ r ./ 3 (a; 1 ). 

7<i ; 1 



* Q Q is the union over all x° £ Q of the balls (| x — x° | < p}. 



FUNCTION SPACES 



129 



We define functions f t (x), i = 1, . . ., N, for all x £ R n in the 
following manner: in S r . (x % ) the function f t (x) coincides with either 
/ (x) or its extension F x % (x) into S r . (x l ), outside S r . (x l ) the func- 
tion ft (x) = f (x) if x e Q or U (x) '= if x $ Q. 

By (13) and Properties 2 and 4 of the preceding subsection, the 
function y t (x) f % (x) £ H k (Q p ) (C h (Q p )). Therefore the function 

N 

F{x)= 2 /,(*)*(*) (15) 

2=1 

belongs to H h (Q Q ) (C h (Q p )). 

Let x be a point of Q and 5 r /3 (x l ) the first ball of the chosen finite 

subcover containing this point. As /j (x) = f (x) for alii = 1, . . ., N 

i 

and by (12) y t (x) f (x) = when i > Z, so F (x) = ]>] Y« (*) / (*) = 

i = i 

= / (x) in view of (14). This means that the function F (x) given 
by (15) is an extension of / (x). The relation F (x) = outside Q Q/2 
is a consequence of (13) and (15), because r t < p, i = 1, . . ., N. 
Inequality (11) readily follows from (10) and (15). | 

Theorem 1 (on extension). Let Q and Q' be bounded regions, Q (g 
<g <?', arcd d£ 6 C k . Then any junction f (x) £ # ft (0 (C fe (<?)) has an 

extension F (x) £H h (Q r ) (C h (Q')) into Q' with compact support. 
Moreover, 

where the constant C > depends only on Q and Q' . 

Proof. Take an arbitrary point £ 6 In some neighbourhood Ui 
of this point the equation of dQ can be expressed (if necessary, by 
redesignating the variables) _in the form x n = cp (x ±1 . . ., # n _i) 
with cp £ C ft (J9), where (ra — l)-dimensional region 

jD is the projection of dQ {] onto the plane x n = 0. It is assumed 
that x n > (p in Q f) C/$. The change of variables 

yi = Xi — li, 1=1, 1, » n = ^n — q>(«i, .^.t^n-l) (I 7 ) 

maps t/g one-to-one onto some neighbourhood Q of the origin which is 
expressed in terms of the variables y ± , . . y n . Let K a be the cube 
{I Vi I < a > * = 1» • • • » rc} lying in Q and £/£ its original under the 
transformation (17). The image of Q f| £/£ is then the parallelepiped 
= fl {y n > 0} and the function / (x) defined in Q f] i/g be- 
comes the function z (y) = f (y 1 + l ± , . . ., i/ n _! + £ n -i, 2/n + 
+ <P (tfi + 6i, . . + belonging to H h (K+) (C h (*+)), 

by Property 5 of the preceding subsection. 

9-0594 
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By Lemma 1, there is an extension Z (y) of z (y) into the cube K a . 
By the inverse transformation of (17) 

*i = yi + li, 1 = 1, 1, Zn=y n + W(yi + li, • • »n-i+En-l) 

this extension generates extension ^ (a:) of / (x) from ^ f] £7g into 
U{, and, more so, into the ball S r (£), contained in £/g, of radius r = 
== r (£) > with centre at the point £. Moreover (see Property 5 r 
Subsec. 1), 

II F i Hfl fc (s p (6))<H F * Wh*(u$< c * II z LhK a y 

II z Hff ft (*:J)< C 4 |l / || fl k ( ^ n Q)< C4 1' f Un fc (Q>' 

where the constants C s and C 4 depend only on the function cp (x±, . . ► 
. . # n -i) from (17) and its derivatives up to order k. These ine- 
qualities and (9) imply (10). The conclusion of the theorem now fol- 
lows from Lemma 2 if p is taken less than the distance between the 
boundaries dQ and dQ' of Q and Q' . | 

Remark* The extension F (x) into Q' of the function / (x) belong- 
ing to H h (Q), obtained in the above proof, satisfies not only the 
inequality (16) but also the inequalities 

imUn< c !l/llH* ( Q) 

for all s ^ k. 

So far the functions were extended from a given region into some 
wider region. In the sequel we shall have to use the smooth extension 
of a function from the boundary. 

Suppose that a continuous function / (x) is defined on the bound- 
ary dQ of the region Q, A function F (x) continuous in Q is called 
extension into Q of the function / (x) if for all x £ dQ F(x) = / (x). 
The following result holds. 

Theorem 2. If the boundary dQ £ C h for some k ^> 1, then any 
function f (x) £ C h (dQ) has an extension F (x) into Q which belongs 
to C h {Q). Moreover, 

ll^llc*(5)< C ll/llc*(W 

where the constant C > does not depend on /. 

Proof. Since dQ £ C ft , for any point £ £ dQ there is a number p = 
= p (£) > such that a portion of the boundary dQ f] S p (E) 
(5p (£) denotes the ball with radius p and centre at the point |) is 
uniquely projected into a region D% in some coordinate plane, the 
plane x n = 0, say, (it can be always achieved by redesignating the 
variables) and let the equation of the surface dQ fl S p (i) have the 
form x n = cp (x), x £ Z)^, where q) (x f ) £ C h (Z)^). 

Choose a sufficiently small number r = r(g)>0 so that the 
(n — l)-dimensional ball { | x' — £' | < r) D^. Then the function 
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Fz(x) = f(x',(p(x')) (independent of x n ) of n variables is defined 
on the closed ball S r (£), belongs to C h (S r (Q) and coincides with / 
on dQ(]Sr(l). Moreover || ^|| C ,_<C (?) ||/|| cW where the 
constant C (|) does not depend on /. 

The set of balls S r / 3 (£) covers the boundary dQ for all £ £ dQ. 
From this set we choose a finite cover of the boundary S r j3 (x 1 ), . . . 
• • -i Sr N / 3 (x N ), where r f = r (x% 

For any i = 1, . . ., N, we define the function f t (x) as follows: 
in the ball S r (x 1 ) take it equal to F x % (x), outside S r . (x l ) take it 
equal to zero if x (J dQ and equal to / (x) if x £ dQ. Then for all i = 
= 1, . . N the functions f t (x) y t (x), where y t (x) is the function 
constructed in the proof of Lemma 2, belong to C k (i? n ), and hence 
to C h (Q). Hence the function 

F(x) = j\ yt{x)ft(x) 

also belongs to C h (Q). 

Take an arbitrary x £ dQ and assume that S Tl / 3 (x l ) is the first 

ball of the selected finite cover of the boundary containing this 

point. Since for all £ = 1, . . N f t (x) = f (#), relations (12) and 

i 

(14) imply that F (x) = 2 Yi ( x ) f ( x ) = / Thus the function 

F (o:) belonging to C k (Q) is an extension of / (x). The desired esti- 
mate is a consequence of corresponding inequalities for the functions 

F x i(x). | 

3. Densenessof C°° (Q) inH h (Q). Spaces H k (Q). Let the boundary 
of Q belong to the class C*. 

Theorem 3. Tfe^ of functions C°°(Q) (and hence C h (Q)) is every- 
where dense in the space H h (Q). 

Proof. Consider any region Q' for which Q is strictly interior, 
Q Let / (x) be any function belonging to H k (Q). By Theorem 1 

of the preceding subsection, there is an extension F (x) belonging to 
H h (Q f ) of / (x) from Q into Q' . By Property 3 (Subsec. 1), ~ 

ll^"-/l|fl*(Q)=ll^-^llH*(Q)-^ aS k ^ 

where F h (x) is the averaging function for F (x). Since F h (x) £ 
6 C°° (0, the conclusion of the theorem follows. 

The set C h (Q) is a linear manifold in H h (Q). From Theorem 3 it 
follows that if the boundary dQ £ C k , then the closure of the set 
C k (Q) in the norm H k (Q) coincides with H h (Q). 

Let S be an (n — l)-dimensional surface lying in Q. The subset 
Cs (Q) of functions belonging to C k (Q) that vanish on the intersec- 

9* 
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tion of Q with some neighbourhood of S (every function has its own 
neighbourhood) is also a linear manifold in H k (Q). The closure of 

Cs (Q) in the norm of H k (Q) is a subspace of H h (Q); this will be de- 
noted by Hs(Q)- 

When S = dQ, the subspace H h dQ (Q) will be denoted by H h (Q) 
(the norm in H h (Q) is the norm of H k (<?)). Theorem 6, Sec. 2.3, 

o, o 

implies that for k = the subspace H (Q) = H° (Q) coincides with 
the space H° (Q) = L 2 (Q). In Subsec. 1 of the next section it will 

be shown that H h (Q) does not coincide with H h {Q) when k ;> 1. 
If the region Q is contained in Q' , Q a Q' , then any function 

/ (x) in C h (Q) extended as being equal to zero in Q' \ Q belongs to 
C h ((?'). Therefore from the definition of H h it follows that the func- 
tion / (x) belonging to H h (Q) and extended as being equal to zero 

into Q' \ Q belongs to H h (0'). 

4. Separability of Space !?*((}). It is assumed that the boundary 
dQ of Q belongs to the class C h . 

Theorem 4. The space H h (Q) is separable. 

Proof. Consider first the cube K = { \ x t | < Jt, i = 1, . . ., n}. 
The countable system of functions (2jt)" n/2 £ i(m ' *\ where m = 
= (/Tlx, . . ., m n ), rrii = 0, ±1, ±2, . . i = 1, . . ., n, (m, x) = 
= m x x x + . . . + m n x n , is orthonormal in L 2 (K). Any function 
/ (x) 6 L 2 (K) has a Fourier series expansion 

oo 

2 /m* i(m ' X) = tJwT 2 2 /m« i(m ' *\ (18) 



(2n) n/2 ^>**> n 
v ' m v ' s=0 5<|m|<s-}-l 



where / m = ' n n/2 — are Fourier coefficients of f(x) and 



(2*)" 

\m\ 2 =m\ + ...+ m 2. 

Let f(x)£C°°(K). First note that for all m 

l/m|<(2^) n/2 ||/||c(K) = C . (19) 

Put m f = (m { , . m^), x' = (x u ...tXn-i), K' = { \ x t | < Jt, 
i = l, . . ., n — 1} d Rn-i- If ^n¥=0, then 

/rn= 7^prl /(*)««"••*><** 



(2ji) n . 

K -Jt 



(2n) n/2 .- K 
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for any natural p, whence it follows that |/ m |-<- — ^ i ^jj cP(J ° ; 

accordingly, by (19), 

. ■ ll/llcP(F)^(2< /2 ^ C' p 
\Tm\<> (1 + | mn | )P (l + lm^DP 

for any natural p. 

Apart from this inequality, the inequalities 

C 

|/ml< (1 + |^. ()P , -i = l, n— 1, 

also hold, and therefore also the inequalities 

| f m |< C' v min { (l + l l m . l)p } = (1+n Jj* t | )p • (20) 

i 

Since max I |^ — -r=- \ m |, from (20) there follow the inequalities 



( 1+ i ^ir^-d+i-i^ 

* yn I 



V* 

true for all m and any natural p. Take p = n + 2. The number of 
terms in the summation 2 fm ei(mtX \ which is equal to the 

s^|m|<s+i 

number of points m with integer coordinates in the annular region 
s ^ | m | < s + 1, does not exceed the number of such points in 
the cube with side 2 (5 + 1), that is, does not exceed (2s + l)) n . 
Therefore 

V / Mm 9 x) < V 1/ \ < C n+2 2n(l + s)n _ C n+g 2" 
s^|m|<s+l s^|ml<s+l 

which means that the series (18) converges uniformly in K. 
Taking p = n + 3, we find that for any r, 1 ^ r ^ n, 



2 im r f m e^*) 

s^|m|<s4-l 



^ (l + *)W+3 (1+S) 2 



Therefore the series obtained from (18) by termwise differentiation 
with respect to x r , r = 1, . . ., n, converges uniformly in K. It can 
be similarly shown that the series obtained from (18) by termwise 
differentiation I times, I = 2, 3, . . ., converge uniformly in K. 

Denote the sum of (18) by g (x): 

771 
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We have shown that g (x) £ C°° (K). This means that also the 
function <p (x) = g (x) — f (x) £ C°° (K). Let us show that (p (x) = 
= in £ 

. e i(m, x) . 

Since \g{x), -nr = f m , for all m 

V (2JX) n/2 /L 2 (K) Jmy 

Having fixed an arbitrary m' = (m^ . . ., m n _^), we write this 
equality in the form 
it 

\ e im n x n [ j <p (a;', z n ) e^ m '« *'> dx'J dx n = 0. 

-n K' 

Since the function (p m * (x n ) = j cp (.r', x n ) dx' , which is 

infinitely differentiable with respect to i n , | x n | ^ ji, is orthogonal 
in the space with the scalar product, L 2 ( — Jt,. n), to the functions 
e im n x n for all 7?i n = 0, ±1, ±2, . . ., it follows that for any ra' 
9m- (*n) = for all x n , | x n | < Jt. Let = (m^ . . ., tfi n _ 2 ), 
x" = (x^ . . x n _ 2 ), K" = K' fl K-i = 0}. For any fixed m", 
any x n , | x n | ^ jr, and all m n _ x = 0, ±1, . . we have 

0= j y(x', x n )e^ m ^ x ^dx' 

jt 

= j A-^n-i&n.j j <p(z", x n -u x n )e^ x "* m,,) dx r \ 



K' 



K" 

which" implies 

j <p(x\ x n . u x n ) e i(m "' *"> d:r" = 

for any a;^, x n , | x n ^ | ^ ji, | x n | ^ Jt and all hi". Continuing in 
this manner, we find that (p (x) = in 

Thus it has been established that any function / (x) £ C°° (/£ ) 
has series expansion (18) that converges uniformly together with 
derivatives of any order in K. Evidently, this holds for any cube 
K a = {\ x t \< a, i = l,... ., n). 

We now turn to the proof of the theorem. Take a number a > so 
large that Q K a . By Theorem 1, Subsec. 2, any function / (x) £ 
6 H k (Q) has extension F (x) £ H h {K a ) with compact support in 
K a . Any such function F (x) can be approximated, according to 
Property 3, Subsec. 1, in the norm of H k (K a ) by averaging functions 
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Fh(x)i which are infinitely differentiable and for sufficiently small h 
have compact supports in K a . 

As shown above, every function F h (x) (for sufficiently small h) 
can be approximated uniformly in K a together with all the deriva- 
tives (and therefore also in the norm of H h (K a )) by partial sums of 
its Fourier series. Consequently, any function F h (x) can be approx- 
imated in the norm of H h (Q) by a linear combination of the system 
i IL ( m X ) 

e a ' with coefficients whose real and imaginary parts are ratio- 
nal numbers. Thus we have constructed a countable set which is 
everywhere dense in H h (Q). | 

§ 5. PROPERTIES OF FUNCTIONS BELONGING 

TO H 1 (Q) AND H 1 (Q) 

1. Trace of Functions. Let Q be a region in R n and S a smooth 
(n — l)-dimensional surface lying in Q. If in Q there is given a func- 
tion / (x) defined at every point (that is, if the equality of functions 
is understood as the equality of their values at every point), then 
we can consider the value of this function on S. That is, we can con- 
sider the function / \ xes defined at every point of S whose values for 
all x 6 S coincide with the value of / (x). If we consider a function 
defined a.e. in Q (that is, functions are considered equal if they coin- 
cide a.e.), then the value of / on a fixed surface S is determined not 
uniquely: since mes 5=0, the function can assume any value. 
Nevertheless, one can speak, in a definite sense, of values on 
(n — l)-dimensional surfaces of an almost everywhere defined func- 
tion as well. 

For the sake of simplicity, assume that the surface S = S (x n ) is 
the intersection of a region Q with the plane x n = const. Then, 
according to Fubini's theorem*, for almost all x n> the function / 
has the value / Ues(jc n ) on S (x n ) which is defined almost every- 
where on S (naturally, the equality of functions of (n — 1) variables 
is understood as equality of their values a.e. in the sense of (n — 1)- 
dimensional measure). Moreover, it is apparent that for almost all 
x n the value on S (x n ) of a function continuous in Q is a continuous 
function on S (x n ), whereas for almost all x n the value on S (x n ) of 
a function belonging to L 2 (Q) belongs to L 2 (S (x n )). 

In the investigation of solutions of differential equations, condi- 
tions are often prescribed which must be satisfied by the solution on 
some fixed (n — l)-dimensional surface, for instance, on dQ (the 
boundary conditions). Therefore we must generalize the meaning 



* More precisely, according to Lemma 4, Sec. 1.11, Chap. II. 
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of the value on an (n — l)-dimensional surface S of an a.e. denned 
function — the idea of the trace of a function on S. For an a.e. defined 
function satisfying some smoothness conditions this idea can be 
introduced uniquely. In particular, this is easily presented for a 
continuous function in Q. 

By the trace f \s of a function f £ C (Q) on an (n — l)-dimensional 
surface S we mean the value on this surface of a function defined at 
every point and continuous in Q that coincides with / almost every- 
where (that is, by the trace on S of a continuous function is meant 
its value extended uniquely with respect to continuity on S). As 
usual, here the equality of functions defined on S is understood as 
a.e. equality in the sense of (n — l)-dimensional measure. 

The notion of the trace of a function on S can also be introduced 
for functions belonging to certain spaces with integral norms; in 
particular, for functions in spaces H k (Q) with k ^ 1. Since for 
k >- 1 all H k (Q) are contained in H 1 (Q), it is enough to introduce 
this notion for functions belonging to H 1 (Q). 

_ Let S be a surface of class C 1 (see Chap. I, Introduction) lying in 
Q, and let S x be its simple piece that is projected uniquely onto a 
region D in the plane {x n = 0} and having the equation 

x n = cp {x'), where x' = (x^ . . ., x n ^), <p (x') 6 C 1 (D). 

The region Q is bounded, therefore it can be assumed enclosed in 
a cube {0 < x t < a, i = 1, . . ., n) for some a > 0. Suppose first 

that / (x) belongs to C 1 (Q), and equate it to zero outside Q. Accord- 
ing to Newton-Leibnitz formula 

cp(ac') 

f(x)\ st =f(x',<p(x'))= j 9f{x ^y dg n , 

o ~ n 

which, on applying Bunyakovskii's inequality, yields 

I /|s, | 2 <<P (x') y | | 2 d ln < a ]\ mg-L I 2 dln . 

o 71 o 71 

Multiplying this inequality by Y \ + cp^ + ... + cp| _ and 
integrating over D, we obtain 

||/l| 2 L l(Sl )= j Ifls^dS^C^lfWhiQ), (1) 

Si 

where the constant C > does not depend on the function /. 

Since the surface S can be covered by a finite number of simple 
pieces, pieces of type S t (that possibly project onto other coordinate 
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planes), we find, summing the respective inequalities (1), that 

ll/lk( S )<C||/||fl 1(Q) , (2> 

where the constant C > does not depend on the function /. 

The inequality (2) also holds for any function / (x) £ C 1 (Q). To- 
show this, it suffices to use Theorem 1, Sec. 4.2, on extension (assum- 
ing, of course, dQ 6 C 1 ) and inequality (2) for a function belong- 
ing to C 1 and having compact support. 

Suppose now that f £ H 1 (Q). From Theorem 3, Sec. 4.3, it 
follows that there is a sequence of functions f p (x), p = 1, 2, . . 
in C 1 (Q) which converges to / in the norm of H 1 (Q). For tha 
function f p — f q inequality (2) assumes the form 

!|/p-/ g ||MS)<C||/ p -/ 9 ||„ 1(Q) . (3> 

Since \\ f p — f q \\hhq) as p, q-+oo, it follows that also 
|| f p — f q \\l 2 (S) — ► as p, q oo. This means that the sequence of 
traces f p \ s of functions f p on S is fundamental in L 2 (S). Since 
L 2 (S) is complete, there is a function / s (x) £ L 2 (S) to which the 
sequence of traces f p \ s converges as p -> oo. Passing to the limit, 
as p->oo, in (3), we obtain 

||/ 9 -/ s ||l 2(S )<C||/ 9 -/||hi« 3 ). (4> 

Let us show that the function f s (x) does not depend on the choice 
of the sequence f k (x), k = 1, 2, . . ., which approximates / (x) in 
the norm of H 1 ((?). Indeed, let f h (x), k = 1, 2, . . ., be another 
sequence of functions in C 1 (Q) for which || / — f h \\h\Q) as 
oo, and let f s (x) be the limit in the norm of L 2 {S) of the se- 
quence f h | s , k = 1, 2, . . . . Then 

|| fs — 7s lk 2 (S) < || fs — fq \\L 2 (S) + \\fq—Jq \\l 2 (S) + \\ Jq — fs \\l 2 (S) 

<C(\\f-f q \\ HHQ) + \\f q - 7q l|ffi(Q) + \\f*-fa llfl»(Q)). 
by the inequalities (3) and (4). Since, when q oo, the right-hand 
side of the last inequality tends to zero, we have f s = f s . 

The function f s (x) (as an element of L 2 {S)) will be called the 
trace of the function f (x) 6 H 1 (Q) on the surface S and will be denoted 
by / Is (11/ Is IIl,(S) will be denoted by || / ||l 2(S) ). 

Thus the trace of a function is defined for any element f £ H 1 (Q). 

We now show that the notion of the trace is, in fact, a generaliza- 
tion of the notion of the value of a function on an (n — l)-dimension- 
al surface. Assume for the sake of simplicity that S = S (x n ) is 
the intersection of the region Q with the plane x n = const, and that 
the function / £ H 1 (Q). Consider a sequence of functions f m (x), m = 
= 1, 2, . . in C 1 (Q) which converges to / in the norm of H 1 (Q). 
By definition, the trace / Is^) for each x n is the limit in L 2 (S (x n )} 
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of the sequence of functions f m \ s(x n )- Since the sequence f m , m = 
= 1, 2, . . converges inL 2 (Q) to/, a subsequence / mfe , k = 1, . . 
can be chosen, in view of Remark to Theorem 1, Sec. 2.1, that con- 
verges to / a.e. in Q. This means that for almost all x n the sequence 
fm h \s(x n) , k = 1, 2, . . ., converges to the value of / on S (x n ) 
almost everywhere in the sense of (n — l)-dimensional measure. 
Consequently, the trace and value of / on S (x n ) coincide for almost 
all x n . 

Thus we have the notions of the trace on S of a function continuous 
in Q and that of a function belonging to H 1 (Q). It is claimed that if 
a function / belongs to C (Q) and to H 1 (Q), then its trace as the trace 
of a function in C (Q) (denoted by / \s) and that of a function in 
H 1 (Q) (denoted by / \" s ) coincide. In fact, the function / can be extend- 
ed, by Theorem 1, Sec. 4.2, into Q' , Q (g Q' , in such a way that 
its extension F will belong to C ((?') and to H 1 (Q r ). Consider the 
averaging functions F h (x) for the function F. Since F h -> F as h -> 

in both the norms of C (Q) (see Sec. 1.1) and H 1 (Q) (see Sec. 4.1, 
Property 3), we find that, as h 0, F h (x) \ s ->- f \'s in the norm of 
C {S) and F h (x) | s -> / \" s in the norm of L 2 (S); accordingly, 
f\'s=f Is. 

o 

The trace / | s of a function / (x) £ Hs (Q) (the definition of this 
space is given in Sec. 4.3) is zero, since the function / | s is the limit 
in the norm of L 2 (S) of functions vanishing on S (of traces on S of 

functions in Cg (Q)). In particular, the trace / |aQ of a function 

o 

f (x) 6 H 1 (Q) is zero. By the way, this establishes the assertion of 

Subsec. 3 of the preceding section which states that H k (Q) # II h (Q) 
for k ;> 1: the function equal to 1 belonging to any H h (Q), k^> 1, is 

continuous in Q, therefore its trace on dQ is 1; hence this function 

does not belong to H n (Q) for any k ;> 1. 

The trace / | s of a function / 6 H 1 (Q) satisfies the inequality (2). 
To establish this, it is enough to pass to the limit, as p oo, in the 
inequality (2) written for the functions f p (x) (f p (x) £ C 1 (Q), || f p — 
— / II ifi(Q)-^ as p oo). 

■ It was assumed so far that the boundary dQ 6 C 1 . However, when 
S (gi Q, for the definition of the trace on S of a function and the 
proof of inequality (2) this restriction can be done away with. In- 
deed, in this case there is a region Q' g= Q such that dQ' £ C 1 and 

Thus we have proved the following theorem. 
Theorem 1. Suppose that an (n — i)-dimensional surface S of class 
C 1 either belongs to Q' , Q' Q, or instead S cz Q and, in addition, 



FUNCTION SPACES 



139 



dQ 6 C 1 . Then any function f (x) £ H 1 (Q) has on this surface the trace 
f |s belonging to L 2 (S), and the inequality (2) holds. 

Let /(#)6 H h (Q), k>l. Since any generalized derivative D a f 
of order | a \ <k belongs to H 1 (Q), this derivative has, by Theo- 
rem 1, the trace D a f \ 8 belonging to L 2 (S) on any (n — 1) - dimen- 
sional surface S of class C 1 . Moreover, the inequalities 

\\ D a f\\L* S) <C || / ||hW+i (Q ,<C || / 1^ (5) 

hold with constant C > independent of the function /. 

2. The Formula of Integration by Parts. Let the functions / (x) 
and g (x) belong to H 1 (Q) and dQ 6 C 1 . Then for any i = 1, . . ., n 
the formula of integration by parts holds: 

\ fx t g dx =\ fg n i dS ~\ fSx t dx, (6) 

Q dQ Q 

where n t = cos (n, x t ) is cosine of the angle between outward normal 
n to the surface dQ and the ;r r axis, and the functions / and g pres- 
ent under the integral sign over dQ are traces of functions / and g 
on dQ, Thus, so far as the applicability of formula (6) is concerned, 
functions belonging to H 1 (Q) behave just like functions in C 1 (Q). 

To prove (6), consider (Theorem 3, Sec. 4.3) the sequences f p (x) 
and g p (x), p = 1, 2, . . ., of functions in C 1 (Q) which converge, 
respectively, to the functions f (x) and g (x) in the norm of H 1 (Q). 
Formula (6) holds for functions f p and g p : 

j fpx.g q dx= j fpgqnidS—^ fpgqx.dx. 

Q dQ Q 

Letting here p oo and q oo (and noting that || f p — / || L t (dQ) 
0, || g q — g || L 2 (dQ) 0), the relation (6) follows. 
It readily follows from (6) that if g 6 H 1 (Q) and the components 
fi (x), i = 1, . . ., n, of a vector / (x), f (x) = (f x (x), . . ., f n (x)), 
belong to H 1 (Q), then the relation . 

\gdivfdx= j g{f-n)dS-\f.Vgdx (7) 

Q dQ Q 

holds. 

3. Properties of Traces of Functions Belonging to H 1 (Q). A Crite- 

o 

rion for Membership of the Subspace H 1 {Q). Let T he a sufficiently 
small (that is, contained in a ball of sufficiently small radius r ) 
simple piece of a surface of class C 1 lying in Q, and let T be uniquely 
projected into a region D in the coordinate plane {x n = 0}, x n = 

= cp (x), x' £ D, <p 6 C 1 (D), is the equation of, T . 

Let F 6 denote the. surface {x' £ D, x n = cp (x') + 8} and Q$ the 
region [x' £ D, cp (x'') < x n < cp (a:') + 6} when 5>0 or the re- 
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gion {x d D, cp (x r ) + 6 < x n < cp (x')} when 8 < 0. Note that for 
sufficiently small ] 6 | (and sufficiently small r ) at least one of the- 
regions or £2_|6| is contained in Q. 

Let x £ Q 6 c: Q. Then for any function / £ C 1 (Q) we have 



dx n 



f(x',q*(x') + 6)-f(x',<p(x')) = J dfi te* n) dx n, 

<p(x') 

whence it follows that 

(p(x')+6 

l/(x',<p(^)+8)-/(^,(})(x'))| 2 <|6 j | dt %;* n) 

qp(x') 

Multiplication of this inequality by 1^1 + <p^ + . . . + cp J 7i _ 1 and 
integration over D yield 

|| / (*») - / (*») |U s( r 0) <C / W II / Hhmq 6 ), (8> 

where x° = (x', q> (a:')) g T , = a: 6 (x°) = (a', y (a;') + 6) 6 T fi , and 
C 2 = max "Kl + + . . . + q>« tt _ x . 

It is obvious that, apart from inequality (8), there also holds the 
inequality 

|| / (*»)-/(*•) ||L 2 (r 6 )<<Y ToT || / || H . ( Q a) . (9) 

Approximating the function / £ H 1 (Q) by functions of class 
C 1 (Q) and using the definition of the trace of a function belonging to 
H 1 (Q), we find that inequalities (8) and (9) hold for all the functions 
belonging to H 1 (Q). 

These inequalities express a definite continuity of traces on sur- 
faces r 6 of functions belonging to H 1 (Q) depending on the dis- 
placements of these surfaces. 

If the trace on T of a function / is zero, / |r = 0, then (9) im- 
plies the inequality 

II / IH,(r 6 )<^6 1| / Ufp^Op II / ||Wv 

for any p and 8, < 5 ^ p ^1 p , where p is such that Q po cz Q 
(for the sake of definiteness, we take p > 0). Integrating the last 
inequality with respect to 8 6 (0, p) and using the absolute contin- 
uity of the integral, we find that 

l|/llMQ p ) = o(p) as p-0. (10) 

Thus we have proved that if / g H 1 (<?), / |r = and Q p c= Q 
(in particular, T may be a piece of the boundary dQ), then (10) 
holds. 
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Lemma 1. If f £ H 1 (Q) and its trace on the boundary f | dQ = 0, 
then 

l|/|k,(Q\Q 6 ) = °(S) ™ 8-*0. (11) 

Proof. Since the boundary dQ g C\ for every point y £ dQ there 
is a ball S 2r (y) of radius 2r, r = r (y) >> 0, with centre at this point 
such that a piece of the boundary dQ f| S 2r (y) is projected uniquely 
onto an (n — l)-dimensional region D 2r (y) lying in one of the coor- 
dinate planes, say the plane {x n = 0}. The equation of the piece 
<>Q fl j?2r (y) is of the form x n = <p (z'), a:' 6 Z) 2r (*/), cp (#') £ 
€ C 1 (D 2r (y)). Denote by T = T (y) the surface dQ fl S r (*/), and 
by T 6 = T 6 (y) and = &6 (y) the "parallel" surface and the cor- 
responding region constructed with respect to r o in the manner 
described above. Choose 6 = 6 (y) so small in absolute value that 
the region Q 6o = Q 6o (y) cz Q fl S 2r (y). 

Since the distance between dQ\S 2r (y) and Q 6o (y) is positive 
and the distance between dQ f| S 2r (y) and T 6 (y), where 8 6 (0, 6 ) 
if 5 > and 6 6 (8 , 0) if 6 < 0, is obviously greater than 7 | 6 | 
with some constant y = y (y), < 7 < 1, a v = y (*/), < y < 
<C 1, can be found such that for all such 6 

inf |s-E|>Yo|6|. (12) 

x£dQ 

£er 6 

From the cover of dQ by the balls S r (y), y£dQ, we choose 
a finite subcover Sr i (x i ), Sr N (x N ). Then there exists a num- 
ber 6t>0, 6i< min |8 (z m )|, such that 

l<m<iV 

<?\<? 6l <= U \ (xm) (x m ). (13) 

771=1 

Furthermore, by (12), for all 8, < 6 < 6 X , and ro = 1, . . ., N 

(<? \ <?v,6) fl \ {xm) (x m ) a Q 8 . 8i?n 6o (xm) (* m ), (14) 

where y x = min Yo 0O- 

The inclusions (13) and (14) imply that for any / £ H 1 (Q) the 
inequalities 

N 

1! / Hl,(Q\Q Vlfl )< | S i II / II 2 L 2 ((QXQ Vi6 )nQ 6o(xm) (^)) 

° N 

hold for < 6 < 8 lB Since / \ dQ = 0, (11) now follows from the last 
inequality and the relation (10). | 
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Theorem 2. In order that a function belonging to H 1 {Q) may belong 

o 

to the subs-pace H 1 (Q) it is necessary and sufficient that its trace on the 
boundary of the region be zero. 

Proof. That the condition is necessary is obvious, so we confine 
ourselves to the proof of sufficiency. Let f (: H 1 (Q) and / laQ = 0. 
Take an arbitrary e > 0. Lemma 1 and Theorem 9, Sec. 1.10, 
Chap. II, on the absolute continuity of an integral imply the exist- 
ence of a small 8 = 6 (e) such that 

II / lk(Q\Q 6 ) < e6 > II / I|h i(Q\Q 6 ) < 8 - 

Since for a function f £ H 1 (Q) there is (Theorem 3, Sec. 4.3; note 
that dQ £ C 1 ) a sequence of functions f p (x), p = 1, 2, . . in 
C 1 (Q) converging to / in the norm of H 1 (Q) (and more so in the norm 
of H 1 {Q\Qt)), a number N = N (8) = N (8 (e)) can be found such 
that 

|l/-/ivl|Hi(Q)<e, 

H/^|k(QxQ 6 )<2e8, (15) 
||/iv||ffi(Q\Q 6 )<2e. 

Consider the function 

U(x)= j ®w(\x — y\)dy, 

Qd/2 

where (o p (| x — y |) is an averaging kernel. The properties of the 
averaging kernel imply that £ 6 (x) 6 C°° (i? n ), £« (x) = 1 for x 6 
€ (?56/6 j and more so for x £ Qq, £a (x) = outside @a/e, that is r 

£6 (x) 6 C°° ((?). What is more, for all x £ R n < £ 6 (x) < 1, 
I V^6 I ^ C/6 where the constant C > does not depend on 6. 
By (15) we have 

I In — /iv?6 llffi(Q) = il /jv — /ivSe ||hi(Q\q 6 ) 

< ( || f N (1 - U) ||L(QXQ 6 ) 4" || I V/* | (1 - W + \f N \\ V?6 I || 2 L 2 (QXQ 6 )) ^ 
< ( II fs ||1,(Q\Q 6 ) + 2 II I V/ w I ||1,(Q\Q 6 ) + 2 || f N \ I ||L,(Q\Q 6 )) 1/2 

< (8e* + ^- \\f N ||i 2( Q\Q 6 )) 1/2 <8 (8 + 8C*) 1/2 = 

The functions f N ^ iB)) (x) £6<e> (*) belong to C 1 (Q) and 

II fmcxs)) i x ) ^6(8) (a:) — / (x) \\hhq) < || / — /iv<6(e» \\hhq) 

+ II /iV(6(e» — /tf(fi<e»£fi<e> ||ffi(Q) < (1 + ^i) 6. 

Accordingly, / (x) 6 JJ 1 (0. | 
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4. On Compactness of Sets in L 2 (Q). 

Theorem 3. A set bounded in H 1 (Q) is compact in L 2 (Q). 

Proof. Let a set oM be bounded in H 1 (Q), that is, for all / £ oM 

II/I|hi(Q)<C. (16) 

o 

Suppose first that <Jl a H 1 (Q). We extend all the functions be- 
longing to Jl outside Q by putting them equal to zero. In the case 

o 

under consideration the extended functions belong to H 1 (Q') for 
any region Q' id Q. 

If f h (x) is an averaging function for f (x) £oM, then inequality (6)„ 
Sec. 2.3, holds: 

\\h-f\\UiQ)<^ J dz\\f(x + z)-f(x)\*dx. (17> 

\z\<h Q 

The function f (x) QC 1 (Q), also extended outside Q by assigning 

to it the value zero, satisfies for any vector z the identity f(x+z) — 
l l 

df(x + tz) dt=^ (Vf(x + tz).z)dt, thereby yielding 

o o 

i 

\f(x + z)-f(x)\^\z\^\Wf(x + tz) p dt 



and hence 

\\f{x + z)-f{x) | 2 dx^\z\*\\f ||fn (Q) . (18) 
Q 

The inequality (18) also holds for any / 6 oM\ this can be proved 
by the usual limiting process. 

It follows from (17) and (18) that 

||// l -/|| 2 MQ)<C ||/||| rl(Q) ^ r J dz^C\h\ 

\z\<h 

where the constant C x is independent, in view of (16), of both h 
and /. 

If it is now shown that for any fixed h > the set oM h consisting 
of averaging functions j h (x) for all / (x) £ oM is compact in C (Q} 
(and therefore in L 2 (Q)), the assertion of the theorem will follow 
from Corollary of Theorem 2, Sec. 3.7, Chap. II. 

According to Property (d) of the averaging kernel (see Chap. I„ 
Introduction), we have 

I h (*) |<x'- J I / (*) I dx < C 'o II / h,m<C' 1| / ||flKQ)<COn S t 
Q 
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and 

-57 \<-£&r J I / (*) I ^<const, * = 1, . . . , 71, 

1 Q 

where, by (16), the constant does not depend on /. Now an applica- 
tion of Arzela's theorem shows that the set {f h (x)} — oM h * is com- 
pact in C (Q). 

Suppose now that M a H 1 (Q). Denote by S' the set of functions 

o 

F (x) belonging to H 1 (Q r ) obtained by extension, according to 
Theorem 1, Sec. 4.2, of functions / (x) belonging to o/ll into some 
region Q' Q Q' . Since || F \\hw) ^ const || / WhhQ) wit ^ con " 

stant independent of /, the set o/H' is bounded in H 1 {Q'). By what has 
been proved just now, it is compact in L 2 (Q'). Hence the set qM is 
compact in L 2 (Q). | 

5. On Compactness of the Set of Traces of Functions Belonging to 

ff 1 (O). 

Theorem 4. // a set of functions is bounded in H 1 (Q), then the set 
•of their traces on the (n — i)-dimensional surface T en Q of class C 1 
is compact in L 2 (T). 

Proof. Let the set o/fi be bounded in H 1 (Q) and let Jl r be the set of 
traces on V of functions belonging to o/ll. We denote by oM' the set 
hounded in H* (Q f ) that consists of extensions into Q' ^ Q of func- 
tions belonging to o/ll (Theorem 1, Sec. 4.2, dQ 6 C 1 ). 

Let T be the part of the surface T which is uniquely projected 
into a region D in the plane {x n = 0}, and let x n .= cp (x'), x' £ D, 
he the equation of T , 9 (x f ) £ C 1 (D). There exists a 6>0 such 
that the region Q 26 = {x' £ D, cp (x) < x n < (p (x f ) + 26} lies 
in Q'. 

* Suppose that the set 3D? of continuous functions in Q is uniformly bounded 
and equicontinuous: || g || - < const for all g 6 3D? and for any e > there 

C(Q) 

is a 6 = 6_(e) > such that for all g 6 g (*') — g {x") I < e for arbitrary 
x', x" in Q satisfying \ x' — x" \ < 6 (in our case 3D? = oMh, and equicontinuity 
of oM h follows from uniform boundedness of derivatives). Let us show that the 

set 3D? is compact in C (<?). 

Let {g k } be an arbitrary infinite sequence of functions belonging to 3]?. For 
every natural m take a finite set of points {x™} 9 q = 1, (m), in Q 

*3o that for every x 6 Q there is a point in this set that is at a distance less than 
6 (2 _m ) from x. From the sequence {g k } we choose a subsequence {g ki } converg- 
ing at every point of the set then || g hl — ^ 1 ll C( g ) < 3-2" 1 for k l9 l ± > 
> N v From the sequence {g hi } choose a subsequence {g h2 } converging at every 
point of the set {x*}, and so forth. Thus for every m there is a sequence {g k } 
with the property that || g k — g, || - < 3-2"™ for k m , l m > N m . Evident- 
Jy, the diagonal sequence {g m } is fundamental in C (Q). 
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For any function / (x) g C 1 ((?') and any points x = (x' , x n ) £ T 
and (x', y n ) g Q 26 we have 

f{x',y n )-f{x)= \ df{x ^y dl n , 

x n 

which yields 

*»+ 26 

\f(x)\>^2\f(x\y n )\> + 4& J | df ^y \ 2 dl n . 



We integrate this inequality with respect to y n 6 (5, 25) to obtain 

26 *n+ 26 

8|/(*)| 2 <2f \ f{x',y n )\*dy n + W { I \ 2 d£ n , 

and then integrate the resulting inequality over T with respect to x 
(that is, multiply it by Yi + qp^ + . . . + <f>% nmml an( l integrate 
over D) to have 

8 j |/| 2 dS<const(2 j |/| 2 dz + 46 2 J | V/| 2 dx). 

To Q' Q' 

Since the surface T can be divided into a finite number of pieces 
of T type and for each of such pieces the inequality just established 
holds, summing these inequalities we obtain 

ll/lli,(r)<-£ ll/l|U'> + C;6||/||W>. 

where the constants C[ and C' 2 are independent of both / and 5. By 
the usual technique, it is found that this inequality is true not only 
for any / £ C 1 (Q') but also for any function belonging to H 1 (Q'). 

By Remark to the theorem on extension (see Sec. 4.2), the last 
inequality yields the inequality 

II / || 2 l,(d<-£- || / ||1,(q, + C 2 5 [0/ \\h HQ) , (19) 

true for any f £ H 1 (Q). 

By Theorem 3 (of the preceding subsection), the set <M is compact 
in L 2 (Q). Therefore from any infinite sequence of elements of the 
set qM a subsequence / p , p = 1, 2, . . ., can be chosen which is 
fundamental in L 2 (Q): given e > an N can be found such that for 
all p ;> N and g >• N \\ f p — f q || Lf (Q) < e. But then the sequence 
of traces f p | s , p = 1, 2, . . ., will be fundamental in L 2 (S), 
because the inequality (19) applied to f p — f q and the inequality (16) 

10-0594 
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imply, for all p, q^> N, 

II fp-U lll,(Q)<-¥- + C 2 6 1| U~U llfc(Q)<e (C 1 + kC z C*) = C 3 e, 
provided we take 5 = e. | 

o 

6. Equivalent Norms in Spaces H^Q) andjff^Q). Suppose that in 
a region Q, dQ 6 C 1 , there is defined a real symmetric matrix 
P(x) = (Pij(x)), i, / = 1, . . ., 7i, continuous in Q. This means 
that the real-valued functions Pu{x) £ C (Q) and p t j = pj t , i y 
7 = 1, . . ., n. Suppose further that a real-valued function g (x) £ 
6 C (0 is defined in Q, while the real-valued function r (x) £ 
6 C is defined on dQ. 

On /f 1 (Q) we define the Hermitian bilinear form (see Sec. 2.4 r 
Chap. II) 

n 

^ (/.*>= J 2 Ptif* i gx J dz+ j J (20) 

Q i. 5=1 Q dQ 

(in the rightmost integral, of course, / = /|aQ, g = g\eo)* 

Theorem 5. // the matrix P (x) is positive-definite, that is, for any 
complex vector £ = . . M £ n ) and for all x ^Q 

2 j>u(*)SiS/>T2l&il» (21) 

i, j=i i=l 

constant y > 0, functions q (x) ^ orc (>, r (x) ^ on dQ 
and either q (x) =£. or r (#) 0, ZfeeTi Zfte bilinear form (20) defines on 
H 1 (Q) a scalar product equivalent to the scalar product 

(/, *)fli( Q) = J (V/Vi+ /J) dx. (22) 

Q 

Proof. According to the definition (see Sec. 2.4, Chap. II), for the 
proof of this theorem it is enough to establish the existence of two 
constants C x > and C 2 > such that the inequalities 

W(f, /)<Cni/ll™> \\f\\hHQ)<ClW(f?f) (23) 

hold for all f £ H 1 (Q). 

First note that by the hypothesis all the three terms in the expres- 
sion for W(f, f) (in (20) g = /) are nonnegative. 

Since 

n n 
Q i, 3=1 Q i. 3=1 

^An f IV/P^^H/HlfHQ), 
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where A= max ||puII C( q)' 

U|/| a Ac<ili||/||l i («,<^i||/l|Jri« I ). 

i 

where A t = \\ q II C( q), and according to inequality (2) of Subsec. 1, 

f r\f\ 2 dS^A 2 1| / ||l t(0Q) < CM 2 || / \\* HHQ) , 
Sq 

where A 2 = II r Hc(dQ)> the first of inequalities (23) holds with the 
constant C* An + A x + A 2 C 2 . 

We shall establish the second inequality in (23). Supposing, on 
the contrary, that there is no such constant CI, a function f m (x) £ 
d&iQ) can be found for any integer m ;> 1 such that || f m Whhq) > 
> rnW (/ m , f m ) or, equivalently, a function g m (x) 6 H 1 (Q) (g m = 
= 1 m l\\ fm Whhq)) can be found such that 

l|Sm||H*(Q) = l (24) 

and 

W(g m , g m ) 

n 

= j S Pugmxfimx.dx+ j q\g m \ 2 dx+\ j r \ g m \* dS < 1/m. 

Q Q dQ 

This inequality implies that each of the three terms in W(g m , g m ) 
is less than l/ra, therefore (using the inequality (21)) the following 
inequalities hold: 

\\Vg m \*dx<- m \ T , ]q\g m \*dx<± \r\g m \*dS<±. (25) 

Q Q dQ 

By virtue of (24), the sequence g m , m = 1, 2, . . ., is bounded in 
H^Q); accordingly (Theorem 3, Subsec. 4), from it a subsequence 
can be chosen which is fundamental in L 2 (Q). With no loss of gen- 
erality, it can be assumed that the sequence g m , m = 1, 2, . . 
itself is fundamental in L 2 (Q), that is, \\g m — g p ||l,(Q) as* 
77i, p oo. Since, by the first inequality in (25), 

\\gm-gp Whhq) = || g m - g P + 1| | V (g m - g p ) | 

<\\gm~ g P lll.CQ) + 2 1| | Vg m I ||i f (Q) + 2 || I VjTp I || 2 L 2 (Q) 

<ll£m-£p||L 2 (Q) + — + — , 

it follows that || g m — g p Whhq) ->- as m, p->oo, that is, the 
sequence g m , tti = 1, 2, is fundamental in H X {Q) as well. 

Thus this sequence converges in the norm of H 1 (Q) to an element 

10* 
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g£ H X {Q). Letting w-^oo in (24) and (25), we obtain the fol- 
lowing relations: 

(a) lk||Hi<Q) = l, 

(b) J|V*| a *r = O f 

Q 

ic) ^q\g\*dx = 0, 

Q 

(d) ^r\g\*dS = 0. 

dQ 

The relations (b) a nd (a) imply that g = const = l/ Y \ Q | in Q 
and g\dQ= i/Y I Q I on which contradicts (c) if g (a:) =?k or 
(d) if r (x) # 0. | 

Let P (x) = p (x) E, where Z? is the identity matrix. Theorem 5 
has the following corollary. 

Corollary. The bilinear form 

W (/, g) = j (pVfVg + qfg) dx+^r (x) fgdS, 

Q dQ 

where p{x) £C (<?), q{x)dC (<?), r(x) 6 C (d<?), p (x) > const > 0, 
q (x) ^ m r (#) ;> ora d() arad £iJ/&gr q (x) m Q or r(x) =?k 
on dQ, defines in H 1 (Q) a scalar product equivalent to the scalar pro- 
duct (22). 

Theorem 6. If the matrix P (x) is positive-definite and the function 
q (x) ^ in Q, then the Hermitian bilinear form 

n 

Q i, j=l Q 

O 

defines a scalar product in H 1 (Q) which is equivalent to the scalar pro- 
duct (22). 

Proof. Since H 1 (Q) cz H 1 ((?), it follows from Theorem 5 that a 
scalar product equivalent to the scalar product (22) can be defined in 

o 

H 1 (Q) by means of the bilinear form (20) with r (x) == 1 on dQ and 
q (x) ^> in Q. But for the functions / (x) and g (x) belonging to 
H 1 (Q) the values of bilinear forms W and W 1 coincide, g 

Let P (x) = p (x) E. Theorem 6 implies the following result. 

Corollary. The bilinear form 

W(f, g)= \ (pVfVg + qfg)dx, 

Q 
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where p (x) £ C «?), q (x) £ C (<?), p (x) > const > 0, q (x) > in <?, 

o 

defines a scalar product in H 1 (Q) equivalent to the scalar product (22). 
In particular, the scalar product 

Q 

is equivalent to the scalar product (22). 

The last assertion readily yields Steklov's inequality 

||/||L(Q)<const j|V/| 2 dz, 
Q 

o 

which is true for any / 6 H^Q). 



§ 6. PROPERTIES OF FUNCTIONS BELONGING 
TO H\Q) 

In this section we shall examine mutual relationship between the 
spaces H h (Q) and C l (Q). It will be demonstrated that if a function 
belongs to H h (Q) for sufficiently large k, then it will also belong to 
C l (Q) (that is, the function can be so modified on a set of measure 
zero that it becomes continuous in Q together with all the deriva- 
tives up to order I). 

To obtain this result, it is necessary to represent a sufficiently 
smooth function in Q in terms of the integral over Q of a combination 
of its derivatives. 

1. Representation of Functions by Means of Integrals. 

Theorem 1. Let the function f(x) £ C 2 (Q) and let the space have 
dimension n ^> 2. Then for any point x £ Q the following identity 
holds: 



f (x) = j U (x - 1) A/ (|) d£ + { (/ (I) dU l~ l) -^U{x-l))dS % , 

(1) 

where 



j (it-2)a„|*|n- 



when ra>2, 

u(x)= <; ; (2) 

"2?t "iTf when n = 2. 
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and o n = 2it n / 2 /r (n/2) is the surface area of the (n — i)-dimensional 
unit sphere*. 

Proof. The function U (x — |) (called the fundamental solution 
for the Laplace operator) as a function of £ satisfies for the 

relation A s {/(£ — x) = + . . . +"Jgr) U (I — x) = 0, as can 

be checked by direct differentiation. 

Fix a point x £ Q and take e > so small that the ball { | £ — x |^ 
^ e}cz Q. In the region Q e = Q\{\ x — | | <, e} Green's for- 
mula (see Sec. 1.2) 

j A/ (|) J7 (* - S) = j (tf (£-*) 4^-/(6) W7 a tt 7 8) ) d5 s 

+ J (f«-«)^-/<B^j=!»-)«. P) 

holds for the function £/ (£ — x) (regarded as a function of £) and 
any function / (£) 6 C 2 (£). 

As -^—= — T~rr- — r on the sphere || — x | = e, the second term 
on the right side of (3) has the form (when zi>2) 

'- (n-2) 1 o 7t en- a J 4?^ + ^- J /©^l 

= /(*) + "5^ J (t{\)-f{x))dS % 
IS-*I=« 

~ (n- 2 )a n e"-' 1 -^^ = /(*) + 0( e ), < 4 > 
IS-*l=e 

since the surface area of the sphere |g — x| = e is c^e 11 ' 1 , and for 



*/<6) 



const. 



|S-*| = e /(E)-/(*) = 0(s) and 

The function U {\ — x) is integrable over Q, therefore the limit, 
as e -> 0, of the left-hand side of (3) is equal to the integral over Q 
of the function U (£ — x) A/ (|). Letting e -> in (3) and using 
(4), we obtain (1) when n> 2. When n = 2, the above proof re- 



* The representation (1) holds in one-dimensional case also (Q = (a, &)). 

b 

The identity / (x) -1 J | *-£ | /• (|) dg+i- (/ (a) + f (b))-±- ((a-x) f (a) + 
a 

-\-(b — x)f (6)), which is easily verified, can be put in form (1) if we intro- 
duce the function U (x — 5) = -g- | x — g |. However, we won't have occasions 
to use the identity (1) when n = l. 
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mains valid, the only difference being that the second term on the 
right side of (3), in contrast to (4), is now f (x) + O (e In e). | 
2. Continuity and Continuous Differentiability of Functions Be- 
longing to H h (Q). In Theorem 1, any function / £ C 2 (Q) was 
expressed in terms of integral over Q of its second derivatives. If the 

function is still more smooth, / 6 C* ((?), k > 2, then, along with 
representation (1), there are representations in terms of derivatives 
of order k. To obtain such representations, we require the following 
simple result. 

Lemma 1. Let n ^ 3. Then for any\(real)jx the function 



(x) = 



I x l^ 2 

<|i+2)Qi+») Whm (A# '~' 2 ' ^-n* 
(ln\x\)/(n — 2) when |x=— 2, 



satisfies the equation Au^ = | £ I* 1 for all x £ i? n , x =^= 0. 
That the lemma is true can be seen by direct calculation. 

Let the function / g C 2 (Q). By formula (1), we have for all x £ Q 

f(x)=\ ff(*-g)A/(E) dg. 
Q 

In particular, when rc = 2 



when w = 3 



when n > 3 



/(*) = -5rJ A/©ln|*-E|d|, < 5 > 

Q 

'<*>=-^Jt^, (6) 

Q 



Suppose that n = 4, and the function /(#) 6 C 3 (Q). Integration of 
(7) by parts yields, on using the relation-] — i— ^=4* A s ln | x — \ \ 
(Lemma 1) 

/ (*) = -4^- J A/ • A £ In | x - 1 1 dg = ^- j V (A/ (£)) V 6 In | * - g | dg. (8) 
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When n = 5, the relation (7) and the identity | x — E |~ 3 = 
11 

= — "o" V| -i n" (Lemma 1) yield the representation 

= -irkJ v(A/(l))v 'i^i d| («) 

Q 

• 

for the function / (x) £ C 3 (<?), and so on. Suppose that / (x) £ 
eC 2p (Q), p>2. Then for n > 4p — 3 the identities 
1 _ r' ap-i 1 1 

| x _g|4p-4 ~^4p-2^ j^^g^f | x _g|4p-3 

— ^4p-i^6 | x _g|2p-l t 

which follow from Lemma 1, and (7) yield 

/ (x) = C\ v . 2 j |g ^ when n = 4p - 2 (10 4p _ 2 ) 

Q 

and 

/(*) = CIp-i J l fl[f p - 1 dl when n = 4p-l, (10^) 
Q 

where and are absolute constants. Since 

|*-E|*P-« = C ^l ( |*_g|2p-2 ), | x __g|4p-l = C 4p+iAf ( | x _g|2p-l ) 

for /2 > 4p — 1, p ;> 2, we have, by (7), 

/ (x) = dp J V (A p / O) V* ( ,^g |2p - 2 ) when n = Ap, (10 4p ) 

Q 

and 

/ (*) = CSp+t J V (A p / (E)) V* ( |g _g |a p-i ) « when rc=4p+ 1 (10 4p+1 ) 
Q 

for / 6 C 2P+1 (<?), p > 2, where C- are absolute constants. 

Since |Vs 77 4|-p-] = | g „g|m . the relations (6), (8), (9), 

(10 4p _ 2 )-(10 4p+1 ) yield the inequalities 

1/(*)1<C AP . 2 j { l^[f P L dl for n = 4p-2, p>l, (ll 4p -.) 

Q 

1/(^)1<C 4P . A j ^gf^L dl for rc = 4p-l, p>l, (H 4p -i) 

o 
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for all / £ C' 2P (Q) and the inequalities 

|/(*)|<g4p{ d % f0r n = ^ P>1> («4p) 

Q 

|/(*)|<C 4p+1 j J^®.dg for n = 4p+l, (H 4p+1 ) 

Q 

for all / £ C 2 ^ +1 where C z are absolute constants. 

From (5), by means of Bunyakovskii's inequality, we obtain 

l'(*)l<i(J l A 'l 2 ^) 1/2 (j |lnk-g|| 2 ^) 1/2 <C||/||H 2(Q )^^2 r 
Q Q 

from (ll 4p -2) 

l/WKC^tjlA./l^)"^],^^)" 2 

<^l|/||fl»P( Q ). " = 4p-2>2, 

and similarly from (ll 4 p_ 1 )-(ll 4 j )+1 ) 

l/(*)l<C||/|| H ^ (Q)f n = 4p~l>3, 

I /(*)!<<? II /IIh'p^q)' « = 4p>4, 
I / (*) \<C\\f || fl2 p + i (Q) , » = 4p + 1 >5, 

where the constant C depends on n and the region Q. 
Thus the inequality 

II/||C(Q)< C H/II r n_, +1 ( 12 > 

•T— l+i - 

holds for all / £ C ((?), ;> 1, where the constant does not de- 
pend on /. For n = 1, this inequality readily follows from the repre- 
sentation 



= signer-?)./' (l)dl 



for any function / (x) g C 1 ([a, b]). 

• i+i+f-5-1 - 

If the function / £ C 1 J J (<?) for some Z > 0, then, apart from 
(12), it also satisfies the inequality 

l|/llc«(©<£.||/l| I+1 + r JLi > ( 13 > 
where the constant C 1 > does not depend on /. 
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Indeed, for any vector a = (a x , . . a n ) with nonzero integer 
components, | a | ^ Z, by (12) we have 

ll^/I^CIID-ZH „ «7||/|| n 

H 1 2 J (Q) H 12 J(Q) 



H 1 2 J (Q) 

Summing these inequalities over all a, | a | ^ I, we obtain the 
inequality (13). 

0,+1 +It] 

Suppose now f£H (0 and fmi x )i m = l, 2, is 

a sequence of functions in C (Q) tliat converges to / in the 



norm of H 12 J (<?). By (13) 

ll/m-/J cI( <i><q|/m-/ S || I+1 + f n., 

H 2 HQ) 

as m, s->oo, that is, f m , m = 1, 2, . . is a fundamental sequence 
in the norm of C l (Q). This means that the limit function / belongs 
to C l (Q). Passing to the limit, as m-+oo, in the inequality 

:||/m Hc'(Q) 

<C\\f m || - , we see that the inequality (13) 

H I 2 -I(Q) 

holds for any f£H i2 *(Q). 

Let / 6 2 ^((?). Take any subregion Q' <^Q and construct 

the function ^{x) £ C°° (Q) which is equal to 1 in Q' . The function 

/• C 6 ((?), so it belongs to C'(#), which means that / be- 

longs to C l (£'). Since Q' is arbitrary, / belongs to C l {Q). Thus we 
have proved the following assertion. 

Theorem 2. 4 function belonging to the space H\ oc (Q) belongs 

to the space C l (Q), that is H lQ o (Q) cz C l (Q). 

Suppose now that / 6 H 1 2 J (<?) and let dQ 6 C - Then 

by the theorem on extension for (any) region Q', Q' Q, there exists 

a function F belonging to 2 ^ ((?') that coincides in Q with /; 

moreover, \\F\\ n , < C" II / || r „ . , where the constant 

H I 2 J(Q') H 1 2 J (Q) 
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C does not depend on /. The function F 6 C l (Q') and satisfies the 
inequality \\ F \\ c i^ f) ^C" \\ F \\ i ^ (inequality (13) for the 

h + + 2 (Q')_ 

function F in Q'). Accordingly, f£C l (Q) and the inequality 
ll/|lcWo<^H/ll I+1+r JLi 

H 1 2 J (Q) 



holds. Thus we have shown the following theorem. 

Theorem 3. // 3Q£C l2j , then H *(Q) czC l (Q). 

Moreover, the inequality (13), where C>0 does not depend on /, 

holds for any function f£H ((?)• 



§ 7. SPACES C r .° AND C 2 *. 8 . SPACES H r > AND # 2S . S 

We have so far examined function spaces (C h , H k , k = 0, 1, . . .) 
composed of functions whose differentiability properties were the 
same with respect to all the independent variables: for example, the 
space H h consists of all the functions belonging to L 2 whose all the 
generalized derivatives up to order k belong to L 2 . In the theory of 
differential equations one has to use also sets composed of functions 
whose differentiability properties differ with respect to different 
variables. In particular, the spaces of functions introduced below 
will be used in Chap. VI on parabolic equations. 

Let D be a bounded region in the space R n (x = (x x , . . ., x n ) is a 
point in R n ) and Q T = {x £ D, < t < T) a cylinder of height 
T > in the space R n +i = i? n X {— oo < £ < oo}. 

1. Banach Spaces C r ' (Q T ) and C 2s ' s (Q T ). We denote by C r ' °(<? T ), 
where the integer r ;> 1, the set of all functions f (x, t) that are 

continuous in Q T together with the derivatives — — -7 — for all 

(nonnegative integers) a l7 . . ., a n , a x + ... + a n ^ r. 

We let C 2s,s (Q T ), where the integer s^>l, denote the set of 
functions / (#, t) that are continuous in Q T together with the deriva- 

^ai+. . ,an+$f 

tives — — an a for all (nonnegative integers) a x , . . .,a n , |5, 

ox^ . . . uXji dt^ 

a x + . . . + a n + 2p < 2s. 

When r = and s = 0, the spaces C r ' (Q T ) and C 2s,s (<?r) will 

mean the space C°> (Q T ) = C (Q T ). 
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It is clear that the set C r ' (Q T ), 0, is a Banach space with 
the norm 



•••+«»/ 



to** 



while the set C 2s ' s (Q T ), s > 0, is a Banach space with the norm 



i/; 



IC 2 *> 5 (Q T ) = 



2 max 

a 1 +...+a n +2P^2s 3 r 



2. Hilbert Spaces H r ' °(Q T ) and JT 2s S (Q T ). We denote by H r > \Q T ) r 
where the integer r 1, the set of all functions f(x, t) that together 

with the generalized derivatives — — ~- for all (nonnegative inte- 



rs? 1 



gers) a lT . . ., a n , a x + ... + a n < r, belong to L 2 (Q T ). Simi- 
larly, H 2S ' S (Q T ), where the integer s^l, denotes the set of all 
functions / (x, t) that together with the generalized derivatives 



for all (nonnegative integers) a lt . . ., a n , |3, 



. . . + a n + 2p < 2s, belong to L 2 (Q T ). 

The space H r >°(Q T ) with r = and the space H 2S > 8 (Q T ) with s = 
= will mean the space H°>°(Q T ) = L 2 (Q T ). 

The following properties of the sets H r > (<? T ) and # 2S ' s (Q T ) are 
an immediate consequence of their definitions. 

1. The set H r >°(Q T ), r ^> 0, is a Hilbert space with the scalar 
product 



Q T a 1+ ...4-a n ^r '« 



&r n fa, 1 



while the set H 2S * S (<? T ), 5 ;> 0, is a Hilbert space with the scalar 
product 

(A g) H 2s > s (Q T ) 



-I 



d a 1 +...+a n+ p / 



d a 1 +...+a B +p 



dx dt. 



i T 2 P+ a 1+ . . . +a n ^2s ^ • • • < n « P . . . dx*» dfi 

2. For any r and s, 0<r<2s, H 2s ''(Q T ) <= H 2 *' (Q T )czH r ' (<? r ). 

°(<? T ) for 



3. If /(*, t)£H r '°(Q T ), then 



a t + 



+ a„ = r'<r. 



ax" 1 . . . dx* n 



6 tr 
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4. If f(x,t)(iH 2s > s (Q T ), then d "f' ' ' g g 2 <"'>» *~*' (Q T ) 

dx^ ... &c n n ^ p 

for . . . + a n + 2|3<;2s\ where s'<>. 

We shall now show that if the boundary dD of the region D is 
sufficiently smooth, then the functions belonging to H r >° (Q T ) and 
H 2S > S (Q T ) can be extended into a wider (than Q T ) region while 
preserving the smoothness. Namely, we shall prove the following. 

5. Suppose that D' is an arbitrary region in R n such that D gZ)' 
and t°, t 1 are any numbers satisfying the inequalities t° < 0, t 1 > T. 
Let Q' t o, t i denote the cylinder {x 6 D\ t° < £ < t 1 }. If 5Z) £ C r , 
r^l, then for any function f(zH r >°(Q T ) there is an extension 

6 H r i° {Qt° t t 1 ) whose support is compact in Q' t ° t t i. Moreover, the 
inequality 

II^IUo (QK(i) <C||/|| Hr ,o (Qr) , (1) 

where the positive constant C does not depend on /, holds. If dD £ 
£ C 2S , 1, then for any function /£ H 2S > S (Q T ) there is an exten- 
sion F 6 # 2S » s (Qto,ti) with compact support in (ty, moreover the 
inequality 

II F IIh 2s » s (Q' t o t t i)< C W f L 2s > 5 (Q r )' ( 2 ) 

where the constant C > does not depend on /, holds. 

The desired extension F of a function / belonging to H r i (Q T ) or 
to H 28 > 8 (Q T ) is obtained in two stages: first, / is extended to F x 
through the curved surface of the cylinder Q T into a wider cylinder 
<?r = {x£D', 0<£< T) of the same height T, and then the 
function F 1 is extended through the top {x 6 D' , t = T) and base 
{x 6 D' , t = 0} of the cylinder Q' T . 

To construct the function F x , we employ the same technique as 
the one used in extending into D' a function belonging to H h (D) 
{see Sec. 4.2). We use the extension constructed there of functions 
belonging to a rectangular parallelepiped. 

Let II atT , a > 0, denote the rectangular parallelepiped {| x t | < 
<fl, i= 1, . . ., n, <C t <C T} and ITJ, T , ^a, t the rectangular 
parallelepipeds {| x t | < a, i = 1, . . ., 72 — 1, < £ n < a, < 
< t < 7 1 } and {| x t | < a, i = 1, . . ., n — 1, — a < x n < 0, 
<< £ < 2 1 }, respectively. Suppose that the function z(x, t) £ 
€ C A (11^ T ) for some A; 1. The extension Z (x, t) of the function 
z (x, t) into the parallelepiped II at T is defined in the parallelepiped 
Ila, r in the following manner: 

i=l 
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where x' = {x±, . . # n -i) and A 1 , 
the linear algebraic system 

SM -SO'- 1. ■ 



A k+1 is the solution of 



i=l 



0, 1, 



k. 



While proving Lemma 1 in Sec. 4.2, it was established 
Z {x, t) 6 C h (II af T ), and for any a x , . . ., a n , p, a x > 0, 
p > 0, a x + . . . + a n + p < k, 



that 



dxj 1 dt l 



1 . . . d* p 



where the constant C > does not depend on z. 
r <^k 

II Z IIh', ° ( n at T )< C II * Hfl r . °cn+ T) ' 
and for any 5, 2s<;fc, 



^(n+ r ) 
Therefore for any 

(4) 



<c\ 



(5) 



where the constant C > does not depend on z. 

Since the set C°° (nj t T ) and hence also the set C k (IIJ, T ) is 
everywhere dense in the space H r * °(IIJ t T ) and in H 2S > a (IIJ, T ) for 
any k ^ r or A; ^ 2s, respectively (this is proved in exactly the 
same way as analogous assertions regarding the space H h (D), see 
Property 6, Sec. 4.1), and since these spaces are complete, it follows 
from what has been said above that any function z belonging to 
H r > (IIJ, T ) or to H 2S > s (IIJ t T ) has an extension Z into n o . r that 
belongs to i/ r » (IT at T ) or to H 2s i s (U a , t)> respectively; moreover, 
the function Z is defined in ILJ,t by (3), and the inequality (4) or 
inequality (5) respectively holds. Arguing exactly in the same way 
as in the proof of Theorem 1 (Sec. 4.2), we obtain the function 
F 1 (x, t) which is the extension of / (x, t) into the cylinder Q' T \ fur- 
thermore, if feirSiQr), then F 1 ^H r ^{Q , T ) and the inequality 

holds; if f £ H 2S , S (Q T ), then F 1 ^H 2S ^{Q' T ) and the inequality 



2S « \Qt)^ Ci 



IH 25 » \Q T ) 



holds (the constants C lt C 2 > do not depend on /). What is more, 
F 1 = in Q't\JQt, where <?t = 6 < t < 7 1 } and D" is a 
region in R n such that D D" <^ D' . 

We shall now construct the required extension F of / into the 
cylinder @J 0f *i. 
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When / 6 H r > (Q T ), for F we take the function equal to F x in 
Q' T and to zero in Q' i0 , ti\Q'T< Evidently, F belongs to H r , (<?<o, 
its support is compact in $to,*i, and it satisfies the inequality (1). 

When f£H 2s * s (Q T ), then we define its extension F into the 
cylinder Q\* %i x by putting F = t>(t)F 2 (x, t), where Z(t)£C°°X 

X(-oo, +oo), £(0 = 1 for *6(0, T), £(*) = for!«>^±^ 
jo 

and for t<.-^, while the function F 2 {x, t) is equal to F t (x, J) 

s+l 

in <?r, to 2 "5") in f° < *>C 0} [and to 

i=l 

s+l 

^AlF x (x, T--^--;^) in r<f<t*}, where 

i=l 

^4J, . . . , is the solution of the linear algebraic system of 

5+1 

equations 2 Al (-^-) P = 1, p = 0, . . s while -4", . . A" s+i is the 

i=l 

s+l 

solution of the system 2 ( . ) P = 1» P = 0, 5. 

t=i 

Evidently, the function F£ H 2 *>* (Q' t o tl ), has compact support in 
(?*'o, *i, and satisfies the inequality (2). 

Property 5 coupled with Lemma 1, Sec. 3.2, readily implies the 
following assertion (the corresponding assertion regarding the space 
H h was obtained in Sec. 4.3). 

6. If the boundary 3D 6 C r , r ^ 1, then the set C°° (Q T ) is every- 
where dense in H r >° (Q T ). If 3D 6 C 23 , s > 1, then the set C°° (Q T ) is 
everywhere dense in H 2s i s (Q T ). 

7. Let / (x, t) £ H 1 * (Q T ) and £ be an (n — l)-dimensional sur- 
face of class C 1 lying in D ; in particular, S may coincide with the 
boundary dD of D. 

By r StT we denote the cylindrical surface {x £ S, < £ < 7 1 }; 
the curved surface r ar)> y = {x £dD, < £ < T) of the cylinder 
Q T will be denoted by T T . 

By Property 6 (&D £ C 1 ), there is a sequence of functions A: = 
= 1, 2, . . ., in C 1 (Q T ) such that lim || f k — f || H i,o (Q } = 0. Since 

the functions^ (x, t), k = 1, 2, . . ., regarded as functions of z, 
belong to C 1 (D) for any £ £ [0, 3T], the inequalities 

||/ ft -/.IIL( S) <C 2 ||/ ft -/ s ||| fl(I , ) , ft, 2, (6) 
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hold for any t £ [0, T] in which the positive constant C depends only 
on the region D and the surface S (see inequality (3), Sec. 5.1). In- 
tegration of (6) with respect to t £ (0, T) yields the inequalities 

\\fk — fs ||L,(r Si r ) < C || f k — /, 0((?r) , Jc, s = 1 , 2, . . . . 

Since / fe , k = 1, 2, . . ., is a fundamental sequence in /T 1,0 (<?t)> 
the last inequalities imply that the sequence of values f h \( Xf < )ers 
A: = 1, 2, . . ., of these functions on r Str is fundamental in 
^2 (Fs, r)- Accordingly, there exists a function /r „ £ L 2 (T St T ) to 

Oil 

which the sequence f h |(x, oer s T » & = 1, . . converges in 
^2 (r^.r)? an d by repeating the arguments of Sec. 5.1, it can be 
easily shown that the function fr s T does not depend on the choice 
of the sequence k = 1, 2, . . which approximates the function/. 

It is natural to call the function /r s T the trace of function f (be- 
longing to H 1 * (Q T )) on the cylindrical surface r St T and denote it 
by /lr s>r - 

As in Sec. 5.1, it is easily shown that 

ll/lk(r Sfr) <C||/|Uo (Qr) 

(here || / || La(r ^ T > = || / ||r Sf T Hl 2 (i^ r )), where the constant 
C > does not depend on /. 

Note that if ojl is a bounded set of functions in H 1 ' ^?), then, 
by the last inequality, the set M' of traces of these functions on 
T StT is bounded in L 2 (T s% T ) but, in contrast to the case of the 
space H X (Q T ), is not compact. 

The above notion of trace enables us to extend the formula of 
integration by parts to functions belonging to H X ^{Q T ). Namely, 
for any two functions / and g in H 1 * (Q T ) there holds the formula 
of integration by parts (Ostrogradskii's formula) 

f x .gdxdt= ^fgnidSdt—^ fgx t dxdt, 

Q T T T Q T 

where n t is the ith component of the rc-dimensional (unit) vector 
which is outward normal to the surface dD, i = 1, 2, . . ., n, and 
the functions / and g present under the integral sign over the curved 
surface T T of the cylinder Q T are traces of functions / and g on T T . 
This formula can be easily proved (compare Sec. 5.2) by approximat- 
ing in H 1 ' ^?) the functions / and g by functions belonging to 

If / 6 # r »° (Q T ), r > 1, then any derivative of this function with 
respect to x ±1 . . x n of order less than r has the trace on the 
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curved surface T T of the cylinder Q T . If / £ H 2S > s (Qt), * ^ 1, then any 

derivative — dx an d fi ' *!+...+ a n + 2p < 2s, has the 

trace on the curved surface T T of the cylinder Q T . 



§ 8. EXAMPLES OF OPERATORS IN FUNCTION 
SPACES 

1. Integral Operators. Fredholm Integral Equation. Let Q be a 

bounded region in the n-dimensional space R n . On Q X Q we consi- 
der the measurable function K (x, y). Assume that the function / (y) 
is such that K (x, y) f (y) £ L x (Q) for almost all x £ Q (for instance, 
/ = 0). With every such function / (y) we associate a function 

g(x)=^K(x, y)f(y)dy. (1) 
Q 

This mapping can be regarded as an operator (linear, obviously) 
from L x (Q) into L x (0, from L 2 (Q) into L 2 (Q), from C (Q) into 
C (Q) and so on. The function K (x, y) is referred to as kernel of 
this operator. Of course, this operator may not be defined on the 
whole space, for example, for the operator from C (Q) into C (Q) the 
domain of definition is the set of all those functions in C (Q) for 
which g(x) 6 C(0. However, if the kernel K (x, y) 6 C (Q X Q), 
then, as can be easily seen, this operator is defined everywhere (in 
L x (<?), L 2 (0, C (Q)) and is bounded. 

We shall examine the operator defined by formula (1) wit h the ker - 
nel K{x, y) = K (x, y) \x-y f a , where K (s, jf)gC (QxQ) 
and ^ a < n, regarded as an operator from C (Q) into C (Q) and 
as an operator from L 2 (Q) into L 2 (Q); in both cases it will be de- 
noted by K: 

g = Kf. (2) 

The operator K is called the Fredholm integral operator. According 
to the results of Sec. 1.12, Chap. II, for any function f £ C (Q) the 
function g£C(Q). This means that the operator K from C {Q) 
into C (Q) is defined on the whole of C (Q). 

Since the functions \ \ K (x, y) \ dy and j | K (x, y) \ dx are 
Q Q 
continuous in Q, they are bounded, that is, 

^4 = max|max \ \K(x, y)\dx, max \|Z(x, y)\dy\ <oo. (3) 
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Because for any point x £ Q 

Q 

so ||g|| C( Q } <^ ll/H^Q), which implies that the operator K from 
C(Q) into C(Q) is bounded and ||ii:||<4. 

Let / (x) 6 L 2 (Q) . The functions | / (y) | 2 j* | K (x, y)\dx and 

Q 

^ \K(x, y)\dx belong to L^Q) (the latter even to C(Q)), therefore r 
Q 

by Corollary to Fubini's theorem, the functions K(x, y)\f(y)\ z 
and K(x, y) belong to Li(QxQ). This means that the function 
K ( x i y)f(y) also belongs to L { {QxQ), since | K (x, y) f (#)|< 
< + \ K{X > ^l/(y)l 2 > Xhen by Fubinrs theorem th& 

functions g (x) = j K (x, y) f (y) dy, {x, y) \ dy and j" | K (x, y) | x 

Q Q Q 

x\f(y)\ 2 belong to L t (Q). For almost all x£Q we have the 
inequality 

U(x)| 2 < \\K(x, y)\dy.\\K(x, y)\\f(y)\ 2 dy 

Q Q r 

<4 \\K(x, y)\\f(y)\ z dy, 

Q 

implying that g (x) £ L 2 (Q). Integrate this inequality over Q and 
apply Fubini's theorem to obtain 

\\g\\l M )<A\dx\\K{x, y)\\f(y)\*dy 

Q Q 

= A j | / (y) |2 ( J | K (x, y) \ dx ) dy^A* \\ f \\l tiQ) .. 
Q Q 

Thus the operator K from L 2 (Q) into L 2 (Q) is defined on the 
whole of L 2 (<?), is bounded and || K || ^ A. 

Lemma 1. The operator K acting from L 2 (Q) into L 2 (Q) is com- 
pletely continuous. The operator K acting from C (Q) into C (Q) is 
completely continuous. 

Proof. 1. We first consider the operator K acting from L 2 (Q) into 
L 2 (Q). The function K N (x, y) defined for any TV > as follows 

\K(x, y) when \x — y \^N~ l 

K N (x, y) = [ Ko{ ^ y)N « when \ x _ y \ <N -i 
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belongs to C (Q X Q). Since for any point x £ Q we have the in- 
equality 

J|Jf(*. y)-K N (x,y)\dy 

= J l*o(^)l( 77 ^-iV«)<* / 



\x-y\<N-i 1 yi l^l<iV-i 



jV-i 

~ a+1 -n 



p a+1 - n (n-a)^ 71 



where B = || if H c(Qxq > anda n is the surface area of the (>z— 1)- 
dimensional unit sphere, given an e > we can find an N such that 

max\\K(x, y) — K N (x, y)\dy<-%-. 



Because [K N {x, y)£C(Q xQ), there is a polynomial P(x, y) such 
that \P(x 9 y) — K N (x, y)\ <yj^y for all (x, y)£QxQ. This 
implies that 

max \\K(x, y) — P(x, z/)|di/<max [\K(x, y) — K N (x, y)dy 

x£Q $ x£Q $ 

+ max [ \K N (x 9 y) — P{x, y) \dy<\ + \ = *. (4) 

Similarly, it can be shown that 

max \ \K{x, y)-P{x, y)\dx<e. (4') 
vtQ q 

The polynomial P(x, y) and the function G(x, y) = K(x, y) — 

- P(x, y) = K *(**y)- p l x >v)\ x -v \ a cail be regarded as kernels of 

\x— y\ a 

integral operators of the type (2); we denote them by P and <■?, res- 
pectively. Moreover, we have the relation 

K = P + G, 

and, by (4) and (4'), the estimate 

II G ||< e. 

n* 
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Thus the operator K has been expressed as the sum of an operator 
G with arbitrarily small norm and the finite-dimensional operator P 
(this operator transforms L 2 (Q) into the set of polynomials whose 
degrees do not exceed that of P(x, y)). Therefore, by Theorem 4, 
Sec. 3.9, Chap. II, the operator K is completely continuous. 

2. We now examine the operator K acting from C(Q) into C(Q). 
Because K is bounded, it maps a bounded set <M in C{Q) into a 
bounded set o/K f . According to the results of Sec. 1.12, Chap. II, 
given an e > a 6 > can be found such that 

[ \K(x', y) — K{x", y) \ dy < 8 whenever | x' — x" | < 8. There- 

Q 

fore for | x r — x" | < 8 

\g{x')-g{x")\K\\K{x\ y)-K{x\ y)\\f{y)\dy^\\f\\ C{ Qy 
Q 

Thus the set <M' of functions continuous in Q is uniformly bound- 
ed and equi-continuous. Hence, by Arzela's theorem, this set is 
compact. | 

The equation <p = \xK(p + /, where (x is a complex parameter and 
K the Fredholm integral operator, that is, the equation 

y(x) = \x^K(x, y)<t>(y)dy + f(x), (5) 
Q 

is known as the Fredholm integral equation (of the second kind). 

We shall examine Eq. (5) in L 2 (Q) (/ £ L 2 (Q) and the desired 
solution cp will be sought in L 2 (Q)). 

In view of Lemma 1, Fredholm's theorems (Sees. 4.3-4.7, Chap. II) 
are applicable to Eq. (5). In particular, if u. is not a characteristic 
value of the operator K (such numbers are at most countable), there 
exists a bounded operator (/ — [iK)" 1 , that is Eq. (5) has a unique 
solution (p g L 2 (Q) with any free term / £ L 2 (Q). 

If the kernel K (x, y) is such that K (x, y) = K (y, x), the operator 
K from L 2 (Q) into L 2 {Q) is selfadjoint. 

In fact, by Fubini's theorem, 

(K<P, ^)l z (Q)= j J K(x, y)^{y)dy^)dx 
Q Q 

= j* <p{y) ( j K(x, y)yp(x) dx} dy 
Q Q 

= J <P (y) ( j # (y > x) (x) dx ) dy = (cp, K^) LM) 
Q Q 

for any q>, \|> 6 L 2 {Q). 
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Therefore all the results obtained in Sec. 5 of Chap. II for a gen- 
eral completely continuous selfadjoint operator are also true for the 
operator K. In particular, all the eigenvalues and characteristic 
values of K are real and there exists an orthonormal basis composed 
of eigenfunctions of this operator for the space L 2 (Q) (Corollary 2 to 
Theorem 2, Sec. 5.2, Chap. II). 

2. Differential Operators. Suppose that in an rc-dimensional region 
Q there is defined a bounded measurable function a a (x) for every 
vector a = (<x l7 . . ., a n ), with the integers otj 0, i = 1, . . n, 
I a k, where k ^ 1. A linear operator acting from L 2 (Q) into 
L 2 (Q) that associates with the function / the function 

(«/)(*)- S **(*)D a f(x) (6) 

is called the linear differential operator (from L 2 (Q) into L 2 (Q)). 
It will be assumed that the operator X is of order ft, that is, at least 
one of the coefficients a a (x) is different from zero for | a \ = k (the 
set where a a (x) is not a set of measure zero). 

The operator X is, of course, not defined on the whole of L 2 (Q). 
Nevertheless, the set of functions / for which expression (6) makes 
sense (D a f is the generalized derivative) contains H h (Q). Accord- 
ingly, H h (Q) can be taken as the domain of definition of X. 

If all the functions a a (x), \ a | ^ k, are continuous in Q, for- 
mula (6) also defines a linear operator from C(Q) into C(Q) (the 
linear differential operator from C{Q) into C(Q)). In this case as 
the domain of definition of X one can take C h (Q). 

A particular case of X acting from L 2 (Q) into L 2 (Q) (from C(Q) 
into C{Q)) is the operator D a , \ a \ = k, that associates with / in 
B h (Q) (C h (Q)) its generalized (classical) derivative. The operator 
D a from L 2 (Q) into L 2 (Q) is unbounded, because the sequence 
f m {x) = **«(*!+.-•+**>, m = 1, 2, . . of functions in H h (Q) 
which is bounded in L 2 (Q) (|| f m \\ LM) = Y \ Q \ , m = 1, 2, . . .) is 
mapped into the sequence g m (x) = (im) la] e im ^ + '-' +Xn \ m = 
= 1, 2, . . ., unbounded in L 2 (Q) (|| g m || L , (Q) = m\«\ VYO] oo 
as m ->■ oo). 

It can be similarly shown that the operator X, k >- 1, from L 2 (Q) 
into L 2 (Q) is also unbounded, and so are the operators D a and X 
from C(§) into C(Q). 

If ,55 is regarded as an operator from H h (Q) into L 2 (Q) or from 
C h (Q) into C((?), then it is bounded, because for any / 6 H k (Q) 
(C h (Q)) 

|| Xf || L2( Q)<const || / || Hk ( || Xf || C(S <const || / 1^). 
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PROBLEMS ON CHAPTER III 

1. A ball S = {|| x || < 1} in a Banach space is said to be strictly convex 
if for any points x and y y x y, on the unit sphere || x \\ = || y || = 1 and any 
a 6 (0, 1) the point ax + (1 — a) y 6 S, that is^ || ax + (1 — a) y || < 1. 

Is the unit ball strictly convex in spaces £(<?), L X {Q), L 2 {Q)t 

2. Let x be a point on the unit sphere in C(Q) (L^Q)). Find the set of all 
points y on the unit sphere such that all the points of the segment ax + (1 — a)y, 
<; a <! 1, lie on this sphere. 

3. The set C k (Q) is a linear manifold in C k (Q). Denote by C h (Q) the clo- 
sure of this set in the norm max 2 l D<X f( x )\ : C h (Q) = C k (Q)- What func- 

tions is C* (Q) composed of? 

4. Show that if dQ£C h , then \C°°(Q) is everywhere dense in C h (Q). 

Let B be a Banach space, and g/H, JIT its subspaces. We say that B is the 
direct sum of oM and J[T: B =qM®JT if any element / of B is uniquely expressed 
as the sum f x +f 2 , where /xjE gM and f 2 6 JIT- If the Hilbert space H = qM®JT 
andorfl _L »#\ then o# (JO is called orthogonal complement of JT (qM) in 

5. Express C h ([a, b]) as a direct sum of the subspace C k ([a, b]) and a sub- 
space JT, Find the dimension of Jf- 

6. The set of functions belonging to L 2 (Q) that vanish (a.e.) in Q\ Q' a Q, 
is a subspace of L 2 (Q). Find its orthogonal complement. 

7. Consider the function / (x) = r a (p in the plane x = (x ly x 2 ) = (r cos q>, 
r sin (p), <; cp <; 2ji. For what a does the function / belong to H l {Q), where Q 
is (a) the disc {r < 1}, (b) {r < 1, (p ^ 0}? 

8. Suppose that the sequence of functions f m (x), m = 1, 2, . . in C h (Q) 
converges weakly in L 2 (Q) to a function / and the sequence D a f m , m = 1, 2, . . ., 
for some a = (a 1? . . ., a n ), | a | = A;, is bounded in L 2 (Q). Show that / has 
generalized derivative D a f. 

9. Suppose that the sequence of functions f m (x) y m = 1, 2, . . ., in C^Q) 

converges weakly in L 2 ((?), and the sequences -r-^ t i=l, . • ., rc, jti = 1, 2, 

oxi 

are bounded in L 2 (Q). Show that the sequence / m ,w = 1, 2, . . ., converges 
strongly in L 2 (Q). Give an example of a sequence that satisfies the formulated 
conditions but is not compact in H 1 ^). 

10. Show that if the sequence of functions f m (x), m = 1, 2, . . ., in C h (Q), 
k ^ 1, converges weakly in L 2 (Q) to a function / and for all a = (a ly . . ., a n ), 

| a | = ft, H D a fm IIl,<q> < const > » = 1, 2, . . then (a) / 6 (b) the 

sequence / m m = 1, 2, - . converges to / strongly in H*' 1 (Q). 

11. Prove that for any function f(x) £ H h (K) (f(x) £ C*> (K)) y where # is an 
w-dimensional cube, there is an extension F(x), with compact support, into 
a wider region Q y QW)K, that belongs to H h (Q) {C h (Q))^ and satisfies the 
inequality || F\\ h < C \\ f | where the constant C>0 does not 

H (Q) H (A) 

depend on /. 

12. Let x° be a point in a region Q of the ^-dimensional space R n , n > 1. 
Show that the closure of the linear manifold of functions that are continuously 
differentiable in Q and vanish in some neighbourhood (different for different 
functions) of x° coincides with 
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13. Show that the set H 1 (a J b) of all functions / 6 H x (a, b) for which /(a) = 
= / (&) is a subspace of the space H x {a, b). Show that if 1 (a, b) c H x {a, b) c 
cz H 1 ^, b). Find the orthogonal complement of H x (a, b) in 5 l (a, b) and that 
of H 1 (a, b) in H x (a, b), and construct orthonormal bases for the spaces H x (a, b), 

H^a, b) and W-(a, b). 

Let a function / £ L 2 (K), where K is the cube {| x t | < a, i = 1, . . rc}. 
According to Fubini's theorem, for almost all x n = £ £ ( — 0, a) the function 
,£) is denned and belongs to L 2 (K'), where A" is the (n — l)-dimensional 
cube {| x t | < a, i = 1, . . ., — 1}. This function will be referred to as the 
value of / on the section K f] {x n = £}. Similarly, for almost all = £' € 
a function /(£', a: n ) is defined and belongs to L 2 (— a, a). This function will be 
referred to as the value of / on the section K f| W = £'}• 

For a function / 6 ff x (K) there exists the trace f\ x for all = £ 6 

£ [—a, a], belonging to L 2 (K'). 

14. Prove that if / 6 HHK), then for almost all £' £ its value /(£', x n ) 
on the section jfiT f| {x' = £'} belongs to the space a, a), for almost all 
5 6 (—a, a) its trace /| n = g and its value f(x', £) on the section K [){x n = 

belong to H 1 (K f ). 

15. Prove that the set of traces of all functions in H 1 ^) on an (n — ^-di- 
mensional surface S c Q does not coincide with L 2 (S). 

16. Prove the following assertions: 

(a) If / 6 H X {Q), then | / | also belongs to H^Q), 

(b) If the functions /i, . . /jv belong to ^(Q), then the functions 
max (/ lt . . ., /iv) and min . . ., /jv) also belong to H X (Q). 

17. We shall say that a function f{x) belongs to the class C a (Q) for some a, 
< a < 1, if for any strictly interior subregion Q', Q'<& Q, there is a constant 
C = C(Q') such that for all points x\ x" in Q' the inequality | f(x') — f(x"f\ < 

C | x' — x" \ a holds. If this inequality holds with some constant C for all 
x' , x" in Q, then we say that the function / (x) belongs to the class C a (Q). 

[-1+1 

Show that if / £ ZT l0 2 (Q) (Q is an w-dimensional region), then / £ C a (Q) 

f-1 +1 f-1 +l 

for any a < [n/2] + 1 — n/2, and if /g 2 (<?) or f£H 2 «?) and 

[-] +1 

dQ£C 2 , then / g C a (<?) for any a < [n/2] + 1 — re/2. 

+ [?] / 

18. Prove that any bounded set in if (Q) 1 Q is an re-dimensional re- 

gion, d^dC ^ /is compact in C h (Q). _ 

19. Suppose that the functions k(x), a(x), p(x) belong to C(Q), o(x) £ C(dQ), 
k (x) > 0, a (x) > 0, p (x) > in Q, a (x) > on <9(>. Show that the bilinear 
form 



W t (/, g)= J (WfVg + afg) dx+ ( j p/ds) ( j pidx) 

Q Q Q 

with a + p ^ and the bilinear form 

W 2 (/, g) = j (WfVg+afg) dx+ ( j a/ d5 ) ( j ai d5 ) 



dQ dQ 
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when either a £ or a £ defined on determine scalar products in 

H X {Q) which are equivalent to the scalar product 

(/» S)ffi(Q) = 

Q 

20. Suppose that the function k(x) £ C 2 ([Q, 1]) and k(x) > for x > 0. 
By i?fc(0, 1) denote the completion of the set of functions in ^([O, 1]) vanishing 

l 

for x = 1 in the norm generated hy the scalar product 7 ] ^ k(x) f'(x) ~g'(x) dx. 

o 

Prove that H h (0, 1) c: Z, 2 (0, 1) if and only if lim k{x) -x' 2 > 0. 

21. Show that the scalar products (/, g)' = j 2 Da fD a g dx and (/, £)" = 

= j 2 D a fD a gdx are equivalent in the space # ft (Q). 
Q |a|=A 

22. Let f€L 2 (0, 1). The linear functional lf(u) = (f, u) L ^ is hounded in 
i/ ft (0, 1) for any k >■ 0. By Riesz's theorem, there exists (a unique) element 

F£H k (0, 1) such that Uu) = (F, u) ou for all u£^*(0, 1). Find F and 

Jf ft (0, 1) 

show that F $ #*(0, 1) fl # 2fe (0 , 1). ( For scalar product take (a) (/, g)= 
i l V 

= j (b) (/, g)= f + dx, where f k) = ~^. ) 

o o 
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§ 1. GENERALIZED SOLUTIONS OF BOUNDARY-VALUE 
PROBLEMS. EIGENVALUE PROBLEMS 

1. Classical and Generalized Solutions of Boundary- Value Problems* 

Suppose that in an n-dimensional region Q there is given the elliptic 
equation 

Xu = div (k(x) yu) — a(x) u = f(x), (1) 

whose coefficients are real-valued and satisfy the conditions 

a(x) g C(Q), k(x) 6 C\Q), k(x) > k > for all x 6 <?- 

The function u(x) and the free term f(x) of the equation may be, 
in general, complex- valued. 

A function u(x) belonging to C 2 (Q) f| C(Q) is called a (classical) 
solution of the first boundary-value problem or the Dirichlet problem 
for Eq. (1) if it satisfies Eq. (1) in Q and the condition 

u\oq = <P(*), ( 2 > 
where y(x) is a given function, on the boundary dQ. 

The function u(x) g C 2 (Q) fl C X {Q) is called a (classical) solution 
of the third boundary-value problem for Eq. (1) if it satisfies Eq. (1) 
in Q and on the boundary dQ the condition 

(^ + a(z)u)| aQ =«p(z), <3> 

where o(x) g C(dQ) and <p(x) are given functions. It will be as- 
sumed that o(x) ;> 0. 

If the function a (x) in (3) is identically zero, then the third bound- 
ary-value problem is termed the second boundary-value problem or 
the Neumann problem. 

When n = 1, Eq. (1) becomes an ordinary differential equation 

Xu = (k(x) u')' — a(x) u = f(x). (lj) 
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The region Q in this case is an interval (a, (5), while the boundary 
conditions of the first and third boundary-value problems are, res- 
pectively, of the form 

u | x =cc = <P07 u |*=p = <Pi (2i) 

and 

( — u' + a u) \ x== ol = <P , (u' + |x=p = <Pi, (3i) 

where <p , <p x , a 0, Oi are some given constants. 

Suppose that the function u(x) is a classical solution in Q of the 
first boundary-value problem (1), (2). We multiply (1) by an arbit- 
rary function v(x) £ C i (Q) and integrate the resulting identity 
over Q. By means of Ostrogradskii's formula, we obtain 

j (k Vu Vv + auv) dx = — ^fvdx (4) 
q Q 

(the integral over the boundary dQ vanishes, because v has compact 
support). 

If we additionally assume that the partial derivatives of the solu- 
tion u x . £ L 2 (Q), i = 1, . . ., /2, that is, that u(x) £ H\Q) and 
f(x) £ L 2 (Q), then the integral identity (4) holds not only for all 
z;(z) g C 1 ^) but also for all u £ H^Q). To see this, we consider 

o 

any function v £ 1/ \Q) and a sequence of functions v h (x), k = 

= 1,2, . . ., in that converges to v in the norm of H^Q). The 

identity (4) holds for each of v k (x). Letting in this k oo, we find 
that the identity (4) holds for v also. 

Thus, if / 6 L 2 {Q), the classical solution u of the problem (1), (2) 
belonging to the space H X (Q) satisfies the integral identity (4) for 

all veH^Q). 

We introduce the following definition. 

A function u £ H\Q) is called the generalized solution of the prob- 
lem (1), (2) with / 6 L 2 (Q) if it satisfies the identity (4) for all v£ 

o 

6 H X {Q) and the boundary condition (2). In the boundary condi- 
tion (2), the equality is understood as the equality of elements of 
L 2 (dQ), and u\qq is the trace of u. 

Note that the above definition of a generalized solution is not a 
complete generalization of the corresponding classical notion, 
because in order that a classical solution u(x) be a generalized solu- 
tion it should be subject to additional conditions of "integral char- 
acter", namely, it must be such that u 6 H X (Q) and X u £ L 2 (Q), 
where X is the operator in (1). 

In an analogous manner one can introduce the notion of general- 
ized solution of third (second) boundary-value problem for Eq. (1). 



ELLIPTIC EQUATIONS 



171 



Suppose that the function u(x) is a classical solution of the third 
boundary-value problem (1), (3). Assume that the right-hand side 
f(x) of Eq. (1) belongs to L 2 (Q) and the function q>(x) present in the 
boundary condition (3) belongs to L 2 (dQ). We multiply (1) by an 
arbitrary function u (x) 6 H \Q) and integrate the resulting identity 
over Q. Then Ostrogradskii's formula yields the integral identity 

J {ksju Vp + auv) dx + £ kauv dS = — ^ fv dx + j kyv dS, (5) 

Q dQ Q dQ 



which is satisfied by the classical solution u(x) for all v(x) 6 H\Q). 

We now introduce the following definition. 

The function u £ H\Q) is termed a generalized solution of the 
third {second, if o (x) == 0) boundary-value problem for Eq. (1) with 
/ 6 L 2 (Q), <p 6 L 2 {dQ), if it satisfies (5) for all v 6 H\Q). 

In defining the generalized solutions the functions v in identities 
{4) and (5) were assumed to be complex-valued, but they may as 
well be assumed real-valued. Indeed, if the function u 6 H X (Q) 
satisfies, for example, the identity (4) for all complex-valued func- 

o 

tions v 6 H^Q), then it obviously satisfies the same identity for 

o 

all real-valued u 6 H X {Q). Conversely, if the function u g H^Q) 

o 

satisfies (4) for all real-valued v 6 H^Q), then the same identity 
holds also for any complex-valued v = Re v + i Im v belonging to 

o 

i? *((?)> because it holds for functions Re u and Im v belonging to 

Note that we have, in fact, already encountered (Sec. 3.1, Chap. I) 
generalized solutions of boundary-value problems for Eq. (1) (in 
the two-dimensional case) in deriving the equilibrium conditions of 
a membrane: the integral identities (4) and (5) appearing in the 
definition of generalized solutions coincide with the identities (4) 
and (1) of Sec. 3.1, Chap. I. 

The definitions of generalized solutions of boundary-value problems 
for Eq. (1) apply equally well to one-dimensional case. A function 
u £ H\a, P) satisfying the boundary conditions (2!) (from Theo- 
rem 3, Sec. 6.2, Chap. Ill, it follows that u £ C([a, 0])) is a general- 
ized solution of the first boundary-value problem for Eq. (1^ if for 

any v 6 H\a, P) 

e p 

^ (ku'v' + auv) dx = — J fv dx. (4 A ) 

a a 
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A function u £ H x (a, P) is a generalized solution of the third (sec- 
ond) boundary-value problem for Eq. (1 2 ) if for any v 6 H x {a, P) 

P 

j (ku'v' + auv) dx + k (P) o^u (P) v (P) + & ( a ) a o^ (a) i; (a) 

a 

P 

= - j /vd« + *(P)q)ii;(P) + ft(a)cpoi;(a). (5 4 ) 

a 

The present section is devoted to the study of generalized solu- 
tions of boundary-value problems. Since the generalized solutions 
are elements of the Hilbert space R\Q), the general results of 
Chap. II will be widely used. 

The investigation of classical solutions of the boundary-value 
problems is a considerably more difficult problem and it is natural to 
divide this into two simpler problems: first, the generalized solution 
is constructed, and then by establishing (under appropriate condi- 
tions) its smoothness it is shown to be a classical solution. The smooth- 
ness of generalized solutions will be proved in the next section. 

2. Existence and Uniqueness of Generalized Solution in the Sim- 
plest Case. To examine the questions of existence and uniqueness of 
generalized solutions of boundary-value problems, it is convenient to 
start with the case when the boundary conditions are homogeneous 
(that is, <p = 0). By definition, a generalized solution of the bound- 

o 

ary-value problem (1), (2) with <p = is the function u 6 H X {Q) 

o 

satisfying for all v £ H^Q) the integral identity (4): 
j (kVu Vv + auv) dx=* — j fvdx 

Q Q 

The generalized solution of the third (second) boundary-value prob- 
lem (1), (3) with (p = is the function u £ H\Q) satisfying for all 
v 6 H X (Q) the integral identity 

j" (kVu Vv + auv) dx + jj kouv dS = — \tvdx. (6) 

dQ Q 

Suppose that a(x) ;> in Q. Then, by Theorem 6, Sec- 5.6, 
Chap. Ill, a scalar product 

(u, v)^ t ^ = ^ (kVuVv + auv)dx, (7) 

equivalent to the usual scalar product ^(u, v)= j (V^ + uv) dx^ 

Q 

can be introduced in the space H 1 (Q). Using this, the identity (4) 
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may be put in the form 

For a fixed / £ L 2 (Q) (/> v )l,(Q) is a linear functional on H\Q), 
v£H\Q). Since 

I (/, v)l M) K|| / ||l,«3) II v \\ LM )<C\\ f |k W , || v \\ &i(Q) 

in which the positive constant C does not depend on / and v, this 
functional is bounded and its norm does not exceed C \\ f ||l,(Q)- 
By Riesz's theorem (Theorem 1, Sec. 3.2, Chap. II), there is a 

o 

function F 1 in //*((?) suc h that (/, ^)l 2 (Q) = ^) « for all i; 6 

Hl(Q) 

o 

£ H^Q). Such a function is unique and satisfies the inequality 

II ll^ 1(Q) < C || / || L2 (Q). Accordingly, in H\Q) there is a unique 

function u = F 1 satisfying the identity (8). 
Thus we have proved the following theorem. 

Theorem 1. // a(x) ;> in Q, then for any f £ L 2 (Q) there exists 
a unique generalized solution u of the problem (1), (2) (with <p = 0). 
Moreover, 

where the positive constant C does not depend on f. 

If a (x) ^ and at least one of the functions a(x) or g(x) does 
not vanish identically, then, by Corollary to Theorem 5, Sec, 5.6, 
Chap. Ill, the scalar product 

(u % v)rhq) = j (Wu Vv + auv) dx + j kouv dS, (10) 

Q dQ 

•equivalent to the usual scalar product, can be introduced in H 1 (Q). 
Therefore identity (6) can be rewritten as 

(u, v) HHQ) = — (/, v) Li (Q). (H) 

Since for a fixed f £ L 2 (Q) the functional (/, v) LM)l which is li- 
near in v 6 #*(<?), is bounded: | (/, v) LM) | < || / || l , ( q) || v < 
^ C || / Hl*(Q) II v Whhq), where the constant C > does not depend 
on / or v, by Riesz's theorem there is a unique function F 2 in H X (Q) 
such that (/, v) LiiQ) = — (F 2 , v) H hq) for any v £ H^Q), and 
II ^2 IIhi(Q) ^ C || / ||l2(Q)- Therefore in H X (Q) there exists a unique 
function u = F 2 satisfying (11). 

Thus we have proved the following theorem. 

Theorem 2. // a(x) ^> in Q and at least one of the functions a(x) 
or g(x) does not vanish identically, then for any f £ L 2 (Q) there 
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exists a unique generalized solution u of the problem (1), (3) (with 
<p = 0). Moreover, 

ii"iiH.(Q)<qi/ik(Q), (i2> 

where the positive constant C does not depend on /. 

Remark. If / is a real-valued function, then the solutions of the 
boundary-value problems obtained in Theorems 1 and 2 are also 
real-valued. Indeed, let u = Re u 4 i Im u be the generalized 
solution of one of these boundary-value problems. Since the coef- 
ficients of the equation and the function / are real-valued, from (4) 
(or (6)) it follows that the function Re u is also a generalized solu- 
tion of the same problem (the function v in (4) and (6) may be con- 
sidered real-valued). The uniqueness of the solution implies that 
u = Re u. 

3. Eigenfunctions and Eigenvalues. A nonzero function u(x) is 
called an eigenfunction of the first boundary-value problem for the 
operator X = div (k(x) V) — a(x) if there exists a number X such 
that the function u (x) is a classical solution of the following problem: 

Xu = Xu, x 6 <?, (13) 
u\ dQ = 0. (14) 

The number X is called the eigenvalue (corresponding to the eigen- 
function u(x)). 

It is obvious that to every eigenfunction there corresponds only 
one eigenvalue but not vice-versa. In particular, if u(x) is an eigen- 
function, then so is the function cu(x) for any constant c ^= cor- 
responding to the same eigenvalue. Accordingly, we may consider 
eigenfunctions normalized, for instance, by the condition || u !I L2(Q) = 
= 1. 

Let X be an eigenvalue and u(x) an eigenfunction of the first 

o 

boundary-value problem, and let u(x) 6 H\Q). Multiplying (13) 

by an arbitrary v 6 H^Q) and integrating the resulting equation 
over Q, we obtain the integral identity 

j (kVuVv + auv) dx= —X^uvdx (15) 
Q Q 

which is satisfied by u for all v £ #*((?) • 

A nonzero function u £ H^Q) is called the generalized eigen- 
function of the first boundary-value problem for the operator X if there 
is a number X such that the function u satisfies the integral identity 

(15) for all v £ H 1 (Q); the number X is called the eigenvalue (corres- 
ponding to the generalized eigenfunction u). 
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It will be assumed that || u \\l s (Q) = 1- 

A nonzero function u(x) is called the eigenfunction of the third 
{second) boundary-value problem for the operator X = div (k(x) V) — 
— a{x) if there is a number X (the eigenvalue corresponding to u(x)), 
such that u(x) is a classical solution of the following problem 

Xu = Xu, x£Q, 

As is easy to see, the eigenfunction of the third (second) boundary^ 
value problem satisfies for all v £ H\Q) the integral identity 

j (AVuVy + auv) dx + \ kouv dS = — X j dx. (16) 

Q 6Q Q 

A nonzero function u 6 H X (Q) is called the generalized eigenfunc- 
tion of the third (second) boundary-value problem for the operator X 
if there is a number X (the eigenvalue corresponding to u) such that 
the function u satisfies the identity (16) for all v £ #*((?)• 

It will be assumed that || u ||l 2 (Q) = 1. 

The further consideration in this section will be confined to gen- 
eralized eigenfunctions and their corresponding eigenvalues. It will 
be convenient to regard the identities (15) and (16) defining the gen- 
eralized eigenfunctions as identities in the scalar products in 

spaces L 2 (Q) and H^Q) or H 1 (Q), respectively. 

Put m = min a(x) (here it is not assumed that a(x) ^> 0). Then; 

the function 

~a(x) = a(x) — m + 1 ;> 1 in Q. 
Therefore a scalar product (equivalent to the usual scalar product)* 

o 

in H 1 (Q) can be defined by the formula 

(u, v)^ x = ^(kVuVv + auv) dx, (17) 
Q 

while in H^Q) by 

(w, v)hhq) = J {k^/uWv + auv) dx + J kouv dS. (18) 

Q dQ 

Then (15) and (16) can be rewritten as 

(u ' v )fr (Q) = (- K - m + ^( u > (19) 

and 

(u, v)hhq) = ( — X — m + l)(u, v) LM) . (20> 
We shall first prove the following assertions. 
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Lemma 1 . There is a bounded linear operator A acting from L 2 (Q) 

e 

into H^Q) with the domain of definition L 2 (Q) such that for all v £ 
£ H^Q) the following relation holds: 

(u, v)l M) = {Au, v) &hq) . (21) 

The operator A has an inverse A ~ 1 . If A is regarded as an operator 

o o 

from H X {Q) into H^Q), it is self adjoint, positive and completely 
continuous. 

Lemma I'. There is a bounded linear operator A 9 acting from 
L 2 (Q) into H 1 ^) with the domain of definition L 2 (Q) such that for 
all v £ H X (Q) the following relation holds: 

K v)l z (Q) = (A'u, v)hhQ)- (21') 

The operator A' has an inverse A'' 1 . If A' is regarded as an operator 
from H X (Q) into H^Q), it is self adjoint, positive, and completely 
■continuous* . 

We shall prove Lemma 1; Lemma 1' is proved in the same way. 
Proof of Lemma 1. For any (fixed) function u £ L 2 (Q) the function- 

o 

al l(v) = (u, v)l,(Q)i which is linear in v, v £ H^Q), is bounded, 
because 

\l(v)\ = \ («, v) LM) |<|| u || Lt(Q) || v ||l, ( o)<C II u \\ LM) || v || A(Q) . 

Therefore, by Riesz's theorem, there exists a unique function U £ 
•6 HHQ), || U \\. = || I || < C || u || Ll(Q) , such that l(v) = 

o 

= (U, V )^ Q) f° r a U v £ • This means that on L 2 (Q) an oper- 
ator A is defined (which is obviously linear): Au = U, for which 
{21) holds. Since || Au ||o ^ C \\ u \\l 2 {Q), the operator A from 

o 

L 2 (Q) into J9 rl (0 is bounded. If for some u £ L 2 (Q) Au = 0, then, 

by (21), (u, v) Ls{Q) = for all v 6 H 1 (<?), that is, u = 0. This im- 
plies that the operator A' 1 exists. 

o o 

The operator A from H^Q) into IP-{Q) is selfadjoint, as can be 
seen from (21): {Au, v)^ = (u, v) LM) = (v, u) LM) = 

= (Av, U )^ Q) = ( w » ^^h*(Q)' a ^ S ° ^ m P^ eS *^ at °P erator A 

is positive. 

* The form of operators A and A ' depends, of course, on the scalar product 

denned in H X {Q) and H X {Q)^ respectively. Here scalar products (17) and (18) 
are used. 
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Let us show that A as an operator from H^Q) into H^Q) is 
completely continuous. Consider an arbitrary set of functions bound- 

o 

ed in H l (Q). By Theorem 3, Sec. 5.4, Chap. Ill, this set is com- 
pact in L 2 (Q). This means that from any of its infinite subsets we 
can choose a sequence u s , s = 1, 2, . . ., which is fundamental in 

o 

L 2 (Q). Since the operator A from L 2 (Q) into H 1 (Q) is bounded, 
and hence continuous, the sequence Au s , s = 1, 2, . . ., is funda- 
mental in H 1 (<?). | 

By Lemma 1, the identity (19) can be written in the form of an 

o 

operator equation in the space H^Q): 

— (X + m — I) Au = u, u£ H\Q). (22) 

Similarly, (20) can be written, using Lemma 1', as an operator 
equation in the space H X (Q): 

— (X + m - \) A'u = u, ue H\Q). (22') 

Thus the number X is an eigenvalue of the first (third) boundary- 
value problem for the operator X and u is the corresponding genera- 
lized eigenfunction if and only if — (X + m — 1) is the character- 
istic value of the completely continuous selfadjoint operator A 

from H^Q) into H^Q) (A' from H^Q) into /P(0) and u is the 
corresponding eigenelement. 

Therefore from the results of Sec. 5, Chap. II it follows that there is 
at most a countable set of eigenvalues of the first (third) boundary- 
value problem; this set does not have finite limit points; all the 
eigenvalues are real; to every eigenvalue there corresponds a finite 
number (the multiplicity of the eigenvalue) of mutually orthogonal 

o 

eigenf unctions in H^Q) (in H 1 (Q))\ the eigenf unctions correspond- 

o 

ing to different eigenvalues are orthogonal in H^Q) (in H 1 (Q)). 

Note that corresponding to each eigenvalue X of the first (third) 
boundary-value problem one can choose exactly /c, h being the mul- 

o 

tiplicity of X, mutually orthogonal real eigenfunctions in H 1 (Q) 
(in H 1 (Q)). Let u — Re u 4 - i Im u be the eigenfunction corres- 
ponding to the eigenvalue X. Since X and the coefficients k(x) and 
a(x) are real, the functions Re u and Im u, as follows from (15) or 
(16), are also eigenfunctions corresponding to the same X (the func- 
tion v in (15) or (16) may be considered real-valued). It is not dif- 
ficult to check that the maximum number of mutually orthogonal 
real eigenfunctions is k. 
Let 



X x , X 2 , . . ., X s , 



(23) 
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be the sequence of all the eigenvalues of the first (third) boundary- 
value problem for the operator X in which each eigenvalue is re- 
peated according to its multiplicity. Let 

(24) 

be a system of mutually orthogonal generalized eigenfunctions 

o 

(II u s IIl,(Q) = 1) in HKQ) (#*((?)); eacn u s corresponds to the 
eigenvalue X 5 : 

— (k s + m — 1) Au 8 = u„ 5=1,..., (25) 

for the first boundary-value problem and 

— (k s + m — 1) A'u 8 = u s , s = 1, . . ., (25') 

for the third boundary-value problem. 

Scalar* multiplication in H^Q) (H^Q)) of (25) ((25')) by u 8 
gives, in view of (21) ((21')), 

II U ° H*(S = ~ {K + m ~ 1} 11 U * IIL(Q) =-(^ + ^~ 1 )' ( 26 > 
|| u 8 Whm = - (K + ™- 1) || u 8 ||i f(Q) =-(X s + m -l), (26') 

o 

which may be written (the scalar products in H X {Q) and H l (Q) are 
defined by formulas (17) and (18)) in the form 

j k | Vw 8 P dx + j (a + X s ) \u s | 2 dz = (27) 
Q Q 
for the first boundary-value problem and 

J k | Vu 8 \ 2 dx+ j (a + X 8 ) \u 8 \*dx + j ko | u a | 2 dS = (27') 

Q Q dQ 

for the third boundary-value problem. 

It follows from equality (27) that for all s = 1, 2, . . . 

X a <C — rn= — min a{x). (28) 

Similarly, from (27') it follows that for all 5 = 1, 2, ... 

X 8 <; — m= — min a(x) , (28') 

and for all s = 1, ... strict inequality holds if either a(x) =^= const 
or o(x) =f= 0. If, however, o(x) = (the second boundary-value 
problem) and a(x) = const, a(x) = m, then among the eigenvalues 
of the second boundary-value problem there is one that equals — m 
and the corresponding eigenf unction is equal to const = II V\ Q V 
This eigenvalue has multiplicity 1, because, by (27'), all the eigen- 



ELLIPTIC EQUATIONS 



179 



functions corresponding to it satisfy the relation j k | I 2 dx = 

Q 

= 0, that is, are constants. 
It follows from (26) ((26')) that the system 

Vl-m-fa ' # ' ' ' /l-m-C ' * • (24) 
is orthonormal in H^Q) (in H^Q)). By Corollary 1 to Theorem 2, 

e 

Sec. 5.2, Chap. II, this system is an orthonormal basis for H^Q) (for 
#*((?)). And since the space H X (Q) {H\Q)) is infinite-dimensional, 
it follows that the set (24), and therefore also (23), is infinite. Hence 
X 8 — >■ — oo as $ — >■ oo . 

Scalar multiplication in H^Q) (H^Q)) of (25) ((25')) by u h 
j s, and the use of (21) ((21')), gives the identity — (k s -\-m — 1) x 
X {u s , Uj) Lt (Q) = 0, that is, the system (24) is orthonormal in 
L 2 (Q). As the linear manifold spanned by the system (54) (and 

therefore by the system (24)) is everywhere dense in H^Q) C" (())), 
it is also everywhere dense in L 2 (Q). Accordingly, the system (24) 
is an orthonormal basis for L 2 (Q), that is, any element / £ L 2 (Q) 
can be expanded in a convergent Fourier series in L 2 (Q): 

oo 

and the Parseval-Steklov equality holds: 

H7I|L,cq)= 2 IM 2 - 

8=1 

Suppose that the function / g H X (Q) (H^Q)). It can be expanded 
in a Fourier series with respect to the orthonormal basis (24) that 
converges in H\Q) (H^Q)): 



for the first boundary-value problem (/ £ H X {Q)) and 



(30) 



12* 
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for the third boundary-value problem (/ £ H^Q)). Moreover, the 
following Parseval-Steklov equalities hold: 



and 



s=l 



2 

HHQ) 



Hi(Q). 



The series (30) ((30')), of course, converges to / in the norm of 
L 2 (Q) also. A comparison of this series with the series (29) shows 

that /. = (/, u s ) Lt(Q) = (/, "« ) V4 1 . (/.= 
= ( /, . " s ) A 1 ) . Therefore 

oo 

= (l-m)H/l|l,(Q)-S^I/.l a 



( II / \\h (Q) = (l-m) || /||l t(Q) - 

3=1 

whence it follows, in view of (28), that 
l|^||/ 8 | 2 <-S^I/ s | 2 + 2|m|5l/J 2 

s=i s=i s=l 

<ll/ll|, w + (2|^| + |m-l|)||/||i, (Q) 

and similarly (in view of (28')) that 

f 1 \K\\h\ 2 <\\f\\h ( Q) + (2\rn\ + \m-l\)\\f\\l (Q) . 

5=1 

Thus we obtain the inequality 

%\K\lh\ 2 <C\\f\\\ , (31) 
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where a s , s = 1, 2, . . are eigenvalues of the first boundary-value 

o 

problem with f d H 1 (Q), and the inequality 

2 \K\\fs\ 2 <C\\f\\h (Qh (32) 

where A, s , 5=1, 2, . . ., are eigenvalues of the third boundary- 
value problem with / 6 H X (Q). The constant C in (31) and (32) does 
not depend on /. Thus we have proved the following theorem. 

Theorem 3. The eigenvalues ^, . . . of the first or third (second) 
boundary-value problem for the operator X = div (k(x) V) — a($) 
are real and % s -> — oo as s-*- oo. When a(x) const, the eigenval- 
ues of the first and third, with o 0, boundary-value problems as well 
as those of the second boundary-value problem (a = 0) satisfy the ine- 
quality X s <Z — min a(x) for all 5=1, 2, . . ., When a{x) is a 

xEQ 

constant, a (x) = m, the eigenvalues of the second boundary-value 
problem satisfy the inequality X s ^ — m, s = 1, 2, . . ., and there is 
an eigenvalue that is equal to — m whose multiplicity is 1 and to which 
there corresponds the generalized eigenf unction i/V\ Q |. The gener- 
alized eigenf unctions u t (x), u 2 (x), . . . of the boundary-value prob- 
lems under consideration constitute an orthonormal basis for L 2 (Q), 
that is, any function f 6 L 2 (Q) can be expanded in a Fourier series 

(29) which converges in L 2 (Q). When f £ H 1 ^), the series (29) in 
terms of the generalized eigenf unctions of the first boundary-value 

o 

problem converges in H X (Q) and the inequality (31) holds. When f £ 
£ H x (Q)i the series (29) in terms of the generalized eigenf unctions of 
the third (second) boundary-value problem converges in H X (Q) and 
the inequality (32) holds. 

4. Variational Properties of Eigenvalues and Eigenfunctions. The 

o 

operator A defined by the relation (21) and acting from //((?) into 

o 

H X (Q) is selfadjoint, completely continuous and positive (Lemma 1), 
therefore, by Theorem 1, Sec. 5.1, Chap II, its first characteristic 
value, obviously positive, is 

/6HHQ) H < Q > /6H»(Q) 

o 

(the norm of / in H 1 (Q) is defined corresponding to the scalar pro- 
duct (17)). The functional || / ll^ 1(Q) /|| / lii 2 (Q) assumes the value 
when / = u x , where u x is the first eigenelement of the operator A.. 
Therefore the first eigenvalue of the first boundary-value problem 
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for the operator X is given by 



„,„* S (*|V/|«+a|/|«)(b 

II / \\HH\ 



K= - m+ i- inf = _ inf Q (33 ) 

o II / IIL(Q) , o I / I 2 ^ V ' 

feH 1 (Q) feHHQ) Q 

and the exact lower bound of the functional 

j (ft|V/| 2 + a|/P)ds/$ U\*dx 
Q Q 

o 

on the space H l (Q) is attained through the first eigenf unction u t . 
The results of Sec. 5.1, Chap. II, imply that (&+ l)th character- 



2 



istic value \i k+i of the operator A is equal to inf 



H/Hih(Q) 

/GH»(Q) 



<''^(Q)= 
i=l ... ft 

Since, according to (21), (/, u t )° HQ) = Hi (/, -4wi)^, ( Q,"=|*f (/» "OmQ). 
< = 1, 2, it follows that 



<'» u i ) L 2 (Q)=0 
i=l . .... ft 

Thus the (/c + l)th eigenvalue of the first boundary-value problem 
for the operator X is given by 

2 

II f\' 

= —m+l— inf 



<' • u i>L 2 (Q)=° 
i=l, . . ft 

X (A|V/| 2 + a|/|*)<fr 

= - inf ^ (34) 

,/6*(0> i'" 2 ** 

(^^) Lt(Q) =o Q 

i=l ft 

The functional 

[ (A|V/| 2 + a|/P)da;/j | ffdz 
Q Q 
attains its exact lower bound through the eigenfunction u ft+1 on the 

o 

subspace of the space H 1 (Q) that is composed of all the functions 
orthogonal^in the space with the scalar product, L 2 (Q), to the eigen- 
f unctions w 1? . . ., u h of this boundary-value problem. 
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In exactly the same manner, for the third (second) boundary- 
valu© problem for the operator X 

X^-m + i- inf l^JpL 

$(*|V/|»+«I/I*)*H- $ ko\f\*dS 
= - inf -5 . 22 (33') 

X h+1 =-m + l- inf ^TiF^* 

<>• Vl,(Q)=<> 
i=l, .... ft 

J (*|V/| 2 +a|/| 2 )<fr+ J Aa|/|«iW 

= - inf 5 22 . (34') 

/6HKQ) J|/|«ifa 

i=l, ...,ft 

The exact lower bound of the functional 

$(*|V/|a + a|/|V*+ J*a|/|«d5 
_Q ao 

Q 

on i/ 1 ^) is attained through the first eigenfunction u ± . The exact 
lower bound of this functional is attained through the (k + l)th 
eigenfunction u h+1 on the subspace of //*((?) consisting of all the 
elements orthogonal to the space with the scalar product, L 2 {Q), to 
the eigenfunctions u x , . . ., u k of the respective boundary-value 
problem. 

Formulas (33) and (33') can be combined into one: 
S (*|V/| 2 + a|/|*)d*+ I ko\f\*dS 
X t = - inf -2 . 22 f (33") 

Q 

moreover, ^ is the first eigenvalue of the third (second, if a = 0) 
boundary-value problem for the operator X if G = H^Q), and X 5 
is the first eigenvalue of the first boundary-value problem if G = 

= H X {Q) (when / 6 H X {Q), the integral j ko \ f | 2 dS = 0) . 

ac? 

Similarly, formulas (34) and (34') can be combined into one: 

\ (k\Vf\*+a\f\*)dx+ I ko\f\*dS 
X h + t - inf -2 . 22 . (34") 

i = 1 , . . ft 
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Sometimes the application of formulas (34), (34'), (34") in finding 
the (ft -f l)th eigenvalue X h+1 becomes difficult as they depend on 
the knowledge of the preceding eigenfunctions u 1 , . . ., u h . A form- 
ula for calculating X h+1 will be obtained below which is free from 
this defect. 

We take arbitrary ft functions cp l7 . . cp fe belonging to L 2 (Q) 

o 

and denote by R (<p 1? . . cp ft ) the subspace of H 1 (Q) which con- 
sists of functions / that are orthogonal to the functions <p 1? . . ., cp ft 
in the space with the scalar product, L 2 (Q): (/, <p s )l 2 (Q) = 0, s = 
= 1, . . k. Let 

2 

<*(<Pn <p h )= -m + i— inf w , 

/6fl(<P r • • .,<P ft ) 11 7 »L,(Q) 

and let d h+1 be the exact lower bound of the number set {d (q> x , ... 
• • •» <Pfc)} taken over all the possible systems of functions <p l7 . 
. . ., <p fe belonging to L 2 (Q): 

d h+i = inf £4(94, <p fc ). 
®i v ft ) 

<P s tL 2 (Q) 
3=1, . 

We shall show that d h+1 = where is the (k + l)th 

eigenvalue of the first boundary-value problem for the operator X. 

Since d {u x , . . ., u h ) = K h+1 (formula (34)), it follows that 
d h+1 < Xft+j. We shall now establish the reverse inequality. To do 
this, it is enough to construct for an arbitrary fixed choice of the 
system q^, . . ., <p fe a function / in R (cp lt . . ., cp ft ) such that 
|| / || La(Q) = 1 and 

H/Hi(Q)<-^i~ m + 1 - 
The function / will be sought in the form 

f = 2j fsU s , fs = (/> ^s)L 8 (Q) . 

s=l 

Then the conditions / £ #(<Pi, • • <Pft) and || / || L ,«j) = 1 become 
fe+i 

(/, q>p)L l( Q) = 2 /.("a,q>p)L f( Q) = o, p = i, ft, (35) 
ll/IIL( Q ) = h i 1 |/ s | 2 = i. 06) 

s=l 

Since the linear system (35) regarding the vector (/ lv . . is a 

homogeneous system of ft equations in ft + 1 unknowns, it has always 
a nontrivial solution. It is always possible to satisfy the normalizing 
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condition (36). Since, in view of (26) and (36), 
ft+1 ft-H 

II / 4 ( Q> = s § |/« l 2 H"« H|.(Q) = A \fA 2 ( — K — m + i) 

ft+1 

< 2 \fs\ 2 (-K + i-rn+i)^-X h+i ~m + t 

s=l 

(recall that X x ^ X 2 ^ • • • ^ ^ft+i)> ^ follows that / is the desired 
function. 

Thus the (k + l)th eigenvalue of the first boundary-value problem 
for the operator X is given by the formula 



k h+i = inf I —m-j-1— inf 

5=1 • • • • » h i=l, . . . , ft 



2 

= — m + 1 — sup inf 



«V ••••»*> /eJ i. ( Q) M/ "i.«) 

s=1 ft »=1, ...,fc 

S (fc|V/|» + o|/|»)«to 

= — sup inf - — ■ , (37) 

<»i. •••.»*> /e £. (<?) il/l 2& 
<p «■•«» (/.«)-» 

S=l, ft i=i, 

expressing the so-called minimax property of the eigenvalues. 

Exactly in the same manner the formula for (k -f l)th eigenvalue 
of the third (and second) boundary-value problem for the operator 
X is established: 



X k+l = — m + 1 — sup inf 



(<p x <p&) feHHQ) n / Hl,(Q) 

q) s £L 2 (Q) (/ ' < » ) i)L 2 (Q)=0 
s=l, . . ., ft t=l, • • - , ft 

J (k\Vf\ 2 + a\f\*)dx+ I ko\f\*dS 

= - sup inf -2 22 (37') 

(q>! <p fe ) , /en»(Q) J l/| a <& 

<P £ 6L 2 (Q) ( Pi)L 2 (Q)=° Q 
i=i, ...,ft t=L ..-.h 

Formulas (37) and (37') can be combined into one: 

S (A|V/|» + a|/|»)dx+ J *a|/|«<W 
W— sup inf 2 « (37") 

«P r ...,(P ft ) , KG )\f\ 2 dx 

<P;GL 2 (Q) <>• ( J ) i)L 2 (Q)=° Q 
i=l,...,ft *=1 11 
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in which *kh+i is the (k + l)th eigenvalue of the first boundary-value 

o 

problem for the operator div (k(x) v) — a(x) if G = H X (Q), and 
X h+1 is the (k + l)th eigenvalue of the third (second, if a = 0) 
boundary-value problem if G = H^Q). 

The minimax property of eigenvalues furnishes a possible way of 
■comparing the eigenvalues of various boundary- value problems. 

Theorem 4. 1. Let JiJ, X™ be the kth eigenvalues of the first, 
second, and third (for some a ^ 0) boundary-value problems for the 
operator X = div (k(x) V) — a{x). Then %\ < X™ < if for all 
k = 1, 2, .... 

2. Let %' h be the kth eigenvalue of the first, second or third (for some 
= 0'^ 0) boundary-value problems for the operator X' = 
= div (k'(x) V) — #'(2), and let A£ be the kth eigenvalue of the 
first, second or third (for some a = a" ^> 0) boundary-value problems 
for the operator X" = div (k"(x) V) — a"(x). If k' < k" , a 1 < a" 
in Q and in the case of the third boundary-value problem a' ^ a" on 
dQ, then %' h > K m h for all k = 1, 2, .... 

3. Let Q' be a subregion of the region Q, Q' a Q, and t k h (Q)j ^ k (Q') 
be the kth eigenvalues of the first boundary-value problem for the opera- 
tor X = div (k (x) V) — a (#) in Q and Q' ', respectively. Then 
*h(Q)>K(Q') for all A = 1, 2, .... 

Proof. Let k > 1. Since the value of the functional present in 
{37") after the sign inf in the case of the third boundary-value prob- 
lem (a ;> 0) is not less than its value for the second boundary- 
value problem (a = 0) and the set G in both cases is the same, G = 
= H^Q), it follows that A," 1 < l 1 *. The inequality %l < j£ XI also 
follows from (37"), because the set G over which inf is taken in the 
case of the third boundary-value problem is wider than the set G 

for the first boundary-value problem: H^Q) id H^Q). 
Assertion 1 for k = 1 follows from (34)". 

2. Assertion 2 follows from (37") (for k > 1) and from (34") 
<(when k = 1), because the value of the functional appearing after 
the inf sign for the operator X" is not less than the corresponding 
value for the operator X' . 

o o 

3. Since the set H X (Q) contains the set H^Q) of functions belong- 

o 

ing to H 1 (Q) and vanishing on Q\Q', we have for k > 1 
X h (Q)=- sup inf T(f) 

S=l, .... fc-i s=1 h-1 

sup inf T(f) 

s=l, .... ft-1 /VLt(Q) 
s=i , . . . , h~ 
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= - sup inf T(f) = k k (Q') J 

s— i , . . . , r i s= i t . . . , ft- l 

whero 

S (*|V/|* + a|/|2)<fc 

rro - a — T7?= 

Q 

If ft = l, then 

M<?)=- inf r(/)>- inf T(f) = K i (Q'). | 

5. Asymptotic Behaviour of Eigenvalues of the First Boundary- 
Value Problem. We first consider the eigenvalues of the first bound- 
ary-value problem for the Laplace operator A (of the operator X = 
= div (/cV) — a with k = 1, a = 0) in the cube K x = {0 < x t < Z, 
i = 1, . . n) with side I > 0. The generalized eigenf unction 
u(:z), corresponding to the eigenvalue X, of the first boundary-value 
problem for the operator A in K t is defined to be a function belong- 

e 

ing to H x {Ki) which satisfies the identity 

j Vu Vudx= — X j uu dx 
K i K i 

for all v^H^Kt). 

It can be easily verified that the function u mi . . . mn (x) = 

n 

2 \n/2 p. . nmiXi 



(t)' 



[[ sin — j-^- with integers m i > 0, . . . , tfi n > is an 



i=i 



eigenfunction of the boundary-value problem under discussion; the 

corresponding eigenvalue is • • • + ™>n)- The system 

of functions u mt ,„m n (x) for all integers m t > 0, i = 1, . . ., rc, 
is orthonormal in L 2 (Ki). Since any function belonging to L 2 (Ki) 
and orthogonal to all u mi ... m ^ is zero (this is proved just as the 
corresponding assertion in Sec. 4.4, Chap. Ill, for the system of 
functions w mi ... mn = exp {i (m^ + . . . + m n x n )} in the cube 
{I %i | < i = 1, . . ., n}), this system constitutes an orthonor- 
mal basis for L 2 (K{), and accordingly contains all the eigenfunctions 
of the first boundary-value problem for the operator A in K t . 

Thus there is a one-to-one correspondence between the set of all 
the eigenfunctions of the problem in question and the set of all the 
points (wiu . . m n ) with positive integer coordinates, and there- 
fore also the set of all the cubes K mi ...ni n = {m* — 1 ^ x t ^ m tJ 
i = 1, . . n). And the eigenvalue corresponding to the function 
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Wm,...7« n W is equal to the square of the distance from the point 
(m 1? . . m n ) to the origin multiplied by — Jt 2 /Z 2 . Thus the multi- 
plicity of the eigenvalue % equals the number of points with integer 

coordinates lying on a sphere of radius Y — ^ ^ n particular, the 
jt 2 

number j^-n is the first eigenvalue; its multiplicity is 1. The cor- 
responding eigenfunction is u 1 ... 1 (x) = ^yj n/2 sin^p- . . . sin n * n . 

ji 2 

The next eigenvalue is JT ( n + 3); its multiplicity is n. The 

corresponding eigenfuctions are i*i ... 1,2,1 ... iW = x 

i-l 

X sin y . . . sin sin -y- 1 sin —p 1 . . . sin -p , 1 = 1, . . . , n. 

Let N(p) denote the number of eigenvalues (having regard to 
the multiplicity) which do not exceed some p > in absolute 
value. iV(p) is equal to the number of points (m, ...,m n ) with 

l 2 

positive integer coordinates for which m\-\- . . . + m n^C—z P or » 

what is the same, is equal to the volume of a solid My- lfn com- 

I 2 

posed of all the cubes K mi% ,, mn for which m\-\- . . . +^n<^2"P- 
Since My- l/n czS VBl/n ={\x\<^Vp, *i>0, i = U »} f 

N(9)<\ s V^i/n\ = ^^rP n/2 ' 0n the other hand ' for P> n ir 
M ^i,n^ S V,i,n-V^ therefore for p>^£, N(p)^^-X 

Let the eigenvalues be numbered, as usual, in increasing order: 
0>a 1 ^sA, 2 ;> . . . (every eigenvalue in this sequence occurs 
according to its multiplicity). Consider any eigenvalue X 8 of multi- 
plicity p s , p s > 1, and assume that \_ p ', • >, K, . . ., \+ p ^ for 

some p' s ^> 0, pi ^> 0, p' s + p" s + 1 = p s are a U tne eigenvalues 
equal to K 8 . 

The number p s is equal to the volume of the solid composed 
of the cubes K mi ... mn whose vertices (m l , . . ., m n ) lie on a sphere 

of radius 1 K s | 1/2 with the origin as the centre. This solid is 
contained in S^^^S^i,*^^ so Pa <^-[(±| X s |) n/2 - 

-(viM-^n- 

In particular, noting that X s ->- — 00 as s->- 00, we find that 
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From the definition of the function N (p) it follows that 
s + pl = N(\K S \). Accordingly, ^(-^-^f'^H^ 
<-%- (ii^i!) n/2 . And since 0<pl<p s , the ratio s/\ X s | n / 2 has a 

limit that equals Z n / 2 jT n / 2 . Therefore (recalling that . . .<^< 
<^i<0) there are constants C and C l7 O^^Co^C^, such that 

_ sVn^ Xs ^__C± s Vn (38) 

for all s = 1, 2, .... 

Since the eigenvalues do not depend on the coordinate system 
chosen, the inequalities (38) for the eigenvalues of the first boundary- 
value problem for the Laplace operator continue to hold if the cube 
Ki is replaced by any other cube with side Z. It is easy to see that 
the eigenvalues of the first boundary-value problem for the operator 
/c A — a , where k > and a are constants, in a cube with side I 

are — k -jr ( m i + • • • + m n) — ^o? where m 1? . . ., m n are posi- 
tive integers. Thus the inequalities (38), with some constants C 
and C x (depending on k ) hold also for them for all s, starting with 
some s (depending on k and a ). 
We now examine the general case. 

Theorem 5. Let K s , s = 1, 2, . . be the eigenvalues of the first 
boundary-value problem for the operator X = div (k(x) V) — #(#) 
in the region Q. There exist constants C and C x , < C ^ C 1? and a 
number s such that the inequalities 

- C 1 5 2 M<X 5 < - C s 2/n (39) 

hold for all s^s . 

Proof. Suppose that X s and K s are eigenvalues of the first bound- 
ary-value problem in Q for the operators X = div (feV) — a = kk — a 
and X=kA — a, respectively, where k = m&xk(x), k = mink(x), 

a = maxa(x), a = min a(x). Then, by Assertion 2 of Theorem 4, 

_ xEQ ~ x£Q 

K<K<K for s = l, 2, .... 

By K' and K" we denote the cubes such that K' cz Q cz K" , and 
by X' s and h" s the eigenvalues of the first boundary-value problem for 
the operator X in K' and the operator X in K" , respectively. By 
Assertion 3 of Theorem 4, X' s ^ K s and h" s ;> X s for all s. The con- 
clusion of the theorem now follows from the fact that starting with 
sqme s ,= 5 the inequalities (39) hold for k' s and X[i | 
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6. Solvability of Boundary- Value Problems in the Case of Homo- 
geneous Boundary Conditions. In Subsec. 2, we examined the question 
of existence and uniqueness of generalized solutions of the first 
and third (second) boundary-value problems for Eq. (1) under the 
assumption that a(x) in Q. Now the general case will be dis- 
cussed. 

Let m = min a(x). The identities (4) and (6) can be written 
in the form 

( u * v h>(Q) + ( m ~~ ^ ^' ^ Lf(Q) = — ^ ^ L « (Q) ' < 4 '> 
(u, v ) Hl{Q) + (m — i)(u, v) LM) = — (/, y) Ll (Q)t (6'> 

where the scalar products in H^Q) and are defined by for- 

mulas (17) and (18). By Lemma 1, Sec. 1.3, the identity (4') is equiv- 
alent to the operator equation 

u + (m - I) Au = — Af (40) 

in the space H^Q), while the identity (6'), by Lemma 1', to the 
operator equation 

u + (m - 1) A'u = —A'f (40'} 

in the space H\Q) (recall that Af£ H^Q), A'f g H^Q)). The oper- 
ator A from H^Q) into H^Q) (A' from H^Q) into H X (Q)) is 
completely continuous. Therefore for the investigation of Eq. (40) 
((40')) Fredholm's theorems can be applied (Theorems 1-4, Sees. 4.3- 
4.7, Chap. II). 

(1) If the number — m + 1 is not a characteristic value of the 
operator A (A'), then by Fredholm's first theorem Eq. (40) ((40')) is 
uniquely solvable with any f^L 2 (Q), and the inequality ||tt||£i (Q) ^ 

< c i II Af || ftl(Q) < C || / || L2(Q ) (|| u \\hhq) <C\\f || L2(Q) ) holds, 

where the constant C > does not depend on /. Since — m + 1 is a 
characteristic value of the operator A (A') if and only if zero is an 
eigenvalue of the first (third) boundary-value problem for the opera- 
tor X, we have established the following theorem. 

Theorem 6. For any f £ L 2 (Q), there exists a unique generalized 
solution u(x) of each of the boundary-value problems (1), (2) and (1), 
(3) with homogeneous boundary conditions (q) = 0), provided that zero 
is not an eigenvalue for the operator X. Moreover, the inequality 

H"!lH.(Q)<C||/||r,(Q), 

where the constant C > does not depend on /, holds. 

(2) If — m + 1 is a characteristic value of A (A') (then, of course, 
m ^ 1), we use Fredholm's third theorem. In this case, in order 
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that Eq. (40) ((40')) be solvable it is necessary and sufficient that ih& 
equality (Af, w p )hi(Q) = ((^7, u p )hhq) = 0) hold for all the eigen- 
functions u p of the operator A (A') corresponding to the character- 
istic value — m + 1. Eq. (40) ((40')) has a unique solution u which 

is orthogonal in H^Q) (H^Q)) to all the functions u p , and for this 
solution the inequality || u ||^ 1(Q) < C \\ f || L2(Q) (|| u \\ H i iQ) < 

^ C II / Hl,(Q)) holds in which the constant C > does not depend 
on /. Any other solution of Eq. (40) ((40')) is expressed as the sum 
of the solution u and a linear combination of the functions u p . 

From the definition of operators A and A' ((21) and (21'), respec- 
tively) it follows that orthogonality in H 1 (Q) (H 1 (Q)) of functions 
Af (A'f) and u p is equivalent to that of functions / and u p in L 2 (Q). 

What is more, the orthogonality in H 1 (Q) {H 1 (Q)) of the solution u 
of Eq. (40) ((40')) to the eigenfunction u p is equivalent to their ortho- 
gonality in L 2 (Q), because, in view of (21) ((21')) 

M p)^ ( Q) = ( 1 ~ m ) ( Au > w p)5kq)-(^ u p)Shq) 

= (1 — m) {Au, u p ) &t(Q) = (1 - m) (u, u p ) L , (Q> 

((u, HpW) = (1 — m) (u, u p ) LM) ). 
We thus have the following result. 

Theorem 7. // zero is an eigenvalue of the first or third (second) 
boundary-value problem for the operator X, the necessary and sufficient 
conditions for the problem (1), (2) or (1), (3) with homogeneous bounda- 
ry conditions ((p = 0) to have a generalized solution are the following'. 
(/» w p)l,(Q) = for all generalized eigenfunctions u p of the respective 
problem corresponding to the zero eigenvalue. The problem (1), (2) or 
(1), (3) {with q> = 0) has a unique solution u which is orthogonal to all 
the eigenfunctions: (u, Wp)l,(Q) = 0. This solution satisfies the in- 
equality 

\\u\\H>(Q)<C\\f\\ LMh 

where the constant C > does not depend on /. Any other solution is 
expressed as a sum of this solution u and a linear combination of the 
functions u p . 

From Theorem 3 it follows that zero is an eigenvalue of the second 
boundary-value problem (a = 0) for the operator X when a = 0; 
the corresponding unique eigenfunction is 1/]A| Q |. Therefore Theo- 
rem 7, in particular, implies 

Theorem 8. For the problem 

div(fc(*) V «) = /, #^-0. 
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to have a generalized solution it is necessary and sufficient that 

\ fdz = 0. 

Q 

Under this condition, there is a unique solution u satisfying the condi- 
tion f u dx = 0, and this solution satisfies the inequality 

Q 

\\u\\HHQ)<C\\f\\ LMh 

where the constant C > does not depend on /. Any other generalized 
solution u of this problem can be expressed as u = u + c^ where c x is a 
constant. 

Remark. If / is a real-valued function, then the solutions described 
in Theorem 6 are also real-valued. This assertion is proved just as the 
corresponding assertion in Remark at the end of Subsec. 2. The solu- 
tions mentioned in Theorems 7 and 8 could also be considered real- 
valued, provided, of course, all the corresponding eigenfunctions 
are taken real-valued and one considers their linear combinations 
with real coefficients only. 

7. First Boundary- Value Problem for the General Elliptic Equa- 
tion. The results of the foregoing subsections are easily extended to 
the case of more general elliptic equations. To illustrate it, we con- 
sider the following boundary-value problem: 

n n 

Xu== 2 {*u{x)u> x .)x>+ 2 a i (x)u x +a(x)u = f(x), x£Q, (41) 

i,j=i 1 3 i=l 1 

u\ dQ = 0, (42) 

where the real-valued coefficients a t j{x) g C 1 (Q), a t (x) £ C X (Q), 
a{x) 6 C (0, z, j = 1, . . ., n\ the matrix || a if (x) || is assumed to 
be symmetric and positive-definite (ellipticity of Eq. (41)), that is, 
it satisfies the inequality 

I) a u (x) Uj^y 2 B (43) 

i, j=l i=l 

with a constant y > for any real vector . . ., l n ) and any 
point x £ Q. 

The classical solution u(x) of the problem (41), (42) is defined in 
the usual manner: this is a function which belongs to C 2 (Q) f| C(Q) 
and satisfies (41) and (42). By means of Ostrogradskii's formula, it is 
easily seen that if / £ L 2 (Q), the classical solution of the problem (41), 

o . t ' o 

(42) belonging to I^iQ) satisfies for all u £ H 1 (Q) the integral iden- 



tity 

n 

j 2 a u u x t v Xj dx 

n n 

+ j W [S a ^^+(S — «)y]^= — j (44) 

Q i=l i=l Q 

o 

The function u £ H^Q) is called a generalized solution of the 

o 

problem (41), (42) if for all u 6 H^Q) it satisfies the integral iden- 
tity (44) with / 6 L 2 (Q). 

According to Theorem 6, Sec. 5.6, Chap. Ill, we can define in 

o 

H X (Q) a scalar product 

n 

( u > u )hhq)=] 2 a ij u xV Xj dx 

Q i, i=i 

which is equivalent to the usual scalar product. In view of this, the 
identity (44) can be written as 

n n 

( u > v)ii( Q ) + ( u ' 2 *tVx t + (l& aix t — a) v)l4q> = — (/, v) LM) . (45) 

Lemma 2. 1. For any functions a (x), a x {x), . . ., a n (x) contin- 
uous in Q there exists a bounded linear operator A acting from L 2 (Q) 

o 

into H 1 (Q) and defined on the whole L 2 (Q) such that 

n 

for all v 6 IPiQ). 

o o 

2. The operator A regarded as an operator from H l (Q) into H l (Q) is 
completely continuous. 

Proof. Since for a fixed u £ L 2 (Q) the linear functional I (v) — 

n o o 

= (u, 2 a^x.+aovj^Q) #*((?)) defined on H l (Q) is bounded: 

i=i 1 

n 

1 1 (v) KH u \\ Lt(Q) || S a t v x . + a v ||i, f (Q)<C || u \\ LM) \\ v || fil(Q) , where 
the constant C>0 depends only on II HcrtQ) » * = 0« 1» •••» re » by 

o 

Riesz's theorem there is a unique element U £ H l (Q) such that 
l(v) = (U, v) &l(Q) for all v£ri*(Q), and |l* (Q) = imi<C ||u || L , (Q) . 
This means that an operator A (obviously, linear) is defined on 

13-0594 
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L 2 (Q) that maps L 2 (Q) into h i (Q): Au = U. This operator is 

o 

bounded, ||i4||^C, and for any u£L 2 (Q) and v^H^Q) the identity 

n 

(u, ^a i v x .-\-a v) LM) =^(Au, v)^ l{Q) 

holds. 

o 

Let us demonstrate that A regarded as an operator from H 1 (Q) 

O <l 

into H\Q) is completely continuous. Take any bounded set in II 1 (Q). 
This set is compact in L 2 (Q), by Theorem 3, Sec. 5.4, Chap. III. 
Therefore from any infinite sequence of its elements a subsequence 
can be chosen which is fundamental in L 2 (Q). Since A as an opera- 

o 

tor from L 2 (Q) into H 1 (Q) is bounded (and therefore continuous) v 

o 

it maps this subsequence into a fundamental sequence in H 1 ^). Ac- 

o o 

cordingly, the operator A from H^Q) into H^Q) is completely 
continuous. | 

The linear functional (/, v) LM) defined on H^Q) (v g H^Q)) 
is bounded: | (/, v) LM) |< C || / || L£(Q) || v \\o therefore Riesz's 

o 

theorem guarantees the existence of a unique element F 6 H 1 (Q) 
such that for all v 6 HHQ) (/, v) Lt{Q) = (F , v)^ (Q) , and || F ||- I(Q) <; 
<C\\f \\ LM) . 

n 

Thus, by means of Lemma 2 (put a = 2 a ix. — a ), the integ- 

2=1 1 

ral identity (44) defining the generalized solution can be written. 

o 

in the form of an operator equation in the space H\Q): 

u + Au = F, u^H^Q). (46) 

n 

Lemma 3. // y 2 a ' ix i — ^ n Qi then the homogeneous equa- 

i=l 

tion (46) has only a trivial solution. 

Proof. Let u denote the solution of the equation u-\- Au = 0. Scalar 

o 

multiplication in H^Q) of this equation by u gives ll u H^ 1(Q) + 

+ (Au, u) = 0, which implies that, || u \\g HQ) + Re (Au, u )g HQ) = 0- 

1 - 1 ' : a x. 
Since Reaju x .u = y (a t \ u p%. ^"l"! 2 an d u \dQ = 0, it follows 
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that 



n n 



Re(4u, u) kl(Q) = Re 



j (2 a i u Xi U + (S aix i~ a ) \ u \ 2 ) dx 



Q i=l i=l 



n n 



= J ( 2 t ( fl i I w l% + ( t 2 a ^ - a ) I M I 2 ) d * 




n 



Q i=i 



Hence II ^ ll£ 1(Q) <0, that is, u = 0. | 

Lemma 3 coupled with Fredholm's first theorem yields the follow- 
ing 



of the problem (41), (42) exists for anyf £ L 2 (Q) and is unique. 

8. Generalized Solutions of Boundary- Value Problems with Non- 
homogeneous Boundary Conditions. Let us first examine the problem 
(1), (2). We recall that the generalized solution of this problem is 
defined to be a function u £ H X (Q) satisfying the integral identity (4) 
and whose trace on the boundary dQ equals the boundary function <p. 

The definition of a generalized solution imposes a natural condi- 
tion on the boundary function (p. This function must be required to 
have an extension into Q which belongs to H\Q). In the sequel it 
will be assumed that this condition is fulfilled, otherwise the general- 
ized solution of the problem (1), (2) cannot exist. From the theorem 
on traces of functions belonging to H^Q) it follows that q> must be- 
long to the space L 2 (dQ), but this is not enough for the function to 
have an extension into Q by means of a function which belongs to 
H\Q)', what is more, even its continuity is not enough for this pur- 
pose. We shall return to this problem at the end of this subsection 
where we obtain a necessary and sufficient condition for such an 
extension in the case of a circle. 

Note that such an extension exists when q> £ C^dQ). By Theo- 
rem 2, Sec. 4.2, Chap. Ill, there follows the existence of a function 
<&(x) in C\Q), and more so in H X (Q), such that 0\oq = <p and 
II O IIh»(Q) ^ CjH (p W&idQh where the constant C x > does not 
depend on q>. 

Thus, suppose that there is a function O £ ti x {Q) such that 
Q)\dQ = <P- With the aid of the substitution u — d> = w, the prob- 
lem of finding the generalized solution u reduces to that of finding 



n 



1 

Theorem 9. // 2 a * 



a ^> inQ, then the generalized solution 
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a function w £ ^ X (Q) which satisfies the integral identity 

£ (kVwVv + awv) dx = — j (kV®Yv + ad>v + fv) dx (4') 

Q 

for sll r e H\Q). 

Note that if O 6 H\Q) (when dQ 6 C 2 , for this it is enough that 
(p 6 C 2 (dQ)), the identity (4') can be written as 

^ (kS/wS/v + a^y) = — ^ / y dx, 
Q Q 

where / = / — div (ZcV®) + that is, the problem reduces to 
the one investigated in Subsecs. 2 and 4. 
As in Subsec. 2, we confine ourselves to the case when a(x) ^> 

o 

in Q. Introducing in H X (Q) the scalar product according to formu- 
la (7), identity (4') can be written in the form 

where l(v) = — J (kS7<S>Vv + a<£>v + /y) dx is a linear functional 

Q 

defined on € ^(0). Since 

I i (v) |< II /||l,(Q) Ik IIl.(Q) + max ft (*) || | V0> | || La(g) || | V* | ||l 2 (Q) 

+ max a (x) . || <D || Li(Q) || v \\ LM) <C 2 (|| / || Lt(Q) + 1| <D || Hl( Q)) II v || . , 

where the constant C 2 > depends only on the coefficients k and a, 
the functional I is hounded and || I || ^ C 2 (|| / ||l 2 (Q) + II O ||hi(Q))« 
Therefore by the Riesz theorem there is a unique function w in 

H X (Q) which satisfies (4') and is such that || w \\* = \\ I || < 

H l (Q) 

< (II / Hmo + II Then the function w = a? + O is a 

generalized solution of the problem (1), (2). Furthermore, 

ll"lltf«(Q)<C3 (II/IIl^ + II^Hhkq)), 

where the constant C 3 > does not depend on / or O, and hence 
II"IIh W )^C(!I/I!l 2(Q )+ inf ||0||m<Q>), (47) 

where the constant does not depend on / or cp. If the boundary func- 
tion q, 6 C\dQ), these inequalities imply the inequality 

11 u \\ m0) <-C(\\f \\ LM) + 1| <p \\ CHdQ) ). (47') 
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Let us show that the above solution is unique. Indeed, if there is 
another generalized solution u', then the difference u= u — u' be- 

o 

longs to H X (Q) and, by virtue of (4), satisfies the integral identity 
j (kSJu^Jv + auv) dx = for all v £ H X {Q)- Since the left-hand 

Q 

o . ' 

side of this identity is the scalar product in H X {Q) of functions u 
and v, it follows that u = 0. 

Thus we have proved the following assertion. 

Theorem 10. // a(x) >- in Q and cp is the boundary-value of a 
function belonging to #*((?), then there exists a unique solution u of 
the problem (1), (2). This solution satisfies the inequality (47), and thus 
also the inequality (47') with cp £ C 1 (dQ). 

Remark. As can be easily verified, the set g// of functions (p defined 
on dQ which are traces of some functions O belonging to H^Q) is a 
Banach space with the norm || (p = inf || <D \\hhq). In view 

06H«(Q) 

of this, inequality (47) can be written in the form 
l|M|lnW)<C(||/|| Li(Q) + ||q)|U). 

Next we consider the problem (1), (3). We recall that a function 
u £ H 1 ^) is called the generalized solution of this problem if it 
satisfies the integral identity (5) for all v 6 ^(Q). In this case it is 
assumed that the boundary function (p g L 2 (dQ). 

Theorem 11 . // a(x) ^> in Q and either a(x) in Q or o(x)^k 
^ on dQ, then for all f £ L 2 (Q) and cp £ L 2 (dQ) there exists a 
unique generalized solution u of the problem (1), (3). Moreover, 

II « llfl.(Q)< C (|| / ||l,<q) + II <p IIl,<3Q)), (48) 

where the constant C > does not depend on f or cp. 

Proof. By means of formula (10), we introduce in H X (Q) a scalar 
product equivalent to the usual scalar product. Then the integral 
identity (5) can be written in the form 

(u, v)hhq) = 1(v), 

where 

I ( v ) = — \ fvdx + j fccpy dS 

Q dQ 

is a linear functional on H^Q) (v £ H^Q)). 
By Theorem 1, Sec. 5.1, Chap. Ill, 

I l(v) |< || / || Lf <Q) II v + max k(x) • || <p || Lf(flQ) || v \\ LaieQ) 

<C(||/||L f (Q) + ||9l|L aTO ))||»llin(Q), 
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where the constant C > does not depend on /, q> or v. Therefore 
the functional l{v) is bounded and || I || < C[(\\f \\ LM) + || cp ||l 2 (oq)). 
Accordingly, by Riesz's theorem, there is a unique function u in 
H X {Q) satisfying the identity (5); moreover, || u ||h«(Q) = II J II ^ 
<C(||/|| Ll(Q ,+ ||.9 ||L 2( a Q )). | 

Now suppose that a(x) = in Q and a(x) = on dQ in the prob- 
lem (1), (3). In \H X {Q) we define the scalar product 

(u, v)hhq)= \ {kSJuVo + uv)dx (49) 
Q 

equivalent to the usual scalar product. Then the integral identity (5) 
defining the generalized solution of the second boundary-value prob- 
lem for the operator div (&V) assumes the form 

(u, v)hhq) ~ K v)l 2 (Q) = l(v) , (50) 

where 

l( v ) = — j fvdx + J topi; AS (51) 
Q eg 

is a linear functional on H X (Q) (v £ H^Q)). Since, by Theorem 1, 
Sec. 5.1£Chap. Ill, 

\l(v) |< II / II v + max k (x) - || q> || Lt( aQ) II i; ||l,(«Q) 

<C (ll/llL i( Q) + ||q>||L,(aQ))l|i;||Hi(Q), 

where the constant C > does not depend on /, cp or v, the function- 
al I (v) is bounded and || I || < C (|| / ||l 2 (Q) + II cp Hl,<0Q)). Accord- 
ing to Riesz's theorem, there exists a unique element F' in H X (Q) 
such that for all v £ H 1 (Q) 

... , Hv) = {F',v)m { Q) (52) 

and 

II ^ \\HHQ)<C (II / IU,(Q) + II <P Hl.(«») • ( 53 ) 

By Lemma 1', Subsec. 3 (the scalar product in H X (Q) is defined by 
the formula (49)), there is a bounded operator A' from L 2 (Q) into 
H 1 (0, with L 2 (Q) as the domain of definition, such that 

( M > v)l,{Q) = (A'u 9 v)hhq) (54) 

for all v ZH 1 ((?). If A' is regarded as an operator from H 1 ((?)into 
H l (Q), it is self ad joint and completely continuous. 

With the aid of (52) and (54), the identity (50) can be replaced by 
an equivalent operator equation in the space #*((?) : 

u — A'u = F'. (55) 
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Since for the function uAx) = const = r there holds the 

Y\Q\ 

relation, (u^ i>)l 8 (Q) = (u ly v)h^(Q) (the scalar product in H^Q) is 
defined by the formula (49)) for any v £ #*((?), it follows from (54) 
that (A'u^ v)hhq) = (^i, ^)l 2 (Q) = (u ±J ^)hi(Q)- This means that 
the number 1 is a characteristic value of the operator A ' and u x = 
1 

= y-\~Q\ * s t ' ie corres P on( li n g eigenfunction. Since any eigenfunc- 

tion u[ of the operator A ' corresponding to the characteristic value 1 
satisfies the equality (u[, u[) H ^Q) = (A'u' u u[) h ^q) = {u[, u[) LM) , 
this eigenfunction satisfies 

[ k\Vu[ \ 2 dx = 0. 
Q 

Accordingly, u\ = const, that is, the number 1 is a nonrepeated 
characteristic value of the operator A'. 

According to Fredholm's third theorem, in order that Eq. (55) be 
solvable it is necessary and sufficient that the function F' be orthogo- 
nal in itfW) to the function u, = r- — : ( F\ * ) =0. 

" V\Q\ * V\Q\>HKQ) 

This condition is equivalent, in view of (52), (51), to the condition 

— J fdx + J kq>dS = 0. (56) 
Q t>Q 

When this condition is fulfilled, Eq. (55) has a unique solution u 
which is orthogonal in H X (Q) to constant functions. This is a gener- 
alized solution of the problem under consideration. And, in view of 
(53), the inequality (48) holds, where the constant C does not depend 
on / or cp. All other solutions differ from u by constant terms. Since 
for functions in H^Q) the condition of orthogonality to constant 
functions in the scalar product (49) is equivalent to that of orthogo- 
nality to constant functions in L 2 (Q) with a scalar product, we have 
established the following result. 

Theorem 12. For the existence of a generalized solution of the prob- 
lem div (k(x) Vtt) = fi QQ = 9 it is necessary and sufficient that 

equality (56) hold. The generalized solution u is orthogonal to constant 
functions in L 2 (Q) with a scalar product, is unique and satisfies the 
inequality |(48) . All other generalized solutions of the problem differ 
from the function u by constants. 

Remark. If / and q) are real-valued functions, then so are the 
solutions described by Theorems 10-12. 

In the investigation of the first boundary-value problem for 
Eq. (1) with nonhomogeneous boundary condition there arose the 
following problem: Under what conditions the function q> £ L 2 (dQ) 
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has an extension into the region Q belonging to H 1 ^). As shown 
above, a sufficient condition for this is that the function q) belong to 
the space C x (dQ). Now we shall obtain a necessary and sufficient 
condition for the case when Q is a disc. 

Let Q(n = 2) be the disc {| # | = p < 1}, x = (x x , 'x 2 ) = 
= (p cos 9, p sin 0). On the circle dQ = {p = 1} we consider a real- 
valued function (p belonging to the (real) space L 2 (dQ), (p(0) £ 
6 L 2 (0, 2jx). The Fourier expansion of cp(9), which converges in the 
norm of Z, 2 (0, 2jt), is of the form 

oo 

(p(6) = -£+2(a fc cos kQ + b h sin &9), 

h=i 

where 

a ft = — f cp(9)cosA;9d9, & = 0, 1, . .., 

b h = — f qp(9)sin/c9d9, &=1, 2, . .., 

are its Fourier coefficients. 
According to the Parseval-Steklov equality, 

oo 

4+2(^+^) = ^H ( PllL(0.2n)<oo. (57) 
h=\ 

The following result holds. 

Theorem 13. For the function cp(9) 6 L 2 (0, 2n) to be a trace on the 
circle { | x \ = 1 } of a function belonging to /?*( \ x | < 1) it is nee- 
essary and sufficient that the series 

2 k(a% + b%) (58) 

h=l 

converge. 

By (57), the sequences a h , b h , k = 1, 2, . . ., are bounded. There- 

oo 

fore the function 2 ( a k — ib k ) z h , where z = x x -\- ix 2 , is ana- 
lytic in the disc {| z | < 1}. This means that the function 

oo 

w(x) = w(p, 9) = + Re 2 - (*i + i*2>* 

00 

= J Y+'Z P h (a h cos kQ -f- b h sin AO) (59) 
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belongs to C°°(| x | < 1), and the series (59) as well as those ob- 
tained from it by termwise differentiation converge absolutely and 
uniformly in the disc {| x | < r} for any r < 1. 

To prove Theorem 13, we shall require the following result. 

Lemma 4. In order that the function w(x) defined by the series (59) 
may belong to the space i? 1 (| x | < 1) it is necessary and sufficient 
that the series (58) converge. 

Proof. By w m (x) we denote the partial sum of the series (59): 

m 

w m (x) = + 2 P h (a h cos kd + b h sin kQ). 

Since all the functions of the system p h cos /c0, p h sin Zc0, k = 
= 0, 1, . . ., are mutually orthogonal in L 2 ( \ x | < 1) and 

||p fe cos/c6 ||i 8 (|^|<i) = ||p fe sin/c6 HL(N<i)- 2 (ft+l) ' fc==1 ' 2 "-^ 
for any p and q, q> p, we have 

II 112 71 SI a h~^~^h 

\\Wq— Wp\\L 2 (\x\<\)= ~Y 2j k+i ' 

Therefore the convergence of the series (57) implies that of the se- 
quence w m (x), m = 1, 2, . . in L 2 ( \ x | < 1). Accordingly, the- 
function w 6 ^2(1 # I < 1)> and the series (59) converges to it in. 
LA\x |<1). 

Assume that the series (58) converges. Then (for q> p) 

|| W q — W p \\ 2 Hl(\x\<\ ) = \ [(Wq — ^p) 2 + I V (W q - W p ) | 2 ] dx 
i 2ji 

= j pdp J [(^ g — ^p) 2 + (^ P — ^p P ) 2 +-^-(^e — w p e) 2 ]d6 


=-r 2 n^pr + n 2 

h=p-H fc=p+l 

as p, g-^ 00. That is, the sequence w m , m = 1, 2, . . ., converges 
in #1(1 z |< 1). Consequently, u; 6 jEPQ 3 J< 1). 

Suppose now that w 6 H (\ x | < 1). Since for any r < 1 the 
sequence of norms 

m 2 2 m 

i|w-.llii(N<«— i f-(4+2 »*n£r-+ 2 2 ^ 

i» = l, 2, . 
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being monotone nondecreasing, converges, as m^- oo, to || w ||fri(|x|<r)» 
the inequality 

m 

3 k(a\ + bl) r 2ft <4- 1| w m ||lrx ( |x|<r)<4- II w llWl^-^MI* 1 ^*) 

fe = l 

holds for all r< 1 and all m. Consequently, the partial sums of the 
series (58) are bounded: 

m 

2 *(«2 + bt)<~ || w HWkd. m = l t 2, . . . , 

that is, the series (58) converges. | 

Proof of Theorem 13. That the condition is sufficient is an immedi- 
ate consequence of Lemma 4, because, if the series (58) converges, 
the function w in (59) belongs to i/ x ( | x \ <C 1) and its trace on the 
circle {| x | = 1} is (p. 

We shall prove the necessity. Assume that there is a function 
<J> eH 1 (\x\<l) for iwhich <D| { |*, =1} = q>. Then, by Theorem 10, 
the first boundary-value problem for Eq. (1) with boundary func- 
tion qp has a generalized solution belonging to W-( \ x | << 1). Let u 
be the generalized solution of the first boundary-value problem for 
Eq. (l) j with k s=s'!l, a = / = 0, satisfying the condition u |{|^i=i) = 
= cp. It will be shown in Sec. 2.2 that the function u belongs to 
C°°( | x | << 1) and] satisfies the equation Au = in the disc { | x |< 
< 1}. We use this result, and expand the function u(x) = u(p, 9) 
with fixed fp £ (0, 1) in a uniformly and absolutely convergent 
Fourier series in 0: 

oo 

u(p, 9) = J^L+2 (^ fc (p)cos*e + n(p)sin&e) f 

ft=i 

where 

2n 

£/ ft (p) = _Lj u{p, 9)cos/c9d9, /c = 0, 1, 
o 

2Jt 

7 k (p)= JLJ i*(p, 9) sin &9cZ9, /c = l,2, .... 

o 

The functions i7 ft (p) (and V h (p)), k = 0, 1, . . ., are infinitely 
differentiable for << p < 1 and are bounded as p -> + 0. Since 
u 6 #*(! # | < 1), by the theorem on the traces of functions belong- 
ing to IP-(\ x | < 1) we have, as p -> 1 — 0, 

f (u(p, 9) — 9(G)) cos kQdQ-+0( j (a(p, 9)- 9(0)) sin A:9 i9 ) 

o o 
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for all k = 0, 1, . . .. This means that all the functions U k (p) 
(V h (p)) are left-continuous at the point p = 1 and U k (1) = 
= a h (V k (1) = b h ), k = 0, 1, . . .. 



1 1 

Since for p£(0, l)Au = u PP H — ^ P + "rr^ee = 0, for such p 

r 1 r 

Ul(p) = — [ Mp P (p, 8)cosA;ede= — ~ [ u p coskQdQ 


2ji 

-4, J iieecos*ede=— -Ljy; + -*ff kf ft = 0, 1,... 



This means that for any A; = 0, 1, ... the function ?7 fe (p) satisfies 

1 & 2 

the ordinary (Euler's) differential equation y" + — If' — y = Q 

for < p < 1. The general solution of this equation is of the form 
Bp h + Cp"\ k 0, and £ + C In p when = 0, where B and C 
are arbitrary constants, therefore U h (p) = a h p k , k = 0, 1, . . .. 
It is similarly shown that V h (p) = 6feP A , k = 1, 2, .... 

Thus the function u belonging to i/^l a; | < 1) coincides with the 
function win (59). And then, by Lemma 4, the series (58) converges. | 

Let us utilise this theorem in constructing the function cp (9) 
continuous on the circle {p = 1} which cannot be extended into 
the disc {| x | < 1} by a function belonging to H l (\ x | < 1). Put 

oo 

Since this series is uniformly convergent, the function cp £ 
£C(| x | = 1). But at the same time, in view of Theorem 13, it can- 
not be the trace of any function belonging to H 1 ^ x | < 1), because 

oo 

the series (58) (which has the form ^ k 3 ^ a ) for it diverges. 

9. Variational Method for Solving Boundary- Value Problems. 
Let H' be any subspace of the real space H l (Q)\ in particular, H' 
may coincide with the whole H^Q). We shall assume that a scalar 
product is defined in H' that is equivalent to the usual scalar pro- 
duct in #*(<?). 

We take a real function / £ L 2 (Q) and on H' consider the func- 
tional 



E(v) = \\v\\fr + 2(f,v) L , iQ) , v£H': 



(GO) 
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Since | (/, y)x. 2 (Q)KI|/|k(Q)/|y|k(Q)<C||/|| tl( Q)||i;||H', for all 

E(v)>\\v\\h-2\(f, v) LM) \>\\v\\ 2 H > — 2C || v \\h- || / 1| mq, 

- (II f II 7 - - C || / || MQ) )» - || / ||i s(Q) > - C» || / 1|? , (Q) . 

This means that the range of values of the functional E on H' is 
bounded below. Let d = d(/T) denote the exact lower bound of the 
functional E on i?': 

d= inf £(1;). 
©en- 

A function u in //' is said to realize the minimum of the functional E 
on #' if 

E(u) = d. (61) 

Like the number d, the function u, of course, depends on the choice 
of the subspace H'. 

By the definition of the exact lower bound, there is a sequence 
of functions v m , m = 1, 2, . . ., in H' for which 



lim E (u m ) = d. 



(62) 



Any such sequence is called a minimizing sequence for the func- 
tional E on H' . 

Lemma 5. For any subspace H r of the space H X (Q) (in particular y 
H' may coincide with the whole H'(Q)) there is a unique function u 
in H' realizing the minimum of the functional E on H' . Any minimiz- 
ing sequence for the functional E on H' converges to this function in 
the norm of H^Q). 

Proof. Suppose that a sequence v m , m = 1, 2, . . ., of elements 
in H' is a minimizing sequence for the functional E on H' . Then 
given an e>0 a number N = N(e) can be found such that for all 
m > TV 

d < E(u m ) < d + e. (63) 



Since 



lows that 



£? ^I i I = tII^II«'+tII^II«' ± t( i; -' i; ^'' h fo1 - 



v m + Vs 



H ,= Till "mHfl' + H V* 



Taking into account (60), the last relation yields 



Vm — Vs 



= j>(\\Vrn\\ 2 H> + \\v s \\h>)- 



Vm + Vs 



2 



±(E( Vm ) + E(v,))-E (-2a±^). 
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But E ( Vm ~£ v * ^ ^d, and the functions v m and v s satisfy inequal- 
ities (63) for m, s^N; this implies that 

0< ||i^^|^<|(d + e + d + e)-d^e 

for all m, s N. Since e > is arbitrary, this means that the se- 
quence under consideration is fundamental in H 1 (Q). Consequently, 
there is a function u in H' to which this sequence converges in the 
norm of H X (Q), but then || u s \\ H > ->• II u \\ H - and (/, v 8 ) Lt{Q) -> 

(A u )l 2 (Q as s-^oo. Accordingly, E(u s ) E(u). The equality 
(61) now follows from the relation (62). 

We shall now show that the function u realizing the minimum of 
the functional E on H' is unique. Suppose that there are two such 
functions u t and u 2 . Then the sequence u x , u 2 , u x , u 2 , . . . is a min- 
imizing sequence for the functional E on H' and does not converge 
in H', which contradicts the assertion just established. | 

We now set forth the Ritz method for constructing a minimizing 
sequence for the functional E. In H' take an arbitrary linearly inde- 
pendent system of functions (p ft , k = 1, 2, . . ., whose linear hull is 
everywhere dense in H' . When H' = H^Q), for such a system one 
can take the set of all monomials x a = xf x . . . x% n , where a is 
any rc-dimensional vector with nonnegative integer components. 

We denote by R k the Zc-dimensional subspace of H' cz H X (Q) 
spanned by (p 1? . . cp^, and find the element which realizes the 
minimum of the functional E on R k (such an element exists, by 
Lemma 5). Since any element in R k can be expressed in the form 
c i<Pi + . . . + c kWh with some real constants c u this problem is 
equivalent to that of finding the minimum of the function 

F(c u = E{c^ + . . . + c ft (p fe ) 

h k 

= 2j ^((p h q)j) H > + 2 ._j c t (/, <P*)l 2 (Q) 

i, j=l i=l 

with respect to c t , . . ., c h . 

The vector (c ly . . ., c k ) where the function F attains its minimum 

dF 

is a solution of the system of linear equations — — = 0, i = 1, ... 

OC I 

. . ., Zc, that is, of the system 

h 

3 (<Pi> <P/)ff'0 + (/» <P«)l.(Q> = °» i = l, (64) 

j=i 

The determinant of the system (64), called Gram's determinant of 
the system <p lt . . ., qp fe , is not zero. Indeed, if it were zero, the li- 
near dependence of its rows would imply the existence of constants 
£i» • • •» Ik J li I + • • • + I Ik I ¥= 0, such that g x ((p x , <p,V + . . . 
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• • • + tk (<Pfc> q>j) H' = for all 7 = 1, . . ., k. This would mean 
that the function + . . . + £ fe (p ft is orthogonal to all the func- 
tions q^, . . ., <p h , that is, J^cp! + . . . + Ihtyk = 0, contradicting- 
the linear independence of the system (p 1? . . (p&. 

Thus the linear system (64) has always a unique solution cj, ... 
. . ., c\. Then the function 

Vk = c h i<Pi+ ...+<&Pfc (65) 

belonging to R h realizes the minimum of the functional E on R k . 
The sequence of functions v h , k = 1, 2, . . ., is called the Riiz 
sequence for the functional E with respect to the system <p x , (p 2 , .... 

Lemma 6. The Ritz sequence v h , k = 1, 2, . . ., of the junctional E 
with respect to an arbitrary linearly independent system of Junctions 
q)fc, k = 1, 2, . . ., whose linear hull is everywhere dense in H' is a 
minimizing sequence for the functional E on H' . The sequence 
k = 1, 2., . . ., converges in the norm of H X (Q) to a junction u which 
realizes the minimum of E on H r . 

Proof. As i? x c: i? 2 cz . . . cz R h cz . . . cz H\ 

E{v,)^E{v 2 )^ . . . ^>E(v h )^. . . (66) 

Since the linear hull of the system (p fe , k = 1, 2, . . ., is everywhere 
dense in H', for any e>0 we can find numbers k = k (e) and 
c\ (e), . . c' h (e) such that \\u e — u ||h' ^ e, where u e =- 
= c,'(e) cpx + ... + c'u (e) (p fe belongs to Then (60) yields 

E(u e ) = || u e \\h> + 2 (/, u e ) LtiQ) = || u 8 — u + u \\ 2 H > 

+ 2 (/, w e — w + u) Lt (Q) = E(u) + E(u e — u) + 2 (w e — u) H ' 
< d + 1 E(u e - u) | + 2 || u e - u 11*, || u ||fl, < d -f 1| w e - u ||^ 
+ 2C || / || Lf (Q) || u B - u \\ H . + 2 || u e - u ||h- II " ||h- 

<d + E 2 + 2 C\\f \\ LM) e + 2\\u \\ H , e< d + C t e 

with a constant C 1 > 0. As the minimum of Z? on R h is attained on 
the function v h , (66) implies that d ^ 2?(tf s ) < -E(^) < d + C a 8 
for all s^ k. This means that 2?(i; s ) -> d as s oo . The convergence 
of the sequence v s , 5=1, 2, . . ., to the function u follows from 
Lemma 5. | 

We shall now establish an important property of the function u 
which realizes the minimum of the functional E on H' . Take any 
function v £ H' and any real number t. The function w t — u + tv 
belongs to H', therefore the polynomial (in t) P(t) = E(w t ) = 
= E(u) + 2t ((u, v) H > + (/, v) L (Q) ) + t 2 \\v \\h> > d for all t 6 
£ (— oo, + oo). Moreover, ^(0) = £(u) = d. This means that 

=2((u, v) H ' + (f, v) Ll(Q) ) = 0. 
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Thus any function u in H' realizing the minimum of E on H' 
satisfies the identity 

{u,v)n> + {f,v) LM) =Q (67) 

for all u e H'. 

The manner in which the scalar product equivalent to^the scalar 
product in H X (Q) is defined in H' was so far immaterial. 

Let H' = H^Q). Take functions k(x) 6 C (Q), k(x) > k = 
= const > 0, a(x) 6 C (<?), a(x) >0 in (? and a (x) 6 C(dQ), 
o(x) >0 on dQ, and assume that either a(x) ^ in Q or o(x) 
^ on dQ. We define a scalar product in H X (Q) by the formula (10): 

(u, v)hhq)=-^ (k^uVv + auv) dx+ j kauvdS. 

Q dQ 

Then identity (67) coincides with the identity (6): 

j (k Vv + auv) dx + l| kouv dS = — j /z; dx, 

Q dQ Q 

defining the generalized solution of the third or second (if a = 0) 

boundary-value problem for Eq. (1) (with homogeneous boundary 
conditions). 

o o 

If H' = H X (Q) an d the scalar product in H^Q) is defined by the 
formula (7): 



( u i v ) hhq) = j (kVuVv + auv) dx 



(k (x), a(x) eC (Q), k (x) > k > 0, a (x) > 0), then the identity 
(67) coincides with the identity (4) defining the generalized solution 
of the first boundary-value problem for Eq. (1) (with homogeneous 
boundary condition). 

Thus the following result has been established. 

Theorem 14. There is a unique junction u in H 1 (Q) which realizes 
the minimum of the functional E on H^Q). If the scalar product in 
H X (Q) is defined by (10), then this function is a generalized solution of 
the third or second (if o = 0) boundary-value problem for Eq. (1) (with 
homogeneous boundary condition). 

o 

There is a unique function u in H*(Q) realizing the minimum of the 

o o 

functional E on H X (Q). If the scalar product in H\Q) is defined by 
formula (7), then this function is a generalized solution of the first 
boundary-value problem for Eq. (1). 

Theorem 14 provides an alternative method, the variational meth- 
od, different from the one employed in Theorems 1 and 2 for estab- 
lishing the existence and uniqueness of generalized solutions of the 
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boundary-value problems examined in Subsec. 2, and indicates the 
variational significance of generalized solutions. 

o 

If the subspace H' coincides with H^Q^H^Q)) and the scalar 
product, equivalent to the usual scalar product, is defined there by 
the formula (10) ((7)), then, by Lemma 6 and Theorem 14, the Ritz 

o 

sequence v k , k = 1, 2, . . ., for the functional E on H l (Q) (H l (Q)) 
converges in H l (Q) to the generalized solution of the third (first) 
boundary-value problem for Eq. (1). That is, the Ritz sequence may 
be regarded as an approximation to the generalized solution of the 
boundary-value problem for Eq. (1). 
Thus we have the following result. 

Theorem 15. The Ritz sequence for the functional E defined on 

o 

H X (Q) or on H l (Q) (the scalar product is defined by (10) or (7)) con- 
structed with respect to any linearly independent system of func- 

o 

tions whose linear hull is everywhere dense in H l (Q) or H l (Q), res- 
pectively, converges in H l (Q) to the generalized solution of the cor- 
responding boundary-value problem (third or first) for Eq. (1). 



§ 2. SMOOTHNESS OF GENERALIZED SOLUTIONS. 
CLASSICAL SOLUTIONS 

In the preceding section we examined the question of solvability 
of basic boundary-value problems for the second-order elliptic 
equations. We shall now investigate the smoothness of solutions of 
these problems. 

We shall assume that the data of the problem under consideration 
are real-valued. Then, as noted in Sec. 1, the generalized solutions 
of these problems are also real-valued. Accordingly, by solutions in 
the sequel we shall mean, unless otherwise stated, real-valued fun- 
ctions—the elements of real spaces C h (Q) or H k (Q), k = 0, 1, 2, .... 

In the investigation of smoothness of generalized solutions it is 
advantageous to consider the one-dimensional case separately, since 
the results obtained in this case are, in general, not true for n > 1. 
Moreover, the investigation in this case is far more simpler. In par- 
ticular, when n = 1, the generalized solutions of the boundary- 
value problems (they belong to the space H x (a, P)) are continuous 
functions on [a, p], by Theorem 3, Sec. 6.2, Chap. III. The question 
of extension of a function defined on the boundary into the region 
by a function in H l (a, P) is also easily solved in the one-dimensional 
case: if 0| x=a = cp , ®U=p = cp x , then for such an extension one 

can take the linear function O = g( ^~^ o) - ^-P?o & 

p — a p — a 
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1. Smoothness of Generalized Solutions in the One- Dimensional 
Case. We recall that in the classical formulation the boundary- 
value problems for the equation 

Xu = {ku')' — au = /, x e (a, P), (1) 

consist in finding the solution u(x) of this equation which satisfies 
the following conditions: in the case of the first boundary-value 
problem u(x) £ C 2 (a, P) fl C([a, PD and 

u\ x =a = yo, H*=e = <Pi, (2) 

in the case of the third (second) boundary-value problem u(x) £ 
6 C 2 (a, p) fl ^([a, p]) and 

( — u x + a u) \ x=a = <p , (u x + OiU) | x=p - <p 4 . (3) 

Here k(x) £ C^Ia, p]), a(x) £ C([a, p]) and /(^) are given func- 
tions with k{x) ^ k > 0; a , a 1? <p 0) cp x are given constants. 

The generalized solution of the problem (1), (2) (/ £ Z/ 2 (oc, P)) is 
the function u(x)£ H^a, P) satisfying the integral identity 

P 3 
(to V + awz;) da: = — j /y d# (4) 

a a 



for all v 6 H\a, P) and the boundary conditions (2). 

The generalized solution of the problem (1), (3) (/ 6 L 2 {a, P)) is 
the function u(x) £ H\a, P) satisfying the integral identity 

j (ku'v' + auv) dx + &(P) a t u(P) i?(P) + ft(a) a u(a) y(a) 

a 

ft 

= _ j /„ d* + *(P) <Pii>(P) + <Vov(a) (5) 

a 

for all v e H^a, P). 

The following auxiliary proposition holds. 

Lemma 1. // / f C([a, p]), then the junction u(x) £ if^a, P) 

o 

satisfying the integral identity (4) /or all v 6 iJ^a, (J) belongs to 
the space C 2 ([a, p]) and is a solution of Eq. (1) in the interval (a, p). 
Proof. Since the function u(x) £ C([a, P]) (ff^a, p) cz C([a, pj)), 

X 

f + au£C{[a, pj) and j (/(g) + a(g) u(g)) dg £ C\[a, fl). Consider 

o 

the function u (a:) = j j (/(g) + a(g) u(g)) dg. By the condi- 



tions imposed on k(x), the function u (x) £ C 2 ([a, Pi), and, more- 

14-0594 
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over, is a solution on (a, P) of the differential equation (ku' )' = 
= f{x)-\-a{x) u(x). Therefore the function u (x) satisfies for any 

vGH^a, P) the identity 

P P 

j {ku Q v r + auv ) dx= — J fv dx, 

a a 

which means that the function u x = u — u belonging to //^(a, P) 
satisfies the integral identity 

P 

ku[v' dx = 0, u^H^a, P), 

a 

thereby implying that on (a, P) the function ku[ has a generalized 
derivative equal to zero. Consequently, ku[ = const, that is, u x £ 
6 C 2 ([oc, p]). Therefore also u(x) 6 C 2 ([a, B]). 
P P 

Since { ku'u' dx = — j {ku') 'vdx for all v 6 H^a, p), (4) im- 

a a 

plies that the function (ku')' — a(x) u(x) — f(x) continuous on 
[a, p] is orthogonal (in Z/ 2 (oc, P) with a scalar product) to any func- 

o 

tion belonging to H x (a, P). Therefore the function u(x) is a solu- 
tion of Eq. (1) in (a, P). | 

The generalized solution u(x) of any of the first, second or third 
boundary-value problems belongs to i/^a, P) and for it identity (4) 

holds for all u 6 H l {a, P). Therefore, by Lemma 1, u(x) £ C 2 ([a, $]) 
and u(x) is the solution of Eq. (1) in (a, P). 

Thus we have shown that if / 6 C([a, p]), the generalized solutions 
of the boundary-value problems under discussion have continuous 
derivatives up to order 2 on [a, p] and satisfy Eq. (1). Moreover, it 
is evident that in the case of the first boundary-value problem the 
function u(x) satisfies the boundary conditions (2). In the case of 
the third (second) boundary-value problem, 

P P 

J ku'u' dx = — j (ku')' v dx + k($) u' (P) v {$) — k(a) u'(a) u(a) 

a a 

for any v (x) £ /^(a, P). If account is taken of (5), this gives 
ft(P) ("'(P) + <*i"(P) - <Pi) y (P) + ( ~ u'(a) + o u(a) - cp ) v(a) = 

for any y(P) and u(a) (recall that for any v(a) and z;(P) there is a 
function v(x) in i/ 2 (a, P) assuming the values v(a) and y(P) at 
x = a and x = P). Hence the function u(x) satisfies the boundary 
conditions (3). 
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Thus we have proved the following theorem. 

Theorem 1. // the function f(x) £ C([a, p]), then the generalized 
solutions of the first, second and third boundary-value problems for 
Eq. (1) belong to C 2 ([a, p]) and are classical solutions of the corres- 
ponding problems. 

Suppose that u s (x) is a generalized eigenfunction of, for example, 
the third (second) boundary-value problem for the operator X. This 
means that u s (x) £ H^a, P), and hence u s (x) £ C([a, p]), and 
satisfies the equality 

j (ku'sv' + au s u) dx + /c(p) ciiMp) v($) + k(a) o u s (a) v{a) 

a 

= — - k s J u s vdx, 

a 

where K s is an eigenvalue, for all v 6 ^(a, P). By Theorem 1, the 
function u s (x) belongs to C 2 ([a, p]) and is a classical solution of the 
equation 

Xu = (ku')' — au = X s u, xg(a, P), (6) 

satisfying the homogeneous boundary conditions (3), that is, u s (x) is 
a classical eigenfunction of the third (second) boundary-value pro- 
blem for the operator X. 

It is similarly shown that the generalized eigenfunction u s (x) of 
the first boundary-value problem belongs to C 2 ([a, p]) and is a 
classical eigenfunction of the same problem. 

Let us show that the eigenvalues of any of the boundary-value 
problems are nondegenerate. Assume that there is an eigenvalue X s 
of, for example, the third boundary-value problem to which there 
correspond two linearly independent eigenfunctions u iV and u (2) . 

We know that the general solution of Eq. (6) is of the form 
CiU (1) + C 2 u (2) , where C x and C 2 are arbitrary constants. This means 
that any solution of Eq. (6) must satisfy the boundary condition 
u'(a) — o u(a) = 0, because this boundary condition is satisfied 
by both the functions u (1) and u (2) . But there is a solution of Eq. (6) 
that does not satisfy this condition, for example, the solution with 
initial conditions u(a) = 0, u'(a) = 1. 

Thus we have established the following result. 

Theorem 2. The generalized eigenfunctions of the first, second and 
third boundary-value problems for the operator X belong to C 2 ([a, pi) 
and are classical eigenfunctions of the corresponding problems. All the 
eigenvalues are nondegenerate. 

2. Interior Smoothness of Generalized Solutions. We shall now 
examine the question of smoothness of generalized solutions of bound- 
ary-value problems when n > 1. In order that the essential points 

14* 
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do not get lost in technical details, we confine our discussion to a 
particular case of Eq. (1) of the preceding section, and investigate 
the smoothness of the generalized solutions of the boundary-value 
problems for Poisson's equation (k=l, a = 0) 

Au = /. (7) 

We recall that the generalized solution of the first boundary-value 
problem for Eq. (7) is a function u(x) in H^Q) satisfying the integ- 
ral identity 

j Vu Vv dx = — [ fv dx (8) 
Q Q 

o 

for all v 6 H X {Q) and the boundary condition u\oq = (p (the func- 
tion f £ L 2 (Q) and <p is the trace of a function O belonging to H X (Q) , 
that is, there is a function O £ H^Q) such that <I>\dQ = cp). 

The generalized solution of the third (second) boundary-value 
problem for Eq. (7) is a function u(x) £ H X (Q) satisfying the in- 
tegral identity 

j Vv dx + j guv dS = — j fv[dx + j qvdS (9) 

Q dQ Q dQ 

for all v 6 H X {Q) (the function / £ L 2 (Q) and <p 6 L 2 {dQ)). 

The results of the preceding section imply that the generalized 
solution u(x) of the first boundary-value problem exists, is unique 
and satisfies the inequality 

ll^l|Hi ( Q)<C/||:/|| Lf(Q) + inf ||<D||fli( Q ,\ f (10) 

^ [OGHi(Q) ) 

where the constant C does not depend on / or (p. 

The generalized solution u(x) of the third boundary-value prob- 
lem with a ^> 0, a 0, also exists, is unique and satisfies the in- 
equality 

ll"l|Hi(Q)<C(||/|| MQ) + ||q»lk(a Q) ), (H) 

where the constant C does not depend on / or (p. 

In the case of the second boundary-value problem (a = 0) the 

condition of its solvability is assumed fulfilled: — ^ / dx-\~\^ 9 dS = 

Q dQ 

= 0. Then the second boundary-value problem has a unique general- 
ized solution u(x) in the class of functions which are orthogonal to 
the constant functions with respect to L 2 (Q) with a scalar product, 
and for this solution inequality (11) holds. Because all other gener- 
alized solutions differ from u(x) by constant terms, we may confine 
ourselves to the function u(x) in investigating the smoothness of 
generalized solutions of the second boundary-value problem. 
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Lemma 2. Suppose that f g L 2 (Q) f\ H* c(Q), k = 0, 1, 2, . . 
and the function u £ H 1 (Q) and satisfies the integral identity (8) for 

all v £ H\Q). Then u 6 H\tc{Q) and for any pair of subregions Q' 
and Q" of Q, such that Q' (g Q" (cr Q, the inequality 

II " IIh^(Q') < C CI / IUq") + II » IIhx(Q-) ) (12) 

holds with a positive constant C = C(k, Q', Q"). 

Proof. Let Q', Q" be arbitrary subregions of Q such that Q' (c= 
(c: Q" (b Q. By 8 > we denote the distance between\the bounda- 
ries dQ' and dQ", and consider the function l(x) such that £ 
6 C°°(i? n ), Ux) = 1 in (?g (and thus in Q'), t{x) = outside QT 2m . 

For function i; (x) in identity (8) take the function Z[x) v (x), 
where v (x) is any function in H^Q") extended as being equal to 

o 

zero outside Q" (obviously, t>{x) v (x) (j H^Q)). Since V*> = 
= Vu V(S^o) = V^(VS-^o + £v^ ) = Vuvt-v + V(&)Vv — 
— u v£ V^o» the identity (8) assumes the form 

j VU Vv dx = j Fv dx + j wV^ Vy d * » (l 3 o) 

Q" Q" Q" 

where the function 

£/(*) = u(s) (14) 

belongs to H^Q"), vanishes outside #26/3 and coincides^with u(x) 
in and the function 

F(x) = _/£ - Vw v£ (15) 

belongs to L 2 {Q") and vanishes outside ^26/3. 

Note that the integration in (13 ) is, in fact, over #26/3. Therefore 
this identity is true not only for any v £ H 1 (Q n ) but also for any 
v £ H^Qljz) (extended arbitrarily outside Ql/2 , as an element of 

Take any function v ± (x) belonging to H^Q") and extended as 
being equal to zero outside Q". For any i = 1, 2, . . n and any h, 
< I h I < 6/2, the finite-difference ratio 

„ /~\ _ V \( X U ---,3g-H Xj — h, Xj +1 , . . x n ) — vi(x) 

belongs to J? 1 (<?6/ 2 ) fl ^M*?")- Put in (13 ) v = OL^s) 
for some i = 1, 2, . . ., n and some h, < | h | < 8/2. The for- 
mula of "integration by parts" ((9), Sec. 3.4, Chap. Ill) yields the 
- dentity 

j W h U Vtfi cfe= - J ^Si^ dz + J 6^ (u VC) Vi7i Ac. (16 ) 
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We shall first prove the lemma for k = 0. From (15) it readily 
follows that 

II F \\l M »)<C'(Q', <?") (|| / |k 2(0 ") + 1| u ||„ 1(cn ). 

Therefore from (16 ), by means of Theorem 3, Sec. 3.4, Chap. Ill, 
we obtain the inequalities 

j \ vdU Vwi dx | < (|| F || lt(<n + C\\u Uhkq-o) II I Vi;i | lk«r> 
Q" 

<C(Q', Q") (|| / ||l,(Q-) + || « ||H1(Q»)) II | Vv, I || M Q»). 

Putting v x = S^t/ (Z7 is assumed extended as being zero outside Q), 
we find that 

II I V6*t/ | lk 2( ^)<C«?% Q") (|| / Ikccr) + II u 

for all i = 1, 2, . . rc, < | ft |< 8/2. 

In view of Theorem 3, Sec. 3.4, Chap III, the last inequality 
implies that U 6 H*{Q") and || U \\hhq») < C(Q\ Q") (|| / || L ,«n + 
+ WuWhuq"))- Because U = u in Q', it follows that u £ H 2 (Q') 
and the inequality (12) holds for k = 0. Thus u 6 H? 0C (Q), 
since ()' is any subregion of (). 

Now let / 6 H™ + c(Q)- Suppose that u has the following properties: 
u 6 Hfoc{Q) for any pair of subregion and Q 2 of such that 
(tz Q 2 Q, u satisfies the inequality (12) for k = m: 

II u IU +2 ( Ql) < C < m ' ^ (II ' Ufl"(Q 2 ) + II " H H1 (Q.))' (12m) 

and for any a, | a | < m, i = 1, 2, . . ., and < | h | < 6/2 the 
identity 

j VSUL> a C/) Vi; m+ i ete 

= - ) D (X F6l hVm+i dx + \ b x h {D a (uVt>))S/v m +idx, (16 m ) 
Q'26/3 Q/ 

where y m+1 is any function in H^Q"), holds. Note that the above 
properties have already been established for m = 0. 

According to the above hypotheses, (14) and (15) imply that 
D a U e H 2 (Q") and D a F £ H\Q"), therefore, by Theorem 3, Sec. 3.4, 
Chap. Ill, we may pass to the limit, as h -> 0, in (16 m ). Thus for 
any a, | a | = m, i = 1, 2, . . ., n, we obtain the equality 

^VD a U Xi Vv m +idx=- J D a F(v m+l ) x .dx+ J D a (uVQ Xi Vv m +idx, 
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whence it follows that 

J VD a U Xi Vv m+l dx = [ D a F x .v m + i dx+ j D a (uVQ x .W m+i dx (13 m+1 ) 
Q" Q" Q" 

for all y m+1 6 H^Q") (the function D a F vanishes outside <?26/ 3 ). This 
equality coincides with (13 ) if we replace there D a U Xi by C7, D a F Xi 
by F, Z) a (wVOac 4 by and i; m+1 by i; . Moreover, Z) a 17 Xi € 

6 H^Q"), vanishes outside ^26/3 and coincides with D a u Xi in Ql, 
while D a F Xi £ £ 2 an d vanishes outside #26/3 • Since the in- 
tegration in (13 m+1 ) is, in fact, taken over Q26/3, in the last 
equality we can put v m+1 {x) = & h v m+2 (x), / = 1, 2, . . ., n, 
< I h I < 6/2, where z; m+2 is an arbitrary function in H^Q"). 
This results in 

j V8i(D a U x .) Wv m+2 dx 

Q " e p • 

= - J D a F x fii h v m+2 dx + J 8' h (Z)> VS)*.) Vi> m+2 (16 m+1 ) 

Q" Q" 

Using the inequality (12 m ) (with = <?26/3, Q 2 = <?")* from (15) 
we obtain 

II F lltf™ + \Q") < C l (II / Hh™ +1 (Q") + II U Hh^ +2 (Q26/3)^ 

^ C 2(\\ f \\ H m + l (Qn + \\u\\ H i(Qn)' 

Setting in (16 m+1 ) v m+2 = &h (D a U Xj ) and again using Theorem 3, 
Sec. 3.4, Chap. Ill, we find that u 6 H™l 3 (Q) and the inequality (12) 
holds for u(x) for k = m + 1. | 

As a corollary to Lemma 2, we have the following result. 

Corollary. Suppose that f £ L 2 (Q), and the function u £ H X (Q) 

o 

and satisfies the integral identity (8) for all v £ //*(<?) • Then the func- 
tion u(x) satisfies Eq. (7) (a.e.) in Q. 

We must show that the sum of the generalized second derivatives 
u xixi + . . . + u XnXn (the existence of these derivatives has just 
been established) equals / a.e. in Q. As v(x) in (8) we take an arbitra- 

o 

ry function belonging to H 1 (Q f ), Q' <g= Q, extended outside Q f by 
assigning to it the value zero. Since u £ H 2 (Q'), the Ostrogradskii's 

formula yields that j (Au — f) v dx = 0, whence it follows that 

Q' 

Au — / = (a.e.) in Q', and hence (a.e.) in Q. 

The generalized solutions u(x) of the first, second and third bound- 
ary-value problems for Eq. (7) satisfy the hypotheses of Lemma 2 
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as well as the inequality (10) or (11) (the solution u(x) of the second 
boundary-value problem is assumed orthogonal in L 2 (Q) to constant 
functions), therefore from Lemma 2 and Theorem 2, Sec. 6.2, Chap. Ill, 
the following result follows. 

Theorem 3. // / 6 L 2 (Q) f| HiodQ), k >- 0, then the generalized 
solutions u(x) of the first, second and third boundary-value problems 
for Eq. (7) belong to H\o C 2 (Q) and satisfy Eq. (7) (a.e.) in Q. For any 
subregions Q' and Q" of Q, Q' Q" C= Q, there exists a positive constant 
C depending on Q\ Q" and k such that 

II " llfl^Q.) II / Wh\w) + II / WuiQ) + ^™t Q) II <f ||Hi«J) ) 

<S>\dQ=<i> 

for the first boundary-value problem and 

II » //„*+•«., < C (|| / \\ Bh((n + 1| / ||l, ( Q) + || q> ||t,(eQ)) 
for the second and third boundary-value problems (in the case of the 
second boundary-value problem it is assumed that ^ u dx = 0). 

Q 

// k^ — If then u(x)£C h+1 ^ 2 \Q). In particular, if 

f£L 2 (Q) n C°°(Q), then u(x)eC°°(Q). 

Theorem 3 implies that the smoothness of generalized solutions of 
boundary-value problems for Eq. (7) in the interior of Q does not 
depend on the type of boundary conditions nor on the smoothness of 
the boundary or on that of boundary functions. The interior smooth- 
ness depends only on the smoothness of the right-hand side f(x) 
of the equation. The result obtained above is utmost precise: the 
smoothness of the solution is higher than that of the right-hand side 
by a number equal to the order of the equation. 

Remark. For the one-dimensional case it was shown, in particular, 
that if the right-hand side of Eq. (7) is continuous, then the general- 
ized solutions have continuous derivatives up to order 2. Analogous 
result does not hold for the multi-dimensional case. Later (Subsec. 3 
of the next section) an example will be given of a function f(x) 
continuous in Q such that the generalized solution of the first bound- 
ary-value problem for the Poisson equation (7) does not belong to 
C 2 (Q) (it belongs, of course, to H? c(Q))- 

3. Smoothness of Generalized Solutions of Boundary- Value Prob- 
lems. In the preceding subsection the interior smoothness of general- 
ized solutions was established, that is, we established that the 
solutions belong to the spaces Hi 0C (Q) or C l (Q) for some k and Z. 
Here we shall examine the smoothness of generalized solutions of 
boundary-value problems in the whole of Q, that is, the question of 
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the solutions being contained in the spaces H h (Q) or C l (Q). Natu- 
rally, the smoothness of solutions "right up to the boundary" depends 
on the smoothness of the boundary as well as that of boundary func- 
tions. 

It will be assumed that the boundary dQ £ C k+2 for some k ;> 0. 

We first examine the case of homogeneous boundary conditions. 
The generalized solutions of the first or second boundary-value prob- 
lems* with homogeneous boundary conditions (the function cp, the 
right-hand side in the boundary conditions, is zero) for Eq. (7) are 

o 

functions belonging to the spaces H X (Q) or H 1 ^) and satisfying the 

o 

integral identity (8) for all v belonging to H X {Q) or to H 1 (Q) J respec- 
tively (in the case of the second boundary-value problem the func- 
tions / and u are assumed orthogonal to constant functions in L 2 (Q)) 
with a scalar product. 

Theorem 4. // / £ H h (Q) and dQ 6 C h+2 for certain k > 0, then 
the generalized solutions u(x) of the first and second boundary-value 
problems with homogeneous boundary conditions for the Poisson equa- 
tion (7) belong to H k+2 (Q) and satisfy (in the case of the second bounda- 
ry-value problem it is assumed that [ u dx = 0) the inequality 

j 
Q 

II"IIh^(q)< c II/IIh"(0)» ( 17 > 

where the constant C > does not depend on /**. 

Proof. Let x° be an arbitrary point on the boundary dQ. Let the 
system of coordinates be chosen in such a way that the point x* 
becomes the origin and the normal to the boundary at this point is 
directed along the &r n -axis. We take a small number r = r(x°) such 
that the portion of the boundary dQ f| (| x | < 4r) is a connected 
set which is uniquely projected along the 0^ n -axis onto a region D 
in the plane x n = 0; the equation of the surface dQ f| ( I x I < 4r) 
has the form 

*n = = (*u • • •» *n-l) £D, 

where the function ty(x') belongs to C k+2 (D) and satisfies \|p(0) = 0, 
^(O) = . . . = ^ 3Cn _ 1 (0) = as well as the inequalities 

i = x'£D. (18) 



* For the sake of simplicity, we confine our discussion to the solutions of 
the first and second boundary-value problems. The investigation of smoothness 
of generalized solutions of the third boundary-value problem with certain 
conditions on the function o(x) (of (9)) can be carried out by the same method. 

** For the function u(x) which is a generalized solution of the third boundary- 
value problem for Eq. (7) with homogeneous boundary conditions the following 
result holds: if f 6 H h (Q), dQ 6 £ fe+2 and a(x) 6 C h+1 (dQ) (a > 0) for some 
k ^5 0, then u(x) £ H k+2 (Q) and satisfies the inequality (17). . 
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Then the region Q = Q f| ( | x | < 3r), and thus also its subregion 
Q' = Q p| ( | x | < r) are projected along the &r n -axis into D. 

Let r denote the common part of the boundaries of Q and Q, T = 
= dQ fl ( I # I < 3r), and by T the remaining partfof the boundary 
Q. The set of functions in H 1 ^) whose traces on T are zero will be 

denoted by H±(Q). 

Suppose that the function t,(x) £ C°°(R n ), £(#) = 1 when | x | < 
< r, = when | x | > 2r. Then for any function ^ (^) in 

o 

Ht(Q)(H 1 (Q)) the function v(;r), which is equal to v (x) in Q 

o 

and to zero at the remaining points of Q, belongs to H X (Q) (H 1 ^)). 
Substituting u(x) into (8), we obtain, as in the preceding subsection, 

j VU Vu dx=\ j Fuo dx+^ uVl Vv dx, (19) 

o 

where the function u is an arbitrary function in Hr(Q) in the case of 
the first boundary-value problem, while for the second boundary- 
value problem u is an arbitrary function in H^Q), and the func- 
tions F(x) and U(x) are determined by (14) and (15) with £(#) just 
introduced. Evidently, U(x) £ H^Q) and F(x) 6 L 2 (Q). 
The transformation 

y . = Xi , i = 1, . . ., n — 1, y n = x n — \|? (x f ) (20) 

maps the regions Q and Q' onto certain regions o and co' with the 
identity Jacobian. 




Fig. 1 



The images of surfaces T and T are denoted by y and y , respec- 
tively. The functions U(x), u(x), . . . defined in Q are mapped by 
transformation (20) into functions U(y), u(y), . . . defined in co 
(the same notation is retained). Moreover, U(y) = u(y) in co' 
and for some 6 > the functions U(y) and F(y) vanish at points of 
the set (D\(Q6, where 05 is a subregion of co which consists of those 
points whose distance from y is greater than 6. 
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Since for x £ Q(y 6 co) U x . = U Vi — Uy^x. for i = 1, . . n — 
— 1 and U x = U y , we see that 

n y n 1 

n-1 n- 1 

therefore in the new variables identity (19) assumes the form 

n 

\ VyUS7 y v dy=^ F Vo dy+ J 2 A i)U Vi vt) V .dy 

CO CD CO 2, j=l 

n 

+ j 2 B i&Vj UV ovidy, (21o) 

(0 1, .7=1 

n-1 

where i4 in = i4 ni = i|3 3C for £ = 1, . ..,rc—l, y4 nn = — 2 Aij = 

i = l 

for remaining i and 7; B i j = b ij — A iU b tj = for 1=7^=7, 8^ = 1, 
■i = l, ...,71. Evidently, 4^ £ C* +1 (<o), 5 U £ (co) for all i and 7; 
furthermore, by (18), 

\ A u(y)\<4z' i,7 = l,2, ye©. (22) 

Since the functions £/(z/) and F(#) vanish in (d\g)<v2, equality 

o 

(21 ) holds not only for any u (y) in Hy((o) or in i/^co) but also for 
any v (y) in i/y(co6/2) (arbitrarily extended outside 0)6/2 as a func- 
tion belonging to Z/ 2 ( (0 )) or i n H 1 ((06/2) (arbitrarily extended outside 
(O6/2 as a function belonging to L 2 (co)), respectively. 

Consider any function v x (y) belonging to //{(co) (/^(co)) and 
extended outside co by assigning to it the value zero, and in (21 ) 
set u = 8 l -hVi for a certain I <in and < | h | < 6/2 (the function 

O ^ . ' 

v (y) belongs, obviously, to H\(m/2) f] L 2 (u)) and to ^(0)6/2) fl 
f| L 2 (co), respectively). The identity (21 ) then becomes 

J V^tOV^M^- j F8i hUl dy 

<D CO 

n n 

+ j 2 6 * Wv, ) d » + J 2 te^.u)i; ly .^ (23 ) 

cd i, j=l co i, j=l 

(note that the integration here is taken not over whole co but only 
over its subregion 005/2; accordingly, all the expressions under the 
integral sign in (23 ) are denned). 
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From Theorem 4, Sec. 3.4, Chap. Ill, it follows that 
J F6l hVi dy |<|| F || L , (C0) || v iVl ||l 2( co)<|| F ||l 2W || | Vv, | || La( «». (24 > 

CD 

In order to estimate the second integral in the right-hand side 
of (23 ), we break it into two terms 



j 2 ^(A iJ V Vl )v lVj dy=\ 2 {A i} ) l h S l h U y .vi v .dy 

• ' ■ co i, j=l 

n 

+ J 2 ^{A^Uy.v.y.dy. (25 > 



co i, j=l 



co i, j=l 

Here we have used the identity 

where g l h (y) = g(y ±J . . ., y t ^ y t + h, u . . ., y n ), true for 
arbitrary functions / and g. 

Using (22), the first term is estimated as follows: 



j 2 (Aij)U l h Uy.v lyj dy\^^ (21^1) 

co i=l 



co i, j=l 



1/2 



i=l 



2=1 



X ( 2 v\ yj ) 1/2 dj,<4- 1| | V8£C/ | || Li(tt) || | V*i | ||l 2( co). (26 ) 

3=1 

The second term in (25 Xis estimated together with the third integ- 
ral in the right-hand side of (23 ). Since the functions A t j and 5^ 
are continuously differentiate in co, 

n n 

| j 2 QUt,)U Vt v lVj dy+\ 2 SUBi&tfViyjdy 

CO i, j=l CO 2, j=i 

<Cl\\u \\ H1(Q) || I W t | |1l 2 (co)<C 1 II U |j fl i (Q) || |Vl7i |||L 2 (co), (27 ) 

where the constant C x does not depend on u or z^. 
Taking into account (24 )-(27 ), from (23 ) we have 

| J V(6ft0 Vt; 1 dj/|<(||/'Jk( ( o)+y||| V6^|||l.(») 

CO 

+ Ci||u||Hi W ))|||Vi;i||k( B ). (28 ) 
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Putting in this inequality v 1 = 8 h U and using the inequality 

II m ||l 2 (co) = || F(x) || MQ) < C 2 (|| / || LlW) + 1| u || HI(Q) ), (29 ) 

{the constant C 2 depends only on the function £, that is, only on the 
region Q) which follows from (15), and the inequality (10) or (11), 
where cp = (then in (10) inf || O || H1(Q) == 0), we obtain the esti- 
mate 

|||V8^|||l 2 (o»<C||/|| L2(Q) , Z = l f ...,n-1, 

which in turn implies that (Theorem 4, Sec. 3.4, Chap. Ill) all the 
second-order generalized derivatives of U except Uy y n belong to 
L 2 (co) and the inequality \\Uy.y. \\ LM < C \\ f \\ L2(Q) holds for 
them. This means that for the corresponding derivatives of the func- 
tion u(y) the inequalities 

II u uivj IIl 2 (co')< c II / H«q) 

hold. 

To estimate ^y n y n in oo', we may use Corollary to Lemma 2, accord- 
ing to which A x u = / a.e. in Q, and thus a.e. in Q'. In the new vari- 
ables this equation has the form 

n-l n-i n-l 

\yU{y) — 2 2 Uy. yi $ X . + Uy n y n ^ ^i," «»„ S = /(»), 

i=l i=l i—1 

whence for all y g co' 

2=1 

n-l n-i n-l 

= /(») + 2 ^ U^J)^ — S + "y„ S (30) 

2=1 i=l i=l 

Since \p 6 C fe+2 0) for k > 0, it follows that 6 £ 2 (a') and 

II U VnVn llL 2 (co')< COnSt II /|k(Q). 

Thus it is established that for any point £° £ dQ we can find posi- 
tive numbers r = r(x°) and C = C(^°) such that u(x) £ H 2 (Q [} 
H (I* — *° \<r(x ))) and 

|| ^ ||H2(Qn(|^-3c0J<r(x0)))<C(a; ) || / ||l 2 (Q). 

From the cover of the boundary dQ by the sets dQ f] (I % — #° 1 < 
< r (# )) for all possible # 6 <9(>, we choose a finite subcover dQ f| 
fl (| x — | < r (#*)), i = 1, 2, . . ., N. Then there is a number 

6 > such that Q\Q t0 a U <? fl (\z — x l \<r (x 1 )). 
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Therefore u(x) 6 H 2 (Q\Q 6o ) and || u \\h H Q^Q 6o ) <C 1 \\f || Lf(Q) , 

where C 1 is a positive constant. But by Theorem 3, u(x) £ H 2 (Q& /o} 
and \\u \\hhq 6q/2 ) < C 2 || / || Lf(Q) . Therefore u£H 2 {Q) and || u ||h««?)< 
^ C || / ||l 2 (Q)7 where the constant C > does not depend on /. 
This proves Theorem 4 for k = 0. 

Now let A: be any natural number. By the theorem on interior smooth- 
ness of generalized solutions (Theorem 3), it is enough to establish , 
as in the case when k = 0, that for any boundary point x° there are 
numbers r = r(x°) > and C = C(x°) > such that u(x) g 
eH k+2 (Q[) (\x-x° |<r)) and 

I! U \\H h+2 (Qr)(\x-xO\ < r))^ C W f Hff*(Q) 

(the point x° may be taken as the origin and the axis Ox n directed 
along the normal to dQ at this point). In view of smoothness of the 
transformation (20) (smoothness of the boundary), for this it suffices 
to show that u(y) £ H k+2 («>') and ||u|| Hfc+V) ^ C \\ f \\ H h (Qy 

We have already established that u(y) £ /7 2 (co'), || u ||h*(cd') ^ 
^ C || / \\l 2 (Q), and, furthermore, the relation (23 ) holds. Using 
the device adopted in the proof of Lemma 2 of the preceding subsec- 
tion, we shall show that for any m = 1, 2, . . ., k u(y) £ H m+2 (&'} 
II u IIh™ +2 ( g)') < C II / Hh™ ( Q) and the equity 

J W(6 l h D a U)W m+i dy 

n 

= - j D a F8 l - h v m+l dj, + j 2 «ft (D a A u U yi ) ( Vm+i ) yj dy 

0) fi> i, j=l 

n 

+ j 2 ^(D a B iJ t u .u)(v n+l ) Ui dy (23 m > 

o) i, j=l 

holds for all a = (a 1? . . ., a ft . 1? 0), | a | < m, I = 1, . . ., n — l r 

o 

< | h | < 8/2, y m+1 6 /T^((o) in the case of the first boundary- 
value problem and v m+1 £ H 1 ^) in the case of the second bounda- 
ry-value problem. We shall prove this for m = 1. 

In (23 ) we pass on to the limit as h — >- 0, and integrate by parts 
the first term of the right-hand side of the resulting equality. This 
yields 

n 

j VU yi V Vi dy = j F Ul Vi dy+^ 2 WiPvdvi d V 

CD CD CO i, j=l 

n 

+ J 2 (B tJ ^.u)„ l v lVi dy, (21 t ) 

a) i, j=l 
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which is true for all v x in H\((&) in the case of the first boundary- 
value problem and in i/^co) for the second boundary-value problem. 

The identity (21^ for U Vl differs from the identity (21 ) for U in 
merely that the functions F, AijU y ., Bifcy.u have been replaced 
by F Vl , (AijUy^y, (Bij^y.^y, respecti vely , and the function 
u by the function u 1 with the same properties. 

Setting in (21 4 ) v^y) = 8 s _ h v 2 (y), s < n, < | h | < 6/2, where 

v 2 (y) is an arbitrary function in Hy(to) (H 1 ^)) extended as being 
equal to zero outside o, we obtain the identity analogous to (23 ) 

J V(V h U yi ) Vv 2 dy= - J F yi 8 s - h v 2 dy 

CO CO 

n n 

+ J 2 ti((Ai j U y .) yi )(v 2 ) yj dy+^ 2 ^((B ii ^.u) Vl )( Vt )„ i dy. 

to i, j=l co i, j=i 

(23,) 

As in the previous case, we estimate the integrals in the right- 
hand side of (23,). Just as in (24 ), we have (since u 6 IP(Q) and 
feH h (Q), /c>l, by (15)^6^(0, and because y 6 C h + 2 (D) t 
F(y) 6 &(<*)) 

| j F y fiUv 2 dy\^\\ F yi || | Vv 2 1 || it((B) . (24,) 

CO 

Analogously to (25 ), the second integral in the right-hand side of 
(23 x ) is divided into two parts: 



J 2 V h {{A i} U y .) yi ){o z ) yi dy 

n 

j 2 ( A ij)h^hU y . yi (v 2 ) yj dy 



co i, j=l 



co i, j=l 
n 

+ J 2 lti(Ai j )U yiyi + S s h (A l}yi U yi ))(v 2 ) yj dy. (25,) 

co i, j=l 

Using (22), we estimate the first term in (25^: 

n 

j 2 (A i} )lV h U y . yi {v 2 ) y .dy 

co i, j=l 

<4lll v6 ^IIL(co)HlV^||| L2((0) . (26,) 
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Since the functions A tj and B t j belong to C fe+1 (co), k !> 1, the 
sum of the second integral in (25 x ) and the third integral in the right- 
hand side of (23^ is estimated in the following manner: 

n 

]j[ 2 i>UA u )U y . yi + V h (A ijyi U y .)]v 2yj dy 

(0 i, j=i 
n 

+ J 2 8a ((Bi& yj u) yi ) v 2yj dy | ^ const || u ||h. (Q) || | Vv 2 | (27,) 
In view of (24 1 )-(27 1 ), (23 x ) yields the inequality 

0) 

< ( II F vi Hw) + t II I WhU yi I U L -<«> + const II " 2 ) I' I Wv * I U L >«»' 

Z=l, — 1, 5=1, . . . , — 1 . 

Setting in this inequality v 2 (y) = 8 S h,U Vl (y), and using the estimate 
KI|hi ( co)^C(||/||hi(Q) + ||^||h2(Q)), 

which follows from (15), and the estimate (17) already established 
for k = 0, we obtain 

5, Z = l, n — i, 0<\h\<m. 

This means that in co' there exist generalized derivatives u y ^ v&y ^ 
p = 1, 2, . . ., rc, s, Z = 1, . . n — 1 which belong to Z/ 2 ( (0 ') an( i 
satisfy the inequality || u y || < const || / \\hhq). 

To estimate the remaining third order derivatives u ypynyn i 
p = l, 2, . .., ft, we use the identity (30). Differentiating it with 
respect to y v for p<Zn, we find that for all such p u ypyn y n £L 2 ((o') 
and that ||u yp ^ n2/n || L2(o)/) ^C||/|| H1(Q) . Further, differentiating (30) 
with respect to y n , we find that u ynVnVn e L z (a>') and || Uy^Jl^,^ 
^C\\f\\ HHQ) . 

Thus we have shown that u(y) £ J3" 3 (co'), || w ||h8(©')^C || / \\hhq) 
and the identity (23^ holds for all Z, 5 = 1, . . . , n — 1, 0<|fe|< 

o 

<5/2 and v 2 £H\(to) (v 2 £ (co)). Repeating this process rci times, 
ro<A, we find that u £ // m+2 (co'), \\ u l^m^,^ C \\ f\\ H m {Q) and 
identity (23 m ) holds. | 

We shall now see in what sense the generalized solutions under 
consideration satisfy the boundary conditions. For the case of the 
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first boundary-value problem, it immediately follows from the 

definition (u £ H X (Q)) that the solution has a trace on dQ that is 
equal to zero: u\qq = 0. 

We shall now demonstrate that in the case of the second boundary- 
value problem the solution satisfies the boundary condition in the 
following sense: Vu\dQ-n = 0, where n is outward normal vector 
to dQ, | n | = 1, and Vu\qq is] a vector whose components u x . |oq, 
i = 1, . . ., ra, are the traces on dQ of functions u x belonging to 

HHQ). 

In fact, since u £ IP(Q), an application of Ostrogradskii's for- 
mula to (8) yields the identity 



j (Vu • n) v dS = f" (Au — f)v dx, 

dQ Q U 



dQ 

valid for any v £ H X (Q) (here Vu-w = Vu|aQ*rc). Since Au = / 
a.e. in (), we have 

j (Vw-w)i;diS , = 0, 

dQ 

implying the desired identity, because, by Theorem 2, Sec. 4.2, 
Chap. Ill, the set of traces v\qq of functions in H X (Q) is everywhere 
dense in L 2 (dQ). 

In the sequel, the expression Vu\ dQ -n will be denoted by 
Note that if u£ C l {Q) f] H 2 (Q)> then the function 



0Q 



as an ele- 

ment of L 2 (dQ) coincides with the normal derivative of u on 
the boundary dQ. The notation 

that there is a function in ff^O?) whose trace on dQ coincides 
with -tt— 

on \dQ 

Thus, if dQ £ C 2 , generalized solution of the second** boundary- 
value problem satisfies the boundary condition 



is natural also in the sense 

dQ 



du 
dn 



= 0. 

dQ 



* It suffices to construct such a function in (>X(?a for some 6 > 0. Since 
dQ 6 C 2 y for any point x £ Q\Q& with sufficiently small 6 > there is a unique 
point y = y(x) £ dQ, \ y — x\ < 6, such that the vector y — x is directed 
along the normal tofthe'boundary dQ at the point y. The function Va(x) X 
X n(y(x)) belongs to H 1 (Q\Q&) and its trace on dQ Wu(x) -n(y{x))\ dQ = 

WQ 7 |dQ 

** For the case of the third boundary-value problem the generalized so- 
lution satisfies the boundary condition (~^~~ + au ) J d ^ = 0. 

15-0594 
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From Theorems 4 and 3 and Theorems 2 and 3 of Sec. 6.2, Chap. Ill, 
the following result, in particular, follows. 

I-l + i l-l + i 

Theorem 5. Let 2 (<?)• // dQ £C V * { , then the generalized 

solution of the first boundary-value problem for Eq. (7) with homogeneous 

boundary condition is a classical solution of this problem. When dQ 6 

[-1+2 

6 C 2 , the generalized solution of the second boundary-value problem 
for Eq. (7) with homogeneous boundary condition is a classical solution 
of this problem. 

We now examine the question of smoothness of the generalized 
solutions in the whole region when the boundary conditions are 
nonhomogeneous. We confine our discussion to the first boundary- 
value problem. 

Suppose that u(x) is a generalized solution of the first boundary- 

o 

value problem, that is, it belongs to -ff 1 ^) and for all v £ H X (Q) 
satisfies the integral identity (8) as well as the boundary condition 
u\ dQ = <p. 

Assume that for a certain k > / 6 H h (Q), dQ £C k+2 , and that 
the boundary function (p is the trace on dQ of some function O in 
jjk+2 (0 (j n or( i er that tp be the trace on dQ of a function in H h+2 (Q) 
it is sufficient, by Theorem 2, Sec. 4.2., Chap. Ill, that it belong to 
C k+2 (dQ)). Let us show that then u 6 H k+2 (Q). 

o 

Consider the function z = u — O. It is clear that z £ H^Q) 

o 

and satisfies for all v £ H 1 (Q) the integral identity 

j" VzVvdx= — J VQVtfdz— j fvdx 
Q Q Q 

or, by Ostrogradskii's formula, equivalently the integral identity 

j VzVvdx= — ^ f&dx, 
Q Q 

where f x = f — AO. Since the function / x £ H k (Q) y z g H h+2 (Q) by 
Theorem 4. Hence the generalized solution u = z + O £ H h+2 (Q), 
establishing the assertion. 

4. Smoothness of Generalized Eigenfunctions. Let u(x) be gener- 
alized eigenfunction of the first, second or third boundary-value 
problem for the Laplace operator and X the corresponding eigen- 

o 

value. Then for any v 6 H X (Q) 



^ VuVvdx= — X j uvdx, 
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which coincides with the identity (8) for / = Xu. Since Xu 6 HHQ) 
and hence Xu 6 L 2 (Q), Theorem 3 implies that u £ H\ 0C (Q) and 

Au = Xu (31) 

a.e. in Q. Thus the function Xu appearing on the right-hand side of 
(28) belongs to H\ 0C (Q) f) L 2 (Q). Therefore another application of 
Theorem 3 shows that u 6 H\ oc (Q), and so forth. 

Consequently, u £ H\ 0C (Q) for any k. Theorem 2, Sec. 6.2, 
Chap. Ill, u(x) e C°°(Q). 

Thus the following result is established. 

Theorem 6. The generalized eigenfunctions of the first, second and 
third boundary-value problems for the Laplace operator are infinitely 
differentiable in Q and satisfy Eq. (31). 

The smoothness of generalized eigenfunctions in the whole region 
is determined by the smoothness of the boundary. 

Theorem 7. // dQ 6 C h for some k ^ 2, then any eigenfunction 
u(x) of the first or second boundary-value problem for the Laplace opera- 
tor belongs to H h (Q) and satisfies the[corresponding boundary condition 

( u \qq = and = for the first and second boundary-value prob- 

lems, respectively J . Then the generalized eigenfunctions of the first 
boundary-value problem when k^> [-^- J + 1 and of the second bounda- 
ry-value problem when k^> \ + 2 ore classical eigenfunctions *. 

Proof. Since dQ 6 C 2 and u 6 H X {Q) a L 2 (Q), u 6 H 2 (Q) by 
Theorem 4. If dQ £ C 3 , then, by Theorem 4, u 6 H 3 (Q). When 
dQ 6 C 4 , the inclusion u 6 H 2 (Q) implies that u 6 # 4 (<2), and so 
forth. Thus we find that u 6 H n (Q), provided dQ 6 C* 

What is more, by Theorem 6, the generalized eigenfunctions be- 
long to C°° (Q) and satisfy Eq. (31). 

If + 1. then, by Theorem 3, Sec. 6.2, Chap. Ill, u£ 

eC h ~ [ ^ ] ~\Q) c= C(Q), while u 6 C\Q) if k > [i] + 2. Conseq- 
uently, the results of Sec. 5.1, Chap. Ill, imply that the eigenfunc- 
tion u of the first boundary-value problem satisfies for &^>£-^-J-f- 
+ 1 the boundary condition u\ Q q =[0 in the classical sense, and 



* For the third boundary-value problem the following assertion holds: 
// dQ 6 C h and o(x) 6 for some k ^ 2, then any eigenfunction u(x) 

of the third boundary-value problem for the Laplace operator belongs to H h (Q). 

Moreover, (■^~+ cm ) dQ^®' ^ * ^[-rjr^+2,thenthe generalized eigenfunc- 
tions of the third boundary-value problem are classical eigenfunctions. 

15* 
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the eigenfunction u of the second boundary-value problem satisfies 
for + 2 the boundary condition -|^-|^ = in the classical 

sense. | 

5. On Series Expansions in Eigenfunctions. Let u ±1 u 2 , . . • denote 
the system of all the generalized eigenfunctions of the first (second) 
boundary-value problem for the Laplace operator, and X u X 2 , ... 
the corresponding system of eigenvalues. As shown above (Theorem 3, 
Sec. 1.3), the system u s1 s = 1, 2, . . ., is an orthonormal basis for 
L 2 (Q). This means that any function / £ L 2 {Q) can be represented 
by a convergent Fourier series in L 2 (Q) with respect to any of these 
systems: 

oo 

/= 2 fmUm, tm = (f^Um)L t {Qy [(32) 
m=l 

Suppose that the function / £ 'H h (Q) for some k >- 1. Its Fourier 
series in eigenfunctions of the first and second boundary-value prob- 
lems, of course, converge to it in L 2 (Q). However, in the norm of 
H h (Q) or even in the norms of H h (Q), < k' < k, these series, gener- 
ally speaking, do not converge. For instance, the Fourier series of 
the function f (x) = 1 in*(? with respect to the system of eigenfunc- 
tions of the first boundary-value problem cannot converge in the 
norm of H h (Q) for any k >- 1. Indeed, if this series converged in the 
norm of H X (Q), it would converge only to f (x), but this is impossible, 

because the sum of any series of elements of H l (Q) which converges 

in H\Q) must belong to H l (Q). 

In order that the Fourier series of any function / in H h (Q) may 
converge to it in H n (Q), the function / must be subjected to some 
boundary conditions. 

Note that for the Fourier series (32) of a function / with respect to 
the system of eigenfunctions of the first boundary-value problem for 
the Laplace operator to converge in the norm of H\Q) it is sufficient 
(Theorem 3, Sec. 1.3) and as shown just now, necessary that / £ 

6 H\Q). 

We denote by H h g{Q), k\ 1, the subspace of H k {Q) consisting of 
sill the functions / for whi 

L — J 

/ d Q = 0, A 1 2 f\ dQ ^0. 

By H$(Q) we shall mean the space L 2 (Q). Note that by Theorem 2, 
Sec. 5.3, Chap. Ill, H^(Q) = H l (Q). 



ELLIPTIC EQUATIONS 



229 



By H^iQ), /c>2, we designate the subspace of H k (Q) consisting 
of all the functions / for which 



dn 



By (Q) we shall mean the space L 2 (Q) and by H 1 ^ (Q) the 
space H X (Q). 

Lemma 3. Suppose that dQ 6 C k for a certain k !> 1. Then there is 
a constant C > such that any function f £ H h <% (Q) or f £ H h j^{Q) 
orthogonal to constant functions in L 2 (Q) with a scalar product satisfies 
the inequality 

n 

||/|| flft(Q) <C||A T /|| MQ) , (33) 
if k is even, and the inequality 



||/|| fl * (Q) <(7|jA 2 /IIhkq) (33') 

if k is odd. 

Proof. We first consider the case of even A;, k = 2p. The lemma 
will be proved by induction on p. We shall establish (33) for p = 1. 
Suppose that / £H%(Q) (H 2 ^ (Q)). Let F denote the function A/. 
Then f(x) satisfies Poisson's equation 

A/ = F (34) 
a.e. in Q. Moreover, by the definition of H*%(Q) (H^iQ)) u\ 9 q = 

HM =o). 

\ on \0Q / 

Multiplying (34) by an arbitrary function v £ H X (Q) and applying 
Ostrogradskii's formula, we find that u is a generalized solution of 
the first (second) boundary-value problem'for Eq. (34). Now inequali- 
ty (33) for k = 2 follows from Theorem 4. 

Assume that the inequality (33) has been established for k = 2p, 
and let / 6 H 2 $ +2 (Q) (H 2 ^ 2 (<?)). Since in this case the function 
F = A/ belongs to H% (Q) (H 2 ^ (<?)). 

II P IU(Q) < C 1 II ^ F lk(Q) = c, || A™/ || Li(Q) . 

But f(x) is a generalized solution of the first (second) boundary- 
value problem for Eq. (34), therefore Theorem 4 yields 

II / IIh«p« (Q) <C 2 \\F || fl2p(Q) || A™/ \\ L , (Q) . 
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We now consider the case of odd k. For k = 1 the inequality (33') 
is trivial. Assuming that it hasjbeen proved for k = 2p — 1, p >- 1, 
we shall establish the same for k = 2p + 1. Let / £ H%+\Q) 
{H 2 ]f\Q)). Then F{x) = Af 6 -*(< ?) jg V(<?)). By Theorem 4 
and by induction, we obtain 

II / ^ 2 \\F y 2p - 1(Q) <C || || H1(Q) = C || A p / || H i (Q) . i 
We can now prove the following result. 

Theorem 8. Assume that the boundary dQ 6 C\ ^ 1. In order 
that the function f may be expanded in a Fourier series (32), converging 
in the norm of H h (Q), with respect to the system of eigenfunctions of the 
first (second) boundary-value problem for the Laplace operator it is 
necessary and sufficient that f belong to H h ^(Q) (H h jp(Q)). If f 6 

oo 

£H$(Q) CH*^ (0), [the series 2 fl I \ h [converges and there is 
a constant C > 0, independent of /, such that 

2 /5l^l*<C||/||2 k (35) 

Proof. From the identity (31) and Theorem 7 it follows that if 
dQ 6 C h i then the generalized eigenfunctions of the first (second) 
boundary-value problem for the ^Laplace operator belong to (Q) 
(#^(0). Therefore if the Fourier series of the function f£H h {Q) 
with respect to the eigenfunctions of the first (second) boundary-value 
problem converges in the norm of H k (Q), then f£H%(Q) (Hj^iQ)). 
This proves the necessity part. 

We now suppose that / 6 H% (Q) {H]g> (0), and establish the in- 
equality (35). First assume that k is even, k = 2p, p ;> 1. Let y s 
denote the Fourier coefficients of A p / : y s = (A p /, u s ) L ^Q). An 
application of Green's formula yields 

Yfi = (A*7, u 5 ) L , (Q) = (A p -7, A^q^MA*- 1 /, " s )l, ( q) 

= . . . = A, p (/, u s ) LM) = tfsfs, 5 = 1,2,... . 

Since \ p f£L 2 {Q), it follows thatj 2 v! = l| A p /||l 2 ( Q) , hence 

5=1 

4- 

2 I X s \ h = || A 2 /||l 2 (Q) which, obviously, implies the inequal- 
ity (35). When /c = 2p+l, the function A p f^H\Q) (H l (Q)). 
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Therefore, by Theorem 3, Sec. 1.3, the inequality 2 V« I I ^ 

8= 1 

|| A p /||hi(q) holds, thereby implying the inequality (35). 
By S m (x) we denote the partial sum of the series (32). Evidently, 

H%{Q) (H^iQ)) for all m = 1, 2 

In view of (33) and (35) (assume that m > i^l), we have for 
k = 2p 

m mm 

=c\\ 2 ||i^ Q> == c 2 tf^c 2 

s=i+l s=i+l s=i+l 

as oo. This means that the series (32) converges to / in H h (Q). 

When k = 2p + 1, the proof is similarly carried out by applying 
the inequality (33'). | 

Theorem 9. // the boundary dQ of the region Q belongs to C h 

for a certain k^ + then any function f£H%{Q) (H^iQ)) 

has a Fourier series expansion (32) with respect to eigenfunctions 
of the first {second) boundary-value problem for the Laplace operator 

converging in the space C (Q). 

Proof. Theorem 3, Sec. 6.2, Chap. Ill, implies that the space 

C (Q) contains the function f(x) and all the eigenfunctions 

u s (x) as well as all the partial sums S m (x) of the series (32) . 
Moreover, the inequality ||S m — S t \\ fi , <C || 5 m — S t \\ H k (Q y 

C L 2 J " (Q) 

where the constant C does not depend on m or i, holds. By Theo- 
rem 8, || S m — S t || H ft (Q) ->■ as w, i oo, therefore 
II Sm — Si II rni as m, i-*~oo, thereby implying that 

c h ~ "2" (Q) 

the series (32) converges in C (Q). | 

6. Generalizations. The method applied in Subsecs. 2 and 3 to 
investigate the smoothness of generalized solutions of boundary- 
value problems for Poisson's equation is equally suitable for inves- 
tigating the smoothness of generalized solutions of boundary-value 
problems for more general equations. For instance, suppose that 
u(x) is a generalized solution of the first boundary-value problem 

Xu = div (k(x)^u) — a(x) u = /, x 6 Q, 

u\ dQ = (36) 

(/ 6 Lz(Q) , \Kx) £ C (<?) , [a (x) £ C(Q) , k(x) >k >0). 
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If k(x) 6 (0, a(x) e [C p (Q) and j /(*) 6 L t (Q) f] #f oc «?> 
for some p !> 0, then u(x) £ H\q C 2 (Q). In particular, every general- 
ized eigenfunction of the first boundary-value problem for the operator 

X belongs to #? + c 2 (<?). 

If, in addition, the boundary dQ g C p+2 and / g IP(Q), then 
m(#) £ H P+2 (Q); in particular, every generalized eigenfunction of 
the first boundary-value problem for the operator X belongs to 
IP +2 (Q). 

Totally analogous results hold also for the generalized solutions 
of the second and third boundary-value problems for Eq. (36) and 
the corresponding eigenf unctions for the operator X. 

§ 3. CLASSICAL SOLUTIONS OF LAPLACE'S 
AND POISSON'S EQUATIONS 

1. Harmonic Functions. Potentials. A real-valued function u(x) if? 
termed harmonic in a region Q (or in an open set) in the space R n if 
it is twice continuously differentiable in Q and satisfies the Laplace 
equation 

Au = (1) 

at every point x 6 Q- 

An equivalent definition of a harmonic function can easily be giv- 
en in terms of H h spaces (as usual, functions are considered equal if 
they coincide almost everywhere). 

A function u(x) belonging to H\ 0C (Q)i where Q is a region in R nt 
is called harmonic in Q if it satisfies the integral identity 

VuVvdx = (2) 
Q 

for all v 6 H X (Q) having compact support in Q (that is, equal to zero 
a.e. m Q \ Q' for a certain Q' (c= Q). 

If u (x) 6 C 2 (Q) is harmonic in Q, then it obviously belongs to 
H\oc(Q)- Multiplying (1) by an arbitrary v £ H\Q) with compact 
support in Q and integrating the resulting identity over Q, we find t 
by means of Ostrogradskii's formula, that u satisfies the integral 
identity (2). 

Suppose now that u 6 H) 0C (Q) and satisfies the integral identity (2) 
for all v belonging to H^iQ) and having compact support in Q. 
Take an arbitrary strictly interior subregion Q' of Q. Since u 6 H^Q'} 

and satisfies the identityl\ VuS7vdx=lO for all v £ H X {Q'), u£ 

" Q' 

6 C°° ((?') by Lemma 2, Sec. 2.2, and Theorem 2, Sec. 6.2, Chap. III. 
What is more, u satisfies Eq. (1) in Q' (see Corollary to Lemma 2 of 
*he preceding section). Since Q' is arbitrary, the function u (x) belongs 
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to C°°(Q) and satisfies Eq. (1) in Q, that is, is harmonic. 

If a function u harmonic in Q is twice continuously differentiate 
in Q, then, integrating (1) over and using Ostrogradskii's formula, 
we obtain the identity 

= J Au dx = j div (Vu) dx=\ l ^dS \(3) 
IQ1 [Q dQ 

which will be frequently used in the sequel. 

Let I be any point in i? n , and let r = | x — £ |. Since A/ = 

= f rr H — fr for a function / dependingfonly on r, the harmonic 

function u depending only on r satisfies the ordinary differential 

equation u rr + u r = 0. The general solution of this equation 

on the half-line r > has the form + e 1 if n > 2 and c In r + 

+ £i if 7i = 2, where c and Cj are arbitrary constants. Therefore all 
the functions harmonic in the entire space except at the point x = \ 

and depending only on | x — \ | have the form °-h^ + c i if 

n > 2, and c In | a: — £ | + c x if w = 2 (c and c x are arbitrary 
constants). 
The function 

!1 
~ (»-2)a n |»-6r» ' n > 2 
^■ln|»-6|, —2. 

harmonic in i? n \{a: = £}, where a n is the surface area of the unit 
sphere, is called the fundamental solution of the Laplace equation. 
This function plays a basic role in the study of solutions of thfr 
Laplace and Poisson equations. 

For any measurable function p (£) bounded in Q the function 

u n (x)= J Po (g)d£, (5) 

Ql 

which is defined for all x, is called the volume potential with densi- 
ty Pi- 

Far any function p x (£) and p 2 (£) integrable over dQ the functions 



u.W-Jj7(*-E)p t ©dS 8f (6> 
[ Pid) dS v (7> 
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which are definedjjfor all x 6 R n \dQ, are, respectively, referred to as 
potentials of simple and double layers with densities p x and p 2 . 

We have already encountered the potentials (5), (6) and (7). In 
Sec. 6.1, Chap. Ill (Theorem 1), it was established that any function 
u(x) £ C 2 (Q) can be expressed as a sum of three terms: the volume 
potential with density Au- the potential of simple layer with density 

— ^ and the potential of double layer with density u: 
u (x) = J V {x-D Au (|) dg- j U (x-l) 

Q dQ 

OQ * 

If the function u £ C 2 (Q) and is harmonic in Q, then (8) yields 

dQ 

for any x £ Q* 

Lemma 1. The potentials of single and double layers are harmonic 
in R n \dQ. 

Proof. Let x° be any point mR n \dQ, and let 8 > be the distance 
from this point to dQ. The integrand functions in (6) and (7) regarded 
as functions of £ 6 9Q, belong to L^dQ) for all x lying in the ball 
{| x — x° |< 8/2} and belong to C°°(\ x — x° |< 5/2) for almost 
all £ 6 d(? if they are regarded as functions of x. Furthermore, for all 
I 6 dQ and x in^the ball {| x — x° |< 8/2} the estimates \D%U (x — 

— 6) |< c, I £>" dU( drT l) \^ C hold in which 06 = (oCl ' ' ' a7l) is 
arbitrary and the constant C > depends only on 8 and a. Therefore 

rS2t7(*-E) Pl (g)KC| Pl (6)|,.| 

Then, by Theorem 7, Sec. 1.7, Chap. II, the functions u x (x) and 
u 2 (x) are infinitely differentiable in the ball {| x — x° | < 8/2} and 

&*u i (x)= j Pl (g) D ( iU(x-l)dS l 
dQ 

and 

2> a u 2 (*) = jp 2 (|) D^^^-dS, 
e<3 
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for any a. In particular, 

A»!= J Pi (l)A x U(x^l)dS^0 

dQ 

and 

Au 2 (x)= \ p 2 (l) A X U (x-DdS^O, 
dQ 6 
because A X U (x — £) = when x g. 

Lemma 2. 7/ p (?) 6 C 1 (0, then the volume potential u (x) 
belongs to C 2 (Q) f| C 1 (Q) and satisfies Poisson's equation Au = p 
for all x £ Q. 

Proof. Since the function p is measurable and bounded in Q, 
it follows (see Sec. 1.12, Chap. II) that u £ C 1 (Q) and 

^=w^'~y^Mim, -i ». 

Q Q 

If p *(g) 6JC 1 ((?), then, by Ostrogradskii's formula, 

-g- = j C7 (*-g) d£- { C7 p (5) », (?) d5„ 

/\ 

where the function n t (£) = cos (rc, l t ) is continuous on d(). 

The first term/m the right-hand side of this identity is the volume 

potential with density -^j- which is continuous in thereby imply- 
ing that^this term belongs to C 1 (Q). The second term is the potential 
of the simple layer with density p n t continuous ondQ, and, accord- 
ing] to Lemma 1, belongs to C x (Q). Therefore u £ C\Q) fl 
fl C 2 (Q)- Take an arbitrary function \p £ C 2 (Q) with compact sup- 
port in Q. Since i|)| aQ =0, by (8) 

♦ (*)=[ U(z-l)Aip(l)dt (10) 

[Q 

for all x £ Q- Applying Green's formula to the functions i|) and u 
and using successively Fubini's theorem (Theorem 10, Sec. 1.11, 
Chap. II) and the identity (10), we obtain 

J \|?(x) Au (x)dx = j Aty(%) u Q (x)dx 
Q Q 

= J AiM*) (Ji^(*-E)Po(E)«)cfa 
Q Q 

= J Po(6)(J U(x-l) A^{x)dx)dl= J*(E) Po (6)dE. 
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Thus for any function i|> £ C 2 (Q) with compact support in Q the 
identity 



\|? (x) (Au (x) — po (x)) dx = 



[Q 

holds, implying that Au = p in Q. | 

2. Principal Properties of Harmonic Functions. We shall now 
establish some of the important properties of harmonic functions. 

Theorem 1. (First Mean Value Theorem). Let u (x) be a harmonic 
function in Q and x any point of Q. Then for any r, < r < i, where 
d is the distance of x from the boundary dQ, 

u{x) = ^^ J u{t)dS % . (H) 

l*-S!=r 

Proof. Since u(Q £ C 2 (| | — x \ ^ r), formula (9) is applicable 
to this function in the region {| g — a; |<r}. By this formula 
for n > 2 (for n = 2, the argument is analogous), 



v ' J (n— 2) k a n r"- 4 dn 6 



lt-*l«=r 



_ f u(g) |g-x|"- 2 

J (n-2)0„ an 6 00 * 

IS-*l=rl 

l r a*® 



(n — 2)a„r n - i J 3n 
IS-*l=r 



dS 5 



because on the sphere { | £ — x \ = r} 
1 1 

* I = |£-s|"- 2 _ (n-2) (n-2) 

dn l a | g — s | I* — El 71 * 1 i* 1 " 1 * 

Formula (11) now follows from (3)|. 

Theorem 2 (Second Mean Value Theorem). Let u(x) be a harmonic 
function in Q and x any point of Q. Then for any r, 0<r<d, where 
d is the distance from x to the boundary dQ, 

u W = -^r j "(E)dE- (12) 

l£-*l<r] 



Proof. According to Theorem 1, the identity 
Onp^uix) = J u(l) dSt 
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holds for any p, < p < d. Integrating this with respect to p fromO 
toV, we "obtain (12). | 

Theorems 1 and 2 are referred to as mean value theorems because 
the right-hand sides in (11) and (12) are the average values of the 
function u over the sphere {| g — x \ =» r} and over the ball 

{| g — x | < r}, respectively (c^r 71 " 1 is the surface area of this sphere 

and a * rn the volume of the ball ) . 

As shown ^above, a function which is harmonic in Q is infinitely 
differentiable in Q. The following result often proves useful in the 
study of harmonic functions. 

Lemma 3. Let the function u(x) be harmonic in Q and be bounded: 
I u(x) | ^ M. Then any derivative D a u (x) of order \ a | = k, k = 
= 1,^2, . . at the voint x £ Q satisfies the inequality 

\D a u(x)\^M (-J-)V, (13) 

where 6 is the distance from the point x to the boundary dQ. 

Proof. This lemma will be proved by induction on k. 

Suppose first that k = 1. We shall demonstrate that J u Xi I ^ 
^ Mnlb for all i = 1, . . M n. Since the function u x is harmonic 
in Q, by Theorem 2, for any 8' < 8, 

where a t is the angle between the vector g — a: and the Ogf axis. 
Therefore 

I »*i (*) K^T J I* (6) I dS^M ^cx n S'^ - M/i/8'. 
The desired inequality follows from this by passing to the limit as 

Assume that the lemma has been proved for all derivatives D a u, 
where | a | ^ k — 1, k >» 2. Let us prove the inequality (13). 

Take two balls {| g — x |< 8'} and { | g — x |< 57&} with 
centre at the point x (8' is any positive number less than 8). By the 
induction hypothesis the following inequality holds for any point g 
in the ball { | g — x |< 87*} and any p, | p | = A — l: j 

Thus for any p, j p | = k — 1, the harmonic function D\u(%) is 
bounded in the ball {| g — x \ <C S'/k} by a constant M (y-)' 1 1 k k " x . 
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Then, by what has been just established, for the first derivatives of 
this function we have \ 

l(^(S))*J<^ i = ...,». 

That is, for any a, | a | = k f we have | D a u | ^ M ("g^ - )*^- 

Letting 6' ->- 5 in this inequality, we obtain the inequality (13). | 
Let us take up some of the applications of Lemma 3. 
Theorem 3. From any infinite set of harmonic junctions in Q that are 
bounded ih Q by the same constant a sequence can be chosen which con- 
verges uniformly on any strictly interior subregion of[Q. 

Proof. Let 9Ji be an infinite set of harmonic functions u (x) in Q 
which are 1 bounded in Q by the same constant: | u (x) | ^ M. Con- 
sider a sequence of regions Q 2 , . . such that Q ± cz Q 2 a . . .; 

Q t <g <?, i = 1, 2, . . U Qi = <?• 

i=l 

The set 9ft consists of functions belonging to an d bounded 

on Q 1 by the same constant. By Lemma 3, there is a constant C > 0, 
depending only on such that for all functions u in -JJI | | ^ C 
for a: 6 Therefore the set 9Ji is equicontinuous in Q x . According 
to Arzela's theorem, it is possible to choose a sequence u n , u 12 , . . . 
from 9JI which converges uniformly in Q x . Since this sequence is 
uniformly bounded and, by Lemma 3, is equicontinuous in Q 2 , 
a subsequence u 21 , u 22l . . . can be selected from it which converges 
uniformly in Q.„ and so forth. It is apparent that the diagonal se- 
quence u n , u 22 , ... is the desired sequence. | 

Theorem 4. Suppose that a sequence u x (x), u 2 (x), . . . of harmonic 
functions in Q converges to u(x) uniformly in any strictly interior 
subregion of Q. Then the function u(x) is harmonic in Q and for any 
a — ( a n • • • , a n ) the sequence D a u^ D a u 2 , . . . converges to D a u 
uniformly in any strictly interior subregion of Q. 

Proof. Let Q' be any strictly interior subregion of Q. Then the 
function u{x) £C {Q'). Take any region Q" such that Q' <g Q" C Q. 
It is clear that each u m (x) is bounded in Q". According to Lemma 3, 
for any a there is a constant C > 0, depending only on Q\ Q" and 
| a |, such that 

|| D a (u m - u s ) || C( q < C\\u m - u s \\ c ^ f) 

for all 7?i, s = 1, 2, .... Since \\u m — u s \\ C{ Q, f) -> as 771, 00, all 
the sequences D a u m , m = 1, 2, . . ., are fundamental in the norm of 
C(Q'). This means that the function u (x) £ C°°(Q') and for any 
a|| D a u m — D a u || C( q /} as m 00. 
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Passing to the limit asm->oo in the equation Au m = 0, x £ Q\ 
we find that Aw = in Q', that is, u(x) is harmonic in Q' and hence 
also in Q. fl 

Theorem 5. A function which is harmonic in Q is analytic there. 

Proof. Let the function u(x) be harmonic in Q. Take any point 
x° in Q, and let 6 > denote the distance between- this point and 
the boundary dQ and £5/4 (#°) denote the ball {\x — x° | < 6/4}. 
The function u(;r) £ C(Q^ 2 ), therefore it is bounded in #5/2; let 
M = max I u(x) |. 

Since the distance from any point of the ball Sy^x ) to the bound- 
ary dQs/2 is not less than 8/4, by Lemma 3 for any point x in 
Ss/i (x°) and any a = (a 1? . . ., a n ) the inequality 
|Z> a u|<M(4A^/6) |a, |a| ,a, 

k h+i/2 1 

holds. Since lim = — T =- (Stirling's formula), there is 

a constant C > such that /c*<Ce ft A;!, and hence | a| ,a, <C^ ,a, (\a\)\ 
for all natural k. 

If in the identity {x i -\- . . . +x n ) h = 2 ^ ^ ^' ^ w ^ ic ^ is 

true for any natural ft, we set x^ = . . . = x n = 1, we obtain the 
identity rc ft = 2 ( | a | )!/a! which implies the inequality (|a| )!/a!^ 

<rc' a l. Therefore for all x^S 6/ / k (x°) and all a 

\D a u\^CM (4^/8) ,a, a!. (14) 

From the inequality (14) it follows first of all that the Taylor 
series 

a 

of function u(#) converges absolutely in the ball S = { | x — x° | < 

< 4 ^ 2g I , therefore the sum of this series is an analytic function in S. 
Let us show that this series converges to u(x) in the ball S' = 
= 1 1 x — x° I < 87 f 3g } - F° r this it is enough to demonstrate that 
the remainder term in the Taylor's formula 

r n (x)=u(x)- 2 1 2 -^-(z-xT 

fc=0 \a\=h 

|a|=N 
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for function u, where |9 |<Cl> approaches zero as iV->oo at 
every point of S'. Since for x £ S the point x° + ]0 (x — x°) also 
lies in 5", and thus in the ball S^/^x ), we find, in view of (14), 
that for all x £ S' 

|Ct|=iV V ' 

Hence R N (x) as TV ->- oo. 

Since the point x° £ Q is arbitrary, the function u(x) is analytic 

in Q. | 

In the two-dimensional! case,, apart from Theorem 5 establishing 
the analyticity of a harmonic function as a function of two variables 
jj lf x 2 , a deeper result holds that connects harmonic functions with 
analytic functijns of a single complex variable z = x x + ix 2 . For 
simplicity, we confine our discussion to a simply connected region. 

Theorem 6. For the function u{x x , x 2 ) to be harmonic in a simply 
connected region Q it is necessary and sufficient that there exist an ana- 
lytic function f(z) in (?, z = x x + ix 2 , such that u(x tJ x 2 ) = Re f(z). 

Sufficiency. Suppose that f(z) is analytic in Q. Then the functions 
u(.r 1? x 2 ) = Re f(x 1 + ix 2 ) and v(x 1 , x 2 ) = Im f(x t + ix 2 ) in Q 
are infinitely difierentiable and they satisfy Cauchy-Riemann equa- 
tions: 

u Xt = vx t , u Xt = —v Xl . (15) 

Differentiating the first of equations (15) with respect to x x and the 
second with respect to x 2 and adding them, we see that Au = 0, that 
is it is a harmonic function. 

Necessity. Assume that the function u is harmonic in Q, and con- 
sider the function 

u {x) = j — u Al dx i + u Xl <dx 2 , 

where x° = (xj, x°) is a fixed point of Q y x = (x ly x 2 ), and L(x d , x) 
is any rectifiable 'curve joining the points x° and x and lying in Q 
(since Q is a simply connected region, Green's formula yields that 
the function v does not depend on the contour L). The function 
v(x) £ C l (Q) and satisfies conditions (15). Consequently, the function 
f = u + iv is an analytic function of x x + ix 2 in Q. | 

Remark l.The analytic function f(z) corresponding to the harmo- 
nic function u(x x , x 2 ) is defined up to a pure arbitrary constant. 
Indeed, suppose that f x (z) — u + iv ± and f 2 (z) = u + iv 2 are two 
analytic functions in*Q for which Re f x = Re f 2 = u. Then the func- 
tion f x — f 2 = iv, where the (real) function v = v x — v 2 , is analytic 
in Q. In view of the Cauchy-Riemann equations, v Xl = u Xi = 0, that 
is, u 2 = v 1 + c, where c is any real constant. Accordingly, f 2 (z) = 
= f~(z) + ic. | 
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Remark 2. An assertion analogous to that of Theorem 6 holds also 
for any region Q. In this case the analytic function / of x x + ix 2 
in Q, constructed corresponding to the function u harmonic in Q, 
may be multiple- valued. For instance, to the function In | z | harmo- 
nic in the annulus {1 < | z | < 2} there corresponds a multiple- 
valued function In z = In | z | + i arg (x x + ix 2 ) (z = x x + ix 2 ) 
analytic in this annulus. 

Corollary. Suppose that the junction z' = F(z) = F 1 (x lf x 2 ) + 
+ iF 2 (x^ x 2 ), z = x x -\- ix 2 , analytic in a simply connected region Q maps 
Q one-to-one onto another simply connected region Q f of the complex 
plane z' = x\ + ix 2 . If the function u'{x') is harmonic in Q', then 
the function u(x) = u'iF^x), F 2 (x)) is harmonic in Q. 

In fact, let the function f(z') analytic in Q' be such that u'(x') = 
= Re f\z'). Since the function f(z) = f'(F(z)) is analytic in Q, 
the function u(x) = u' (F^x), F 2 (x)) = Re f(z') = Re/(z) is 
analytic in Q. 

The following important property of harmonic functions, a con- 
sequence of a mean value theorem, is referred to as the maximum 
principle. 

Theorem 7 (The maximum principle). Let a function u(x) harmonic 
in Q be continuous in Q. Then either u(x) = const in Q or 

min u(x) < u(x) < max u (x) (16) 

x£dQ x£dQ 

for all x £ Q. 

Proof. Put M = max u(x). Let us show that if the right-hand 

inequality in (16) is violated at a point in Q, then the function u(x) = 
= const = M in Q. Indeed, assume that there is such a point. Then 
in (?4there is a point x° at which u = M. Taking any point y in 
we shall demonstrate that u(y) = M. Join the points y and x° by 
a polygonal line L (without self-intersection) lying wholly in Q. 
By d > denote the distance between L and dQ. We cover L by 

a finite number of balls S t = j | x — x x \ < , i = 0, 1, . . ., N, 

with centres at x x 6 L f| 5^_ x , i = 1, . . ., N. The point x° is the 
centre of the ball S and the point y 6 S N . 

By the second mean value theorem (Theorem 2), 

J u{x)dx * 

Jx-x0|<d/2 

that is, 

(u(x) — u(x )) dx = 0. 

So 

Since the integrand function u(x) — u(x°) is nonpositive u(x) = 
= u(x°) = M in 5 , and, in particular, u{x x ) = M. Repeating the 

16-0594 
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same arguments for the point x 1 and the ball 5 4 , it can be shown that 
u(x) = M in aSj, and, in particular, u(x 2 ) = M, and so on. Finally 
we find that u(x) = M in S N , and, in particular, u(y) = M. 

Thus it is established that either u(x) = const in Q or the right- 
hand inequality in (16) holds for all x in Q. Applying this result to 
— u(x), we obtain that either u(x) = const in Q or the left-hand 
inequality in (16) holds for all x in Q. | 

Corollary. It readily follows from Theorem 7 that a function u(x) 
harmonic in Q and continuous in Q satisfies the inequality 

IMU<II"IW (i7) 

Theorem 8. Let the functions u k (x), k = 1, 2, . . belong to C(Q) 
and be harmonic in Q. If the sequence u h \dQ, k = 1, 2, . . ., converges 
uniformly on dQ, then the sequence u h ,k = 1,2,..., converges uni- 
formly in Q to a function harmonic in Q. 

Proof. In fact, we have by formula (17) 

II U s ~ ||c(Q) < I! u s - \\ C(dQ) 

for all s and m. Since the sequence u h \ d Q, k = 1, 2, . . ., converges 
uniformly on dQ , || u s — u m \\c(dQ) as m, s-> oo; hence \\u s — 
— u m \\ c ^ -> as 77i, s-> oo. The completeness of the space C(Q) 
implies that there is a continuous function u(x) to which the sequence 
u h (x), k = 1, 2, . . converges uniformly in Q. That the function 

u (x) is harmonic in Q follows from Theorem 4. | 

3. On Classical Solutions of the Dirichlet Problem for Poisson's 
Equation. Let us recall that a function u (x) is called the classical 
solution of the Dirichlet problem (the first boundary-value problem) 
for Poisson's equation 

= /, xtQ, (18) 
u\ dQ = <p, (19) 

if u(x) € C 2 (Q) (1 C (Q) and satisfies (18) and (19). 

First of all we shall establish uniqueness of the solution. 

Theorem 9. The Dirichlet problem for Poisson's equation cannot 
have more than one classical solution. 

Proof. Let u ± (x) and u 2 (x) be two solutions of the problem (18) r 
(19). Then the function u(x) = u x (x) — u 2 (x) is harmonic in Q, 
continuous in Q and vanishes on dQ. Therefore, by the inequality (17), 
u = in Q, that is, u x = u 2 . | 

The existence of the classical solution of the problem (18), (19) 
was established in Subsec. 3 of the preceding section under the assump- 

tion that dQ 6 C 2 , / 6 H 2 (<?), q> 6 C 2 (dQ). We have, 
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in fact, established there a stronger result: under the assumptions 
made regarding dQ, f and cp the generalized solution u of the problem 

I n 1 + 3 [ 71 ] + * 

(18), (19) belongs to the space H }0 2 c (Q) fl H 2 (Q). This, jn 
view of the embedding theorem, implies that u(x) 6 C 2 (Q) f] C(Q), 
that is, is a classical solution. But the conditions of functions being 

contained in the spaces ^Tioc (Q) and H (Q) are more stronger 
than their being contained in the spaces C 2 (Q) and C(Q), respec- 
tively. Therefore it seems plausible that the classical solutions exist 
under milder conditions on dQ, f and (p. 

Theorem 10. // dQ 6 C 2 , / £ C 1 (Q), (p 6 C (dQ), then the problem 

(18) , (19) has a classical solution. 

We start by proving Theorem 10 for the case of homogeneous equa- 
tion (18), that is, for the problem (1), (19). 

Lemma 4. // dQ £ C 2 and cp 6 C (dQ), then the problem (1), (19) 
has a classical solution. 

Proof, Suppose first that dQ £C 1 . Since cp 6 C (dQ), there 

[2L] + i 

exists a sequence of functions. cp ft , k = 1, 2, . . in C 2 (dQ) 
converging uniformly onjdQ to the function cp. (Indeed, the continu- 
ous extension of cp into Q can be approximated in C(Q) by functions 
belonging to C°°(Q) and their values on the boundary belong to 

Hrl +1 

C (dQ).) But for any cp ft there is a function u h (x) harmonic in Q 
which is a classical solution of the problem (1), (19) with this bound- 
ary function. By Theorem 8, the sequence u h (x), k — 1, 2, . . 
converges uniformly in Q. Moreover, the limit function u (x) is 
harmonic in Q, continuous in Q and satisfies the boundary condition 

(19) , that is, is a classical solution of the problem (1), (19). 
Assume now that dQ 6 C 2 . By O denote the continuous extension 

into Q of the boundary function cp, and set M = max |d> (x) \. Take 

a sequence of regions Q t , i = 1, 2, . . ., having the following prop- 

oo [ 71 1 1 

erties: Qi<mQ i+1 for all i = 1, 2, . . .; U Q t = Q; dQ t 6 C T + , 

i = 1, 2, .... By what has been proved, for any i = 1, 2, . . . there 
exists in Q t a classical solution v t (x) of the problem (1), (19) satis- 
fying the boundary condition v^qq. = 0\ dQ .. Moreover, for all 
i = 1, 2, . . . 

max\vt (x)\^M. 

16* 
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Let Ut(x) denote a function denned in Q that is equal to v t {x) in 
Qt and vanishes outside Q tJ £ = 1,2,.... By Theorem 3, the sequence 
of functions u 2 (x), u 3 (x), . . . harmonic in Q 2 contains a subsequence 
u w M i2> • • • which converges uniformly in Q v The sequence u n , 
u 12 , ... is composed of functions harmonic in Q 3 (if the function 
u 2 (x), possibly contained in this, is rejected). Therefore, according 
to Theorem 3, from it a subsequence w 21 , u 22 , • • • can be chosen which 
converges uniformly in (? 2 , and so forth. 

Consider the diagonal sequence w n , u 22 , . . ., u pp , .... The corres- 
ponding subsequence of the sequence of regions Q m , m = 1, 2, . . ., 
will be denoted by Q it , i = 1, 2 . . .: the function u it equals Uu in 
Qn and vanishes outside Qu. The sequence \u pp , p = 1, 2, . . ., 
converges, obviously, in Q and this convergence is uniform 
on any Qu. Consequently, by Theorem 4, the limit function 
u(x) is harmonic in Q. What is more, | u(x) \ ^ M for all x £ Q. 

We shall show that u(x) is continuous in Q and satisfies the bound- 
ary condition (19), that is, u (x) is a classical solution of the prob- 
lem (1), (19). 

Take an arbitrary point x° £ dQ. Since dQ 6 C 2 , there are a point 
x 1 (J Q and a number r > such that the ball { | x — x 1 |< r} touch- 
ing the boundary dQ at z° does not contain points of Q and the 
sphere {| x — x 1 | = r} has only one common point x° with 
Fix an e > 0. Since 0(x) is continuous at a number 8 = 6(e) > 
>> can be found such that | <t>(x) — <X>(x°) | < e for all points of 
the ball {| x — x° | < 6} lying in Q. Since for x x 1 the harmonic 
function 

^0*0 = 7H=2 | :r _ x l |n-2 

(for the sake of definiteness the case n > 2 is considered; when n = 2, 
h; (#) = — In r + In | x — x 1 |) is nonnegative for all x £ (? and 
vanishes at only one point in we can find a C = C (6) > such 
that the inequalities 

O(x ) — e — Cm;(s) < <b(x) < O(;z ) + e + Ci£?(s) 

hold for all x £ Q- 

The functions u pp (x) -\-Cw{x) and u pp (x) — Cw(x) are harmonic 

in <2p P , continuous in Q pp and (^pp + Cw;) |a Qpp = (O + Cw;) | dQpp > 
> O(^) - e and (u pp - Cw) \ dQpp = (O — Cw) \ dQpp < <D (x°) + e . 
Therefore, according to the maximum principle, u pp (x) -\-Cw(x)> 
>Q(;c ) — e and u pp (x) — Cw(x)< (D(x°) -f s in (? pp , that is, 

O(x ) — e — < u pp (x) < (D(^°) + 8 + Cw(x) 
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for all x£Q pp . Accordingly, for any x£Q 

<S>{pfl) — e — Cw(x) < u(x) < <D(x°) + e + Cw(x) . 
Since w(x)-+0 as x -> a: , these inequalities, in turn, imply that 

®(.z ) — e ^ lim u(x)<ITm u(#)<Q(;r ) + e, 

whence it follows, as e > is arbitrary, that u(x) is continuous at 
the point x° and u(x°) = ®{x°) = y{x°). | 

Proof of Theorem 10. Consider the function u (x) = j U(x — 

Q 

— y) f(y) dy, which is a volume potential with density /. Applying 
Lemma 2, we find that u (x) £ C 2 (Q) f| C 1 ^) and is a solution of 
Eq. (18) in Q. According to Lemma 4, there exists a classical solution 
v(x) of the problem Av = in Q, v\dQ = cp — w laQ- Then the 
function u = u + i; is a classical solution of the problem (18), (19). | 

By means of Theorem 10, we can establish the following important 
property of harmonic functions. 

Theorem 11 (On removal of singularity). Let the function u(x) be 
harmonic in the region Q\{x }, where x° is a point of Q. If u(x) = 
= o (U (x — x )), as x x°, where U is the fundamental solution of 
the Laplace equation, then lim u (x) = A exists and the function u(x) 

x^x° 

redefined at x° by A is harmonic in Q. 

Proof. Consider the ball S R (x°) = { \ x — x° |< i?} lying strictly 
inside Q. Let the function v(x), satisfying the boundary condition 
v\ds R ( X °) = u\ d s R (x°), be the classical solution of the Dirichlet prob- 
lem for the Laplace equation in the ball S R (x°). The function 
u(x) — v(x) = w(x) is harmonic in S R (x°) \ {x } and w |as R (x°) = 
= 0. To establish the theorem, it suffices to show that at every point 
of the set S R (xP)\{x } the function w = 0: in this case the function 
u(x) coincides with v(x) for all x £ S R (x°)\{x }, and, consequently, 
the function u (x) redefined at the point x° by A = v(x°) coincides 
with the harmonic function v(x) throughout the ball S R (x°). 

With arbitrary e > 0, consider the two functions 

Z ±(*) = |s_Jo|n-2 ± »>(*) 

^to be definite, let the dimension of the space be rc>2; when 
2i? \ 

n = 2, z ± (x) = e In -j g-p ± w(x) ) . The functions z ± (x) are 

J x x I / 

harmonic in S R (x°)\{x } and z ± (x) \os R (xO) = e/R n ~ 2 > 0. Since, by 
hypothesis, u(x) = o ( ^ 0|n _ 2 ) as x-+x°, we have |, JC _ JC oj= p = 
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= -^=r ±w\\x-xo { = Q = ^+o(-^). Therefore s± (*)I|*-*om>>0 

for sufficiently small p > 0. According to the maximum principle, 
z ± (x)>0 for all x in the spherical annulus p«<| x — x° |-<i?. Let 
x 1 be any point in S R (x°)\{x }. This point belongs to the spherical 
annulus p<J | x — £ |<^i? for sufficiently small p. Consequently, 

z ± (x l ) > 0, that is, | w (x 1 ) \ < e , implying w (x 1 ) = 

| x 1 — x° | n ~ 2 

since e>0 is arbitrary. | 

In Theorem 10 the existence of a classical solution of the Dirichlet 
problem (18), (19) has been established for any / £ C X (Q), <p £ 
€ C (dQ), dQ 6 C 2 . It can be asked whether for the solvability of this 
problem it is enough to require merely that f £ C(Q). The condition 
that / 6 C\Q) is really more than what is required: it can be shown 
that for the solvability of the problem it is enough to assume that 
the function / satisfies in Q the Holder condition with some positive 
exponent *. But, as demonstrated by the following example, this 
condition cannot be replaced by the condition that / 6 C(Q). 

In the ball Q = { \ x \ <i R} oi radius R < 1 consider Poisson's 
equation 



2|*l 2 V (_i n | x |)i/2 + 2 (-ln|*|) 3 / 2 J' ( 20 > 

where the function on the right-hand side (set zero at the origin) is 
continuous in Q. The function 

u(x) = (x*-xl)(-ln\x\) U2 (21) 

belongs to C(Q) f| C°°(Q\{0}) (the point {0} is the origin) and, as 
is easily verified, satisfies in (?\{0} the equation (20) as well as 
the boundary condition 

u \ [X] = R = V^hTR (xl - xl) \ {xl = R . (22) 

Nevertheless, the function u(x) cannot be a classical solution of 
the problem (20), (22): since 

Umu„ sl = lim (2(-ln|xl) 1/2 + , ?f\~ 4) n 

Ixi-Q lxl-0 V X 4 ( — In X ) 



\x]-»o"^ \x]^Q V x " 1 |z|* (-In |*| J 1 ' 2 

2x1 

|*P(-ln|*|) 1/2 2|*|> 
it follows that u{x) $ C 2 (Q). 



2x1 A- A x\{x\-x\) \ = ^ 

|*f 2 (-ln|x|) 1/2 2|x|a(-ln|*|) 1/2 4 | * |* (-In | * | ) 3/2 / 



* A function /(*) is said to satisfy in Q the Holder condition with some expo- 
nent a > if there is a constant M such that | /(*') — f(x") | < M I x" | a 
for any points *" of Q. 
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Let us show that the problem (20), (22) has no classical solution 
at all. 

Assume, on the contrary, that the classical solution v(x) of this 
problem exists. Then the funcion w(x) = u(x) — v(x) is harmonic 
and bounded in #\{0}. According to the theorem on removal of 
singularity, the function w(x) may be redefined at the origin so that 
it will become harmonic in Q and therefore belong to C 2 (Q). There- 
fore, in particular, the (finite) limit lim w XlXl exists. The existence of 

|x|-0 

finite limit lim u XlXl follows from the fact that u(x) belongs to 
l*l-o 

C 2 (Q). Accordingly, the finite limit lim u XlXl = lim w XlXl + 

I a: |-^0 |x|-0 

+ lim v xx must exist. This contradiction establishes the assertion. 

We have more than once used the formula (8) expressing an arbi- 
trary function u(x) in C 2 (Q) in terms of the values in Q of its Laplace 

operator and the values u and on the boundary dQ. In the sequel 

we shall require another formula of the same sort. 

First of all note that for an arbitrary function u(x) £ C 2 (Q) and 

any point i/$ Q the following formula holds: 

= [ U(y~l)Au($)dt 
t 

+ l[u(t)^L-^U { y-l ) ] d S l , (23) 



where U(y — £) is the fundamental solution of the Laplace equation. 

To prove this identity, it is enough to apply Green's formula to 
the functions and U(y — %) in Q: 

j [u(g) A 4 C% -g)-t%- 1) Au(£)]ds 

dQ 

and use the fact that the function U(y — £) regarded as a function 
of I is harmonic in Q. 

Now take any points x 6 Q, y §Q, and consider a function d(y) 
continuous outside Q. Multiplying (23) by d(y) and subtracting the 
resulting identity from (8), we find that for any function u£C 2 (Q) 
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the representation 

u(x) = \ [U(x-Z)-d(y)U(y-t)]Au(t)d$ 

Q 

du (1) 



dn 

6Q 



(d(y)U(y-D-U(x-t)) 



+ u (|) - JL (U(x — I) — d(y)U(y - g)) ] dS t (24) 

holds for_all x £Q, y $Q and any function d(y) which is continuous 
outside Q. 

It may be shown that under fairly wide assumptions regarding 
region Q there exists a transformation y = y(x) which associates 
with every point x £ Q a point y (J Q and there is a function 
d(y(x)) such that 

d(y(x)) U(y(x) - I) - U(x - = 0, £ 6 30 (25) 

for all x 6 Q- Formula (24) gives then representation in Q of an arbi- 
trary function u(x) £ C 2 (<?) in terms of its value on the boundary 
and the value of the Laplace operator of this function in Q. We shall 
confine our discussion to the case when Q is a ball; in this case it is 
possible to find explicit expressions for the functions y(x) and 
d(y(x)). 

Thus, suppose that Q = {| £ | < i?}, and, to be definite, let the 
dimension of the space be n > 2. Then the condition (25) assumes 
the form 

1 d(y(x)) _ I ^ I d 

l*-£l n - 2 I | n ~ 2 ' 1 S 1 ' 

or, if fc denotes dV(w- 2 > f the form 

_t___*Uf(*))_ | g | = jR- (26) 



|x-6l U(*)-6I ' 
The mapping z/ = y(x) will be sought in the form 

y = a(x) x, (27) 

where the function a(x) is to be determined. The identity (26) will 
hold if the functions a(x) and b(y(x)) are connected by the relation 

| y(x) — | | 2 = b%y(x)) \ x-l\\ \l\ = R, 

or by 

(a»(*) - & 2 (j/(z))) k p + (1 - & 2 (2/(*))) & 

= 2(x,Z)(a(x)-b*(y(x))), \t\ = R. 

Set 6(y(a;)) = -r^— , c(a:) = b 2 (y(x)) = -t-^t- . Then the identity (26) 
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holds and for any x £ Q the point 

R 2 

y = = * = -|7|T * ( 28 > 

is situated outside () because | y | = i? 2 /| a: | > i? for | x | < R* 
For the sphere {|g| = i?} the normal is given by n% = y|y- = -j^- y 
therefore 

•(|,4l»-) = ( Vs l*-6M ' B 6) = l¥=|pr( a: -6. 

_ (»-2)(*-£, |) _ (ii-2) ((x, S)-fl«) , 9q , 
— Ji|x — ||n ~ R\x-l\n • 

Analogously — — (\l\y{x) — l\ n ~ 2 ) is computed. Therefore, by (26) r 

we have for | £ | = R 
d I 1 b"-*(y (x)) \ 

~ tf|*-6l n W n b*(y(x)) ] - R\ x -l\n I* 

Thus, if u(x) £ C 2 ( \ x | ^ iZ), for any point x, | x | <C i?, we 
have the equality 

u(x)= j P H (* f E) u(E)dS 6 - J G a (^6)Au(6)£lg f (30) 

16KB 

where 

B° aSr«-iV ' (31) 

and 

Exactly in the same manner the representation (30) is established 
in the two-dimensional case, n = 2. The function P R (x, |) has the 
form (31) and 

■ ■ » R 2 
1*1 



S- 



G R (x,t) = -^ln J|x l«i; . (32') 

The function jPr(z, I) defined for | g | = J?, | a: | ^ R y by formu- 
la (31) is called the Poisson kernel for the first boundary-value problem 
(the Dirichlet problem) for the Laplace operator in the ball {| x | < 
<i?}. 

The function G R (x, I) defined for | £ | ^ i?, \ x | ^ R, by formula 
(32) when n > 2 or by (32') when n = 2 is known as Green's function 
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of the first boundary-value problem (the Dirichlet problem) for the 
Laplace operator in the ball {| x | < R}. 

Lemma 5. The function G R {x, I) defined in the region { x =^= £, 
x |i? 2 /| £ | 2 } of the space R 2n by formula (32) when n>2 or by 
(32') when n = 2 is continuous there and has the following properties: 

(a) G R (x, Q = for \x\=R, 

(b) G R (z, I) = G R (g, x), 

(c) G R (x, |) is a harmonic function of x and of £, 

(d) for \x | < R, \1\<R < G R (x, g) ^ 1/((T„ | x- \ I"" 2 ) /or 

1 2R 

n>2 and ^ G R (x, g) ^- 2 — In | 3 ._g| / or n = 2. 

Proof. Property (a) of the function G R (x, £) follows at once from 
(32) (or from (32') if n = 2). 

For any points x and £ the identity | R 2 l — x\l\ 2 \ 2 \x\ 2 = 
= | i? 2 £ — I | z | 2 | 2 | £ | 2 holds, whence it readily follows that the 
condition g = #i? 2 /| x | 2 is equivalent to the condition x = £i? 2 /| £ | 2 ; 
therefore if the point (#, g) (in i? 2n ) belongs to the domain of defini- 
tion of the function G R (x, £), then so does the point (£, x). Further- 

more, the same identity implies the identity — . , m — 12 «. . = 

I x I J ti xj\ x \ 5| 

= \ i\\r*i/\i\*—x\ » hence also the identit y g b(«» l) = Gr&* 

This proves Property (b). 

It follows from (32) (from (32') if n = 2) that the function G*(.r, |) 
is a harmonic function of Since the function G R {x, £) is symmetric 
(Property (b)), it is also a harmonic function of x. This proves Proper- 
ty (c). 

The right-hand inequality in Property (d) for n > 2 follows from 
(32). To prove this for n = 2, note that for | x | < i?, | £ |< i? 
|*|| I — R 2 xl\ x | 2 | = | g| x | - i? 2 z/| * ||< | l || x | + R 2 < 

<2i? 2 . Therefore for | x | < R, \ g | < /? < In , ^ , , 5 _ ^ 2a;/| ^ |2 , , 
and hence 

^ / t v 1 i 2i? 1 , 2i?a i 2i? 



2k iAi |*_g| 2n |x| 16— R»*/|*| a | ^ 2jt iAi |*-g| ' 

We shall now establish the left-hand inequalities in (d). 
First take x = 0. By virtue of Property (b), G R (0, £) = G B (£, 0), 

therefore G R (0, g) = ^- (]^-7^)>0 if zi>2 and G R (0, £) = 
2« |S| 

Now take any point x°, < | z° |< i?, and the ball {| I — x° | < 
< e} of radius e, < 8 < R — | x° |, lying in the ball {| g |< R}. 
According to Properties (a) and (b), G R (x°, = when | £ | = R. 
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With a sufficiently small 8, we have on the sphere {| g — x° \ = e} 
n (x o _J (*/l*° D n " 2 

>iU-(TR?lp)> 0iI »> 2 

and 

^ - 1 m 1 i 1 in i*°iii-fl 8 *°/i*°n 

' - 2n ln e + 2ji m R 

>i( ln ^+ ln ( i? -! a;0 |))> if " = 2 - 

Therefore, by the maximum principle, the function G R (x°, £) harmon- 
ic in | is positive in {| g | < i?}\{| g — £° | < e}. From this 
inequality the left-hand inequality in (d) follows, since e > is 
arbitrarily small. | 

The integral representation (30) has been obtained under the 
assumption that u (x) £ C 2 (| x | ^ R). Lemma 5 enables us to 
obtain the same representation with conditions of u relaxed. 

Lemma 6. Let the function u(x) £ C(\ x | ^ R) fl C 2 (\ x | < i?), 
Ze£ function Au(x) be bounded in the ball { \ x | < i?}. 77&era 
representation (30) feoZds /or am/ pom£ x, | a: | < i?. 

Proo/. Let x° be any point of the ball {| x \ < R} and p , p be 
numbers such that | x° | < p ^ p < Since u(;r) 6 C 2 (| x | ^ p), 
in view of (30) for all a;, | x | < p, and, in particular, for x = x°, 
we have 

u(x») = j ^p(^ f E) it(E)d5 6 - J G p (*°, E)Au(g)d6. (33) 
I6I=P I6|<p 
In (33), in the integral over the sphere {| § | = p} we change the 
variables by putting £ = -2- p: 

ISI=P |Tll=B 

Since the function (p/i?) 71-1 /^ (x°, r|p/i?) u (v\p/R) is continuous in 
the variables t^, . . rj n , p on the set {| rj | = i?, p ^ p ^ R} 
and (p/R^P^x , r\p/R)u(r\p/R)^P R (x\ r\) u ft) as p R, 
we obtain 

lim ( P 9 {x\ l)u{l)dS t = \ P^x^DuiDdS^ (34) 
p -**l6l=P Mhn 
^ Next consider the second term on the right-hand side of (33). Let 
I) denote the function equal to G p (x°, g) for | g | < p and 
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to zero for | g 1 1> p. Then 

f G p {x», g) Au (g) dl= j G p (a: , g) Aw (g) dg. 
1IKP |6|<B 

Clearly, G p (z°, g) -> G R (z°, g) as p -+ R for all g =£jc°, | g |< i?. 
Further, by Property (d) of Lemma 5, the function G 9 {x°, g) Au(g) 
has a majorant independent of p and integrable in the ball {| g | < 
<R}: 



and 



\G p (x\ i)Au(l)K an| ^ ||n _ 2 if n>2 
\G e {x\ QAu^K^-lnp^ if » = 2, 



where M = sup | Au (z) |. Therefore, according to the Lebesgue 
theorem, 

lim [ G 9 {x\ g)Au(g)dg = ( G fi (z<\ g) Au (g) dg. (35) 
p -* fl iS»<P I6|<b 

Letting p R in (33) and noting (34) and (35), we obtain the 
representation (30) for any point of the ball {| x !</?}. 

It follows from Lemma 6 that the classical solution (if it exists) of 
the Dirichlet problem 

Au = /, \x\<R, 

, (36) 

where the function cp is continuous on the sphere { | x | = R } and the 
function / is bounded and continuous in the ball {| x | < /?}, can be 
expessed in the form 

u(x)= j P R (x, g)cp(g)d^- j G R (x, g) /(g) dg. (37) 
\l\=R 16KB 

Note that these conditions (as illustrated by the above example) do 
not guarantee the existence of a classical solution. 

According to Theorem 10, in order that a classical solution of the 
problem (36) may exist it is enough to require that f(x) 6 C x (\ x | ^ 
^ R). Thus Theorem 10 in conjunction with Lemma 6 yields the 
following result. 

Theorem 12. // f(x) £ x |< R) and <p(x) £ C(\ x \ = R) 
then a classical solution of the Dirichlet problem (36) exists and can be 
represented in the form (37). 

Remark. Let Q be a simply connected region in the (x±, # 2 )-plane, 
and let z' = F (z), z = x x + ix^ z' = x\ + ix 2 be a function analytic 
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in Q and continuously difierentiable (with respect to # 1? x 2 ) in (Hhat 
performs a one-to-one mapping of Q onto the disc {| z' | < R} of 
radius R{R = \ F(z) | 260Q ). 

By u (z) = u{x x , x 2 ) we denote a classical solution of the Dirichlet 
problem 

Au = 0, z6(?, 

(38) 

u UedQ = <p(z), 

where cp (z) £ C(dQ), and by (z') = u'(x[, x' 2 ) a classical solution 
of the Dirichlet problem 

Au' = 0, | z' |< i?, 

|{|z'|=H} = ^( Z ')» 

where iKO = V (F^ (z')) (F^(F(z)) ^ z, z £ Q). 
By Theorem 12 

-gar I n^*<oi*'i. 

From the uniqueness theorem regarding the classical solution of 
the Dirichlet problem (Theorem 9) and Corollary to Theorem 6 it fol- 
lows that u(z) = u(F -xOO) = u'(z'). Hence the solution of the 
problem (38) has the form 



~ 2n\ 



\F(Q-F(z)\* \F(Q\ Wl^l' 

aQ 

4. Harmonic Functions in Unbounded Regions. Let Q be an un- 
bounded region of the space i? n , and let its complement R n \Q contain 
at least one interior point; we take this point as the origin. 

Consider a one-to-one mapping 



s'-TTjr (39) 

of the region i? n \{0} onto itself. This mapping is known as the 
inversion mapping (with respect to the sphere {| x | = 1}); we have 
already used this in the preceding subsection. Under the mapping 
(39) the sphere { | x | = 1 } is transformed into itself, the region 
{0 < | x | < 1} into the region {| x | > 1} and vice-versa. It is 
clear that the inverse of mapping (39) has the form 



I*'! 1 ' 

that is, is also an inversion mapping. 
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As a result of the inversion mapping, the rigion Q is transformed 
into a bounded region Q'. Note that the origin becomes a boundary 
point of Q' . When.the boundary dQ is unbounded, the origin is a bound- 
ary point of the set Q' also. If, however, dQ is bounded, that is, if 
Q is exterior to some bounded set, then the origin is an isolated 
boundary point of Q' , and therefore is an interior point of the set Q' . 

Let a function u (x) be defined in the region Q. The function 
u'(x') defined in Q' by the relation 



is known as the Kelvin transform of the function u. 
It follows from (39) and (40) that 



"(*)=n^=2«'(i^p)> 



(40) 



(41) 



that is, the transformation inverse to (40) is also a Kelvin transfor- 
mation. 

Lemma 7. // a function u(x) is harmonic in the region Q, then the 
function u'{x') is harmonic in the region Q'. 

Proof. Let Q\ be any strictly interior subregion of Q* ', and let 
be its original under the inversion mapping. Then Q x is a strictly 
interior bounded subregion of Q. Since the function u is harmonic in 
Q x and belongs to C 2 ((?i), by formula (9) for all x (j Qi 

»(*)=$ fe^+*©4(TizM]^ 



v(g) = 



u(l) 



are contin- 



w here u. (£) = — ^- flQj , , w - - 1 

uous functions on dQi (to be definite, we are taking the case 
n>2; when n — 2, arguments are exactly the same). Therefore, 
by (40), 



u'(x') = 



1*0 



n-2 



' |n-2 



n-2 



dSz (42) 



for all x'£Ql 

From Property (c) in Lemma 5 of the preceding subsection it 



follows that the function |z'| 2 ~ n 



I*' I 



2-n 



, and hence the func- 



tion ~p (|z'| 2 ~ n I r^fa — S J 2 n ) are harmonic functions of x' for 
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, x , 2 ^= \. Thus the integrand function in (42) and any of its 

I x I 

derivatives with respect to x 1 are jointly continuous in x' and 
are harmonic functions of x' for and x' £Q' (the condition 

x' 

T—TTi^dQi is equivalent to the condition x* $dQ[). 

Consequently, for any point x 1 £ Q[ the identity (42) can be differ- 
entiated under the integral sign with respect to x' any number of 
times, and, moreover, Au' = 0. Since Q\ is arbitrary, the conclusion 
of lemma follows. 

Thus, by means of Lemma 7, the investigation of harmonic func- 
tions in an unbounded region whose complement contains interior 
points is reduced to that of harmonic functions in a bounded region. 

Let the complement R n \Q of the region Q in R n be bounded * 
A harmonic function u(x) defined in Q is called regular at infinity if 
u(x) = o (1) when n > 2 or u(x) = o (In | x |) when n = 2 as 
| x | -> oo. 

Suppose that the complement of Q contains interior points (this 
includes, as above, the origin). As a result of inversion mapping (39) 
the region Q is transformed into a bounded region Q' having an iso- 
lated boundary point, the origin. If the harmonic function defined in 
Q is regular at infinity, then, by (40), the Kelvin transform u'(x') of 
this function is, as x' 0, o (| x' | 2 " n ) if n > 2 and o (In | x' |) if 
n = 2, that is, as x' — 0, u'{x') = o (U(x')), where U is the funda- 
mental solution of the Laplace equation. Then, according to the 
theorem on removal of singularity, lim u'{x') = A exists and the 

function u'(x r ) redefined at the origin by A (the same notation 
u'{x') is used) is harmonic in the region Q' = Q'\] {0}. 

Thus we have obtained the following result. 

Lemma 8. Let the function u(x) be harmonic in an unbounded region 
Q whose complement is bounded and contains interior points, and let 
this function be regular at infinity. Then its Kelvin transform is har- 
monic in Q' . 

According to Theorem 5, the function u f (x') is analytic in x' in- 
Q' U {0}- Therefore, in particular, there is a number i? such that 
the function u'(x') has a Taylor series expansion 

u' {x') = ^A a x'« 

a 

in the ball {| x' \ < R } that converges (together with all the deriv- 
atives) absolutely (and uniformly); here A a = -^D a u' (0), A = A. 
But then, in view of (39) and (41), for all a:, | x \ > 1AR , 

u(x)=^A a *" +n _ 2 , (43) 
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where the series on the right-hand side of this equality converges for 
| x | > l/i? absolutely and uniformly together with all its deriva- 
tives. 

Let T(x) denote the function u(x) — — r~2, that is, for \x\> 

I x I 

>l//?o T(x)= 2 A * . |2|a|+n-2 - Since foranya = (a 1 , ...,a n ) 

|a|>l 

D^-^D^^ + D^Tix) and since IDTK ^^,, , where C a 
is a positive constant, it follows that 



< ,..,nl la ,-l . (44) 



In particular, 



const 

\xW 1 ' 



"W-TTTS=il<T.... 

(45) 



4 (2 — w) a; 



^ const 



n 



The assertions established just now regarding the behaviour for 
large | x | of the function u(x) harmonic in Q and regular at infinity 
in the case when the complement of Q is bounded and contains in- 
terior points remain always valid if the complement of Q is bounded 
(in particular, Q may coincide with the whole R n ). Indeed, since we 
are interested in the values of the function u(x) for sufficiently large 
| x | only, it may be assumed to be defined only on Q i = { \ x | > 
> which is a subregion of Q for sufficiently large R x . And Q 1 is 
the complement of the set { | x \ ^ R x } for which the origin is an 
interior point. 

Thus we have proved the following result. 

Theorem 13. Lei the complement of a region Q be bounded. Then for 
any function u(x) harmonic in Q and regular at infinity there is a con- 
stant R > such that for all x, \ x | > i?, the function u(x) has a series 
expansion (43) which converges absolutely and uniformly together with 
all its derivatives, and the inequalities (44) hold. 

From Theorem 13 it follows, in particular, that if the function 
u (x) is harmonic in an rc-dimensional, n > 2, region Q, which is 
exterior of a bounded set, and decreases at infinity, then it decreases 
not slower than the fundamental solution of the Laplace equation, 
and, moreover, the limit of u (x) \ x | n ~ 2 exists as | x \ ->■ oo. When 
n = 2, the function u (x) harmonic in Q which grows slower than the 
fundamental solution is, in fact, bounded, and its limit exists as 
| x | — oo. 

Remark. If^the complement of Q is unbounded, then for a function 
u(x) which is harmonic in Q and satisfies the condition 

u(x) = o (1) as | x | oo, x £ Q> for n > 2 
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or 



u (x) = o (In | x |) as | x \ oo, x £ Q, for n = 2, 

the conclusions of Theorem 13 are, generally speaking, not true. For 
instance, when n = 2, the function arg (x x + ix 2 ) is harmonic and 
bounded in R 2 \{^2 = 0, ^ x ^> 0} but does not have a limit as 



Suppose that a function u (x) is harmonic throughout the space R n . 
We shall say that u(x) is semibounded if it is bounded above or be- 
low, that is, if for all x £ R n the inequality u(x) >Mor u(x) ^ M 
holds, respectively, with some constant M. 

Theorem 14. A semibounded function which is harmonic in R n is 
constant. 

Proof. Since for a function u(x) bounded above the function 
— u(x) is bounded below, it suffices to establish the theorem for the 
case u(x) ^> M in R n . In this case the harmonic function u(x) = 
= u(x) — M ;> in R n . The theorem will be proved if we show that 
u(x) = const. 

Take an arbitrary point x° £ R n an d the ball { | x | < R } of radius 
R > | x° |. The Dirichlet problem for the Laplace equation in the 
ball {| x | < R} with boundary function v |{|*|=r} has a unique 
classical solution, so for all x, | x | < i?, 



where Pr(x, £) is the Poisson kernel of the Dirichlet problem for the 
Laplace equation in the ball {| x | < R) (formula (31)). In particu- 
lar, for x = x° we have 



oo. 



.(*)- j JP H (x f E)i;(g)d5 6f 



IEI=fi 



l&l=H 



\l\=R 



Since for | g | = R 

R - | x° | < | x° - g | < /? + | x° |, 
we have (note that the function v (£) ^ 0) 




(/? 2 — I* | 2 ) i?n-» 



ISI=B 

or, in view of the first mean value theorem, 




v(0). 



17-0594 
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Letting R oo in this inequality, we find that u(x°) = v(0). 
Consequently, since the point x° is arbitrary, v{x) = const. | 

Corollary. // the function u(x) harmonic in R n satisfies the inequal- 
ity | u(x) | ^ C(l + I # |)\ where C is a constant and k a non- 
negative integer, for all x £ R n , then u(x) is a polynomial of degree not 
exceeding k. 

Proof. When k — 0, this result is contained in Theorem 14. As- 
sume that fc>0, and take an arbitrary number R > 1. By Lemma 3, 
Subsec. 2, for any a = (a lt . . ., a n ), | a | = k 



max | D a u |< (-^- ) max | u{x) \ 

From this inequality it follows that for any a, | a | = k, the func- 
tion D a u harmonic in R n is bounded in R n . According to Theorem 14, 
the functions D a u, \ a \ = k, are constant in R n . Consequently, 
u(x) is a polynomial of degree not exceeding k. | 

We have established above some properties of harmonic functions 
in unbounded regions. It was shown, in particular, that the Kelvin 
transformation reduces the investigation of a harmonic function in 
an unbounded region (whose complement contains interior points) 
to that of a harmonic function in a bounded region. 

Let us now examine boundary-value problems for the Laplace 
equation in unbounded regions. First of all note that for an unbounded 
region the usual conditions on the solution (imposed in the case of 
a bounded region) are not enough to guarantee its uniqueness. 
For instance, all the functions c In r, c(r ft — r~ h ) cos /c0, c(r* — 
— r~ h ) sin Zc0, k = 1, 2, . . ., where c is any constant, x x = r cos 0, 
x 2 = r sin 0, are harmonic in the region {r > l}c: R 2 , continuous 
in its closure and vanish on the boundary {r = 1}. Therefore in 
defining a solution some additional condition characterizing its 
behaviour at infinity should naturally be imposed. 

N 

Let the region Q = i? n \ U Qi* where Q iy i = 1, . . ., N, are 

bounded regions with disjoint boundaries. 

A function u(x) £ C 2 (Q) is called the (classical) solution ef the 
Dirichlet problem for the Laplace equation in Q: 

Aw = 0, x£Q, 

, (46) 

a[dQ = <P 

if it is harmonic in Q, continuous in satisfies the boundary condi- 
tion in (46) and is regular at infinity. 
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A function u (x) £ C 2 (0 is called the (classical) solution of the 
third boundary-value problem for the Laplace equation in Q: 

Au = 0, x 6 Q, 

(-£■+"<*>») L =,p (47) 

If it is harmonic in Q, continuously differentiable in satisfies the 
boundary condition in (47) and is regular at infinity. 

If a = 0, the third boundary-value problem is designated the 
second boundary-value problem or the Neumann problem. 

Let Q' denote a bounded region which is the image of the region Q 
under the inversion mapping (the origin is an interior point of the 
complement of 0. 

Assume that u(x) is a solution of the problem (46). It follows 
from Lemma 8 that the function u'(x'), the Kelvin transform of 
u (x) (redefined with respect to continuity at the origin), is harmonic 
in Q' = Q' (J {0}. Furthermore, it is clear that u' {x') 6 C (Q' ) and 

»'(*') I x'W, = <P V), where <p'(s') = , x \n-* <P (jS^r) ■ This 
means that u'(x') is a classical solution of the Dirichlet problem 
for the Laplace equation in the (bounded) region Q' with boundary 
function q>'(x'). 

Conversely, if u'(x') is a classical solution of the Dirichlet problem 
for the Laplace equation in Q' Q with boundary function (p'(:z')» then 
the function u(x), its Kelvin transform, is harmonic in (), continu- 
ous in Q, satisfies the boundary condition u\ D q = <p and is clearly 
regular at infinity, that is, u(x) is a classical solution of the prob- 
lem (46). 

Therefore the existence and uniqueness theorems regarding classi- 
cal solution of the Dirichlet problem in a bounded region (Theo- 
rems 9 and 10) imply the following result. 

Theorem 15. There exists a unique classical solution of the Dirichlet 
problem (46) with any continuous boundary function cp. 

The Kelvin transformation similarly reduces the investigation of 
the third boundary-value problem in an unbounded region Q to that 
in a bounded region Q' . We confine to the proof of the uniqueness 
theorem . 

Theorem 16. The third boundary-value problem, with o(x) ^ 0, 
a (x) e=£ 0, for the Laplace equation in Q cannot have more than one 
solution. 

The second boundary-value problem for the Laplace equation in Q 
cannot have more than one solution when n > 2, while in the case n = 2 
the solution (if it exists) is determined up to a constant term. 

Proof. Suppose that the third (second) boundary-value problem has 
two solutions u x (x) and u 2 (x). Then the function u(x) = u x (x) — 

17* 
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—u 2 (x) is harmonic in Q, continuously differentiate in Q, satisfies the 

boundary condition ( ~ -f- ou j |^ = and is regular at infinity. 

We take a number R > so large that the region { | x \ > R } is 
contained in Q, and in the region Qr = Q [} { \ x \ < R} apply 
Green's formula 

0- J uAudx = - j \Vu\*dx+\ J^kAS 
q k q r a Q 

|*|=B Q H dQ |xj=R 

This yields the identity 

By Theorem 13, u | (M = R > = O (^) and | ( , i|=sl =0(^) 
when n>2 and -f— I =oI-h*) when = 2. Therefore 

\x\=R 

and 

|*I=B 

Passing to the limit in (48) as R oo, we obtain 

j | Vu | 2 <te + j cru 2 = 
Q aQ 
Since a 0, this identity is equivalent to two identities 

\\Vu\*dx = and J aw 2 dS = 0. (49) 

Q dQ 

The first identity in (49) implies that u = c = const in (?. If 
> 2, we find, noting the regularity of u (x) at infinity, c = 0, 
that is, u x = u 2 in Q. 

If n = 2 and cr(x) > 0, a(x) (the third boundary-value prob- 
lem), then the relation c = is a consequence of the second identi- 
ty in (49). 

If, however, n = 2 and o(x) = (the second boundary-value prob- 
lem), then the function u(x) = c , with an arbitrary constant c , 
is harmonic and regular in Q and satisfies the homogeneous boundary 

condition 4~ ^ = 0- I 
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PROBLEMS ON CHAPTER IV 

1. Show that a function u(x) belonging to L 2 loc (Q) and satisfying the 

identity J u Au dx = for all v £ C°°(Q) is harmonic in Q. 
Q 

2. Complete the set of functions belonging to L 2 (Q) and harmonic in Q in 
the norm of L 2 (<?). 

3. Suppose that the function u £ Hf 0C (Q) f] C (Q) and dQ £ C 2 . Prove that 
u 6 H$(Q) provided Au 6 L 2 (Q). 

Note that the result of Problem 3 implies that the classical solution of the 
Dirichlet problem for Poisson's equation Au = /, u \ Q q = with right-hand 
side / belonging to L 2 (Q) is a generalized solution and even a solution almost 
everywhere. Accordingly, the classical eigenf unctions of the first boundary-value 
problem for the Laplace operator are generalized eigenf unctions. 

4. Let dQ£C 2 . On the set of all functions u(x) £ C 2 (<?) (1 C (Q) such that 
Au(x) £ L 2 (Q), we define a scalar product J Au-Av dx. Complete this set in the 

Q I 

norm generated by this scalar product. 

5. Suppose that the boundary dQ of a region Q belongs to C h . Establish 
the following results. 

(a) In the Hilbert space (Q) the following scalar products equivalent to 

the usual scalar product may be defined: 

(A*' 2 /, & h/2 g) L , Q) for even A, 



and 



A (»-l)/2 g) for odd k 



where / s = (/, u s ) L ,Qy while w s and X s are «th eigenfunction and the correspond- 
ing eigenvalue of the Dirichlet problem for the Laplace operator in Q. 

(b) In the Hilbert space H h j/* (Q) one may introduce the following scalar 
products equivalent to the usual scalar product: 

(A"' 2 /, A A/2 *r) Lt(Q) +</, g) L , iQ) for even k, 



f (A h/2 /, A"/ 2 
) = \ (A^ ft-1 ^ 2 /, 



^(Q) ( (Af-^ 2 /, A( ft - 1 )/ 2 ^) H1(Q) + (/, ^) Lj((?) for odd *, 

and 

„ = 2/J.(l^| fc + i), 

where / s = (/, w s )l 2 (Q)' while w s and A, s are 5th eigenfunction and the correspond- 
ing eigenvalue of the Neumann problem for the Laplace operator in Q. 

6. Suppose that a function u(x) £ C(Q), and for any point i( Q there is a 
number r = r(a:)>0 such that the ball S T (x) = { | £ — x | < r) cz Q and u(x) = 

= - — \ u (QdS£. Show that u(x) is harmonic in Q. 
as r (x) 
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7. Suppose that the function u(x) £ C X (Q) an( l j ~fadS = for any sphere 

S 

5 lying in Q. Show that u(x) is harmonic in Q. 

8. Show that the first eigenvalue of the first boundary-value problem for 
the Laplace operator in the region Q, dQ £ C 2 , is nondegenerate and the corre- 
sponding eigenfunction does not vanish in Q. 

9. Show that a function u(x) 6 C 2 (Q) and satisfying in Q the Helmholtz 
equation A a + Xu = 0, where X is a constant, is analytic in Q. 

Note that the result of Problem 9 implies that eigenfunctions of any 
boundary-value problem for the Laplace operator in O are analytic in Q. 

10. Let X k (Qj) and X k (Q 2 ) be kih eigenvalues of the first boundary-value 
problem for the Laplace operator in regions Q 1 and Q 21 Qi ^ Prove that 
k (Qi) < M<? 2 ) for a11 * = l. 2, . . 

11. Let L 2 (dQ) (dQ is the boundary of an rc-dimensional region Q) be the 
subspace of the space L 2 (dQ) that contains all the functions orthogonal (in 
L 2 (dQ) with a scalar product) to constant functions. For any function ty(x) 6 

6 L 2 (dQ) there exists a unique generalized solution u(x) of the Neumann prob- 
lem for the Laplace equation in Q with boundary function i|) whose trace on 
dQ u \dQ = *P € L 2 (dQ) . Thus an operator A is defined on !L 2 (dQ) that asso- 
ciates with every function i|) £ L 2 (dQ) a function q> £ L 2 (dQ): Aty = q>. 

Establish the following results. 

(a) The eigenvalues X hJ k = 1, 2, . . ., of the operator A are positive; 
the eigenfunctions e hl Ae h = X h e hl k = 1, 2, . . constitute an orthonormal 
basis for L 2 (dQ). 

(b) There exists a generalized solution u h (x) of the Dirichlet problem for 
the Laplace equation in Q with boundary function Y^ h e k1 k — 1, 2, 

The system u h (x), k= 1,2, . . ., constitutes an orthonormal basis for the 

space with scalar product ^ Vw Vv dx which consists of all the harmonic 

Q 

functions in Q belonging to H X (Q) whose trace on dQ lies in X 2 (dQ). 

oo 

(c) For any function i|) £ L 2 (dQ) the series ^ V^h w ftW» where = 

= eh)L t {dQy converges in H 1 (Q) and represents a generalized solution 
of the Neumann problem for the Laplace equation in Q with the boundary 
function ij). 

(d) Let (p £ L 2 (dQ). In order that there may exist a generalized solution 
u (x) of the Dirichlet problem for the Laplace equation in Q with boundary 

oo 

function (p it is necessary and sufficient that the series ^ ^ ^ fe ^ — , where 

Aft 

oo 

<Pfe = (<P» «fe)L t <0Q)» converge. Moreover, u(x) =j^j J 9 ^ +2 V*"* (*)• 

(e) Find the eigenvalues and eigenfunctions of the operator A when the 
region Q is the disc { | x | < 1} (a two-dimensional case), and show that the 
condition of part (d) in this case coincides with the condition in Theorem 13, 
Sec, 1.8. 

12. In order that the function /(<p) defined on the boundary {r = 1} of 
the unit disc {r < 1 } in the plane x* = r cos <p, x 2 = r sin (p and belonging 
to L 2 (0, 2jt) may be the boundary value of some function in H 1 (r < 1) it is 
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2n 2n 



necessary and sufficient that the integral j J (/ (<p + t) — / (<p)) 2 dq> 

o o 

converge. 

A function u(x) £ C* (Q) (1 C\Q) satisfying the equation 

A 2 u = /, x 6 <?, (1) 
and the boundary conditions 



"|aQ = 0, 



= (2) 



is called the classical solution of the Dirichlet problem for the equation A 2 u = f 
in Q. A function m (*) £ C 4 ((>) fl £ 2 (Q) satisfying Eq. (1) and the boundary 
conditions 

u \ dQ = 0, Au | dQ = (3) 

is known as the classical solution of the Riquet problem for the equation A 2 u = 
= / in Q. 

Let the function f € L 2 (Q). A function u belonging to H 2 (Q) and satisfying 
the integral identity 

[ Au Ay dx =^ fv dx ^ 

Q Q 

for all v 6 H 2 (Q) is called the generalized solution of the Dirichlet problem (1), 
<2). A function u belonging to H 2 ^(Q) and satisfying the integral identity (4) 

for all v 6 H 2 ^(Q) is designated as the generalized solution of the Riquet prob- 
lem (1), (3). 

13. Let dQ 6 C 2 . Prove the following results. 

(a) The classical solutions u(x) of the problems (1), (2) and (1), (3) belong 
ing to C*{Q) are generalized solutions of these problems. 

(b) The generalized solutions of the problems (1), (2) and (1), (3) exist 
for all / 6 L 2 {Q) and are unique. 

Let Q be a ball of radius R: Q = { \ x | < R\. By S t denote the hemisphere 
(| x | = R}(] {x x > 0} and by S 2 the hemisphere {| x | ==_i?} f| {*i < 0}. 
A function u(x) belonging to C 2 (Q) fl C 1 (Q U ^i) D C(Q) and satisfying 
Poisson's equation 

Au = /, x 6 <?, (5) 

and the boundary condition 

|l| g =0, u| fi2 =0 (6) 

is termed the classical solution of the problem (5), (6). 

By I^iQ) denote the subspace of the space H X (Q) which contains all the 
functions u £ H X (Q) whose trace on S 2 is zero. Let / £ L 2 (Q). By a generalized 
solution of the problem (5), (6) is meant the function u £ H X (Q) which satisfies 
the integral identity 



_ Q 
for all v 6 H\Q). 



j VuVvdx = — j fv dx 
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14. Prove that for any function / £ L 2 {Q) the generalized solution of the 
problem (5), (6) exists and is unique. 

Let Q be a bounded two-dimensional region with boundary dQ £ C z , and 
let l(x) be a twice continuously differentiate vector denned on dQ, | l(x) \ = 1, 

ji 

that makes an angle ol{x), I a(x) | ^-^p* with. tne (outward) normal vector 

to dQ (a (x) = (n^l)). A function u(x) belonging to C 1 ^) (] C 2 {Q) and satis- 
fying the equation 

Au — u = /, x 6 Qy (7) 
as] well as the boundary condition 

dl dQ v 

is called the classical solution of the directional derivative problem (7), (8). 

Let A{x) be a function belonging to C 2 (Q) whose value on the boundary 
0Q is tan a(x). Let / 6 L 2 (Q). By a generalized solution of the problem (7), (8) 
is meant a function u £ satisfying the integral identity 



(Vk Vv + uv) dx + \ A (u X2 u xi — u Xi v X2 ) dx 



Q 



+ I ( A xi U x 2 - A x 2 u Xi ) v dx - - j f' u dx 



Q Q 
for all v 6 H^Q). 

15. Prove the following assertions. 

(a) A classical solution of the problem (7), (8) is a generalized solution. 

(b) If a(x) == const, then for any / 6 L 2 {Q) there exists a unique genera- 
lized solution of the problem (7), (8); this solution does not depend on the method 
of extending the function tan a(x) by A (x) into Q. 
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CHAPTER V 



HYPERBOLIC EQUATIONS 



In this chapter we shall study the Gauchy problem and the mixed 
problems for a hyperbolic equation of the form 

u tt — div (k (x)^u (x, t)) + a (x) u t) = f (x y t). 

Here (x, t) = (x u . . . , x n , t) is a point of the (n + l)-dimensional 

space R n+i , x£R n , t£R^ Vv{x, t)= , . . and 

div (u?! (x, J), . .., w n (x, *)) = -|^ + ... +-|^-; by Av(x, t) we 

shall mean divVy (x, *)==-|^r + • • • +"^"- The data of the prob- 
lem will be assumed real-valued functions and we shall examine 
only real-valued solutions of these problems. Therefore H k , C*, 
k = 0, 1, . .., will henceforth mean corresponding real spaces. 



§ 1. PROPERTIES OF SOLUTIONS OF WAVE EQUATION. 
THE CAUCHY PROBLEM FOR WAVE EQUATION 

1. Properties of the Solutions of the Wave Equation. Let us exa- 
mine the simplest hyperbolic equation of the second order, the wave 
equation, 

n 

Uu{x, t) = u tt — Au=zu u — 2 u XiX =f(x, t). (1) 

i=l 

First of all we shall obtain some special solutions of the homogene- 
ous wave equation (Uu = 0) depending only on tl\ x |. The func- 
tion v(x, t) = w(t/\ x |) which for | x \ is a solution of the homo- 
geneous wave equation satisfies the ordinary differential equation 

<*-i>£ + <3-»)*-£--0. 
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The general solution of this equation in each of the intervals (— oo, 
— 1) ( — 1, +1), (+1» +oo) is given by the formula 

p — 
Ci )[|z 2 -l| 2 dz + c 2 , 

where c x and c 2 are arbitrary constants. This, in particular, implies 
that f or < | x | < — t (z = t/\ x | < —1) the function v(x, t) 
has the form 

v(x,t) = c i \n j + c 2 when ti=1, 



I tA-Y I x I 2 

v(x, t) = Ci In . — p- 1 — ■ \-c 2 when n=2 f 



1*1 

v(x, t) = c t -r^-r + c 2 when = 3, 

I x I 

and so on. 

By K X ' tt >,to we shall denote the cone {| x — x' | < J' — £, 
*° < * < of "height" — t° with vertex at the point {x' , *')> by 
IV,t',to its lateral surface {| x — a;' | = t' — J, £° ^ t < 
which is a characteristic (see Sec. 2, Chap. I) for the wave equation, 
by D X ',t' 9 t* the base of the cone {| x — x' | < t' — £°, £ = £ } 
and by S x >, %* t o the boundary of the base which is the sphere 
{\x — x' \ = t' - t\ t = t }. 

Let (x 1 , t 1 ) be a point of i? n +i, i£ the cone K x t t t i t <o, t° < Z 1 , and 
iD = D x i, t», t« the base of this cone (see Fig. 2). We shall demon- 
strate that if the function u(x, t) is sufficiently smooth in K U D, 
then its value at any point (#, t) of the cone K is determined by the 
value of \3u in the cone K x% /, *<> and those of u and on the base 
of this cone D Xt t , t°* 

Consider first the case of three space variables, n = 3. It is as- 
sumed that u(x, t) 6 C\K) n C X (K [j D) and Uu 6 C{K [} D). Let 
(£, t) be any point of K and e any positive number less than t — £° t 
< e < t — t°. By 2iT e denote the region {e < | £ — £|< T ~~^ 
t° < £ <C t — e} lying in . The boundary of Z e is divided into three 
parts: r e = { | x — I | = x — *, *° < * < t — e}, Z> e = {e < 

< | a: - g |< t - * = * }, 7 e = {| x — g | = e, *° < t < 

< * — e}. 

We examine the special solution, depending only on \ x __^ j > of 
the homogeneous wave equation: 

v(x-l,t-%) = S] i=| r +l. (2) 
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Since the functions u(x, t) and v(x — £, t — t) belong to C 8 (2Sr e ), 

3 

t-=i 1 11 

in iir c . 

Integrating this equality over K % and taking into account that 
□ i; = in 2f 8 , we obtain, by Ostrogradskii's formula, 

3 

^ v [Judx dt= j" (UxiV — uVx.) ni-\-(u t v — uut) 



K 



= /r e + / De + / v (3) 

where = (n^ rc 2 , n s , rc 4 ) is a unit vector normal to*d/f e directed 
outwards, and ir e > Id z , Iy z are integrals over T c , Z) c , Ye- 

*4 




Fig. 2 

Consider the integral over T 8 . It follows from (2) that v\ T =0. 
Furthermore, since ;■ 

and the normal on T e « = _*_ (JS=||. , -S^ , l) = 

= yr(^Ef. 1). we have 
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Consequently, 

/r 6 = l [ w (2^i^~^) +i; ( WtW4 ""2 a3c i 7Z 0] dl5==O- ^ 



i=l i=l 



Since the normal on D e is ra=(0, 0, 0, —1), we have by (2) 
and (4) 

J 5 (TSfr- 1 )-^')*. 

e<|x-£ \<x-t° e<| x-l |<t- f° 

Since the functions r°) and u t (x, t°) are continuous (u £ 
U^))» the limit of the integral I Dz exists as and 

\\mI D = [ [ ] dx 

|*-&I<t-/° 

\x-t\<x-t° 

On the surface y e the normal n= [ ~x*^l\ ' ^) = ( ^T* ' ^) ' 
therefore, taking (4) into account, we have 

= -T( ± ^ +1 ) £ft l IH^+T^ J udS * 



Since for |:r — £| = e, ^°^t^T — 8 the inequalities 

and | u(x, J) — £) |^Afe, where M is a certain constant 
(ikf= max |Vi*j), hold, it follows that 



<4ite 2 M 



i j 5-*. 

l*-g|=e 

and 

| ( u(z, t) dS x - J t) dS x \ 

< \ | u(z, t) - u(l, t) | dS x <4jl8 8 Jlf . 
|*-£|=e 

Therefore the limit of the integral I y exists as 8 and 
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lim I y = 4rt [ (t — x) u (£, t) dt. (7) 

Passing to the limit in (3) as e->0 and taking (5), (6), (7) into 
account, we find that for any point (£, x) of K 

T 

in J (*-t)u(6, f) dt= - \ j^-dx 

- J (i^fr- 1 )"^* )^ 

|x-||<T-*<> 

T 

Differentiate this identity with respect to x: 

T 

J U (g, *) & = fa (./_,.) J »(*, <°) <W* 

<° |*-6|=T-(° 

|3C-£|<T-«° t° \X-Z\<1-t 

whence we have 

t° |X-||=T-f 

Since 



r o 1^ 

i3c-6r<r-*° 



j 

i*-u< 
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for any point (x, t) of the cone K x t t t*,v> the following Kirchhoff 
formula holds: 

j u t (l^)dS l 



knit — to 



Since 
1 



l*-£l<*-«° 

J tt(g, *>) ^ = I u(x + T| (« - *°), *°) 



4jt(/ — *°) 
it follows that 



In 1=1 

t — f° 



' 4jc 

I Tl |=1 

- f MS. t°) + (E-*)-Vu(6, 

Therefore Kirchhoff 's formula can be written in the form 
^" faftlto)! J [u&t°) + (Z-x)-Vu&f>)]dS l 

\x-t\=t-t° 

+i" I °- a -,:i!,r t " * » 

|*-SI<*-*- 

Formulas (8) and (9) show that the value of the function u at any 
point (x, t) of K is expressed in terms of values of Hu in K Xt tt t° and 
of u and u t in D Xy ty t o. Note that the value of the function u at 
the point {x> t) £ K is determined (when n = 3) by the values of the 
function [Ju not on the whole cone K Xy t, t° but merely on its lat- 
eral surface T Xy t> t o and those of u, u t and Vw not on the whole 
base D Xt t% <o but only on its boundary, the sphere S Xy iy t o. In 
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particular, if at some point (x, t) £ K \Ju = on T x i fo and u = 
= u t = | I = on 5^, t, t o, then at this point u(x, t) = 0. 

The above fact at once implies the following theorem, true for 
n = 3, which states that the solutions of Eq. (1) in the cone K x i t *i, to= 
= K is uniquely determined by the values of u and u t on the base 
Dxi, *i, to = D of this cone. 

Theorem 1. Suppose that the functions u^x, t) and u%(x, t) 



belong to C 2 {K) f| C^K 



J D), □ Mi = □ w 2 in K and Ui(x, t°) \ D = 
du 2 (x, t°) . v 

— 2~ — '- . Then u* = U2 in K. 
d dt d i* 

Proof. Indeed., the function u = u x — u 2 belongs to C 2 (K) f| 
fl C\K [] D),Uu = mK and for x 6 D u(x, t°) = u t {x, t°) = 0. 
From (9) it follows that u(x, t) = in K, that is, u x (x, t) = u 2 (x, t) 
in K. | 

For any number of space variables, the corresponding representa- 
tion and the proof of Theorem 1 can be obtained by the same method* 
If the function u(x, t)£C 2 (K)[\ C X {K\] D), the function Uu 
and all its derivatives with respect to the space variables up to order 

r n i 

m = max ( ] — 1, 0) are continuous in K [)D, u {x, t°) £ C T (D) 

and u t (x, t°) 6 C m (D), then the value of u(x, t) at any point (x, t) £ 
£K is expressed in terms of the function \Ju (and its derivatives with 
respect to space variables up to order m) in K Xn ti t0 and the 

functions u and u t (and their derivatives up to order [-y j and m, 

respectively) in D x , ti t0 . For instance, for n > 3 the representation 
is obtained in exactly the same manner as for the case n = 3; as 

a special solution u(x — t — t), with : =-r < — 1, of the home- 
ly b| 

Z 71-3 

geneous wave equation we have to take the function j (£ 2 — 1) 2 d£, 

-l 

— l ~ T 

z ~ T^TP 

Note that in the case of even ra, rc^>2, the value of the function u 
at the point (x y t) is determined by the values of the function Du 
(and its derivatives with respect to space variables) on the whole cone 
K Xt t , to and those of the functions u and u t (and their derivatives 
with respect to the space variables) on the whole base D Xy tt t0 . In 
the case of odd number of variables n > 3, the value of u at the 
point (x, t) is defined, as in the case n = 3, by the values of the func- 
tion Du and its derivatives with respect to the space variables only 
on the lateral surface T Xt tt t o of the cone and those of u, u t and 
their derivatives with respect to the space variables only on the 
boundary S Xt t% to of the base. 
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For two and one space variables the corresponding representations 
together with the proof of Theorem 1 are most easily obtained di- 
rectly from formula (9) (or (8)). 

Suppose that a function u(x, £), x = (x t , x 2 ), is defined in the 
cone K = K x i ft i 9t o, x i = (x\, x\), and belongs to C\K) f| C\K \] D), 
D = D x t it i it and □ u = u tt — u XlXl — u X2X2 £C(K\J D). The function 
u(x, t) may be regarded as a function of four variables x^, x 2 , x z , 
t, which is independent of x 3 , defined in the four-dimensional cone 
K i i i .i ,o in which x\ is arbitrary; moreover, uix^ x 2 , t) £ 

£ C2 ( K xl xl xl t\ t°) n & (K x \, x l x l t\ <° U D x i xh xl t i t t o), and u tt - 
— u XlXl — u X2X2 — u X3X , £ C (K 1 1 _ t o U D x i ^ t o). For all points 
(x t , x 2 , t) belonging to K, by formula (9) we have 

u(xi, x 2 , t) 



+ u lx (h, t») + (t 2 -x 2 ) u l2 (l u t Q )]dS l 

\ ut (E lt «°) * 



1 



4^ ^ jo) 

(X 1 -| 1 ) 2 + (X 2 -i 2 )2 + (x a -| 3 ) 2 =U-t°) 2 



Since 



(^l-^) 2 + (aC 2 -|2) 2 + (X 3 -i5) 2 =P 2 

/ p 2 -(*i-£i) 2 -(*2-e 2 ) 2 ' 



(xi-ii) 2 +(x 2 -i 2 ) 2 +(x»-| s ) 2 =P 2 

— On f U) <%i dl* H m 

_4 \ . .. J . .. _V P»-ta-E,)*-(*.-E.>«' (1U) 



(*i-|i) 2 +(*2-£*) 2 <P 2 

it follows that 

U(X) t ) = _* [ »(S,'°) + (S-*)-V*(g,<°) 



\x-l\<t-f 



2n J 



t-t" 



1 (11 > 

where I = (l v £ 2 ), x = (x x , x 2 ), and the point (x, t) is any point in 
the cone K x i t *i, to- This formula gives the desired representation of 
the function when n = 2. 

18-0594 



274 



PARTIAL DIFFERENTIAL EQUATIONS 



Note that for any point (x, t) in the cone K 
i f ME, t°)+a-x)-vug, to) dp 

2n {t -t0) {x ^i <t _ t0 V(t-t»)*-\x-$ |* 



= jL/J_ f u(6, *°) dl \ 

dt \ 2jt J i^(j_jo\2 i ^ / * 



l*-6|<f- 

Therefore representation (11) can be written in the form 



l*-6l<*- 

2n 8 i«-ii<p VP"— l*— 61* 

Formula (12) is referred to as Poissori* s formula. Similarly, for n = 1 
the corresponding representation is easily obtained from formula (11) 
(or (12)). If u(x, t) e C 2 (K) fl C\K U D), where K = K x i iV , t0 
(triangle {t — t 1 < x — x 1 < — t + t 1 , t° < t < J 1 }), Z> = 
= <i, to (interval (x 1 + t° — t 1 , x 1 + t 1 — t )), and Uu = 
= u tt — u xx 6 C(K (J D), then the value of the function u at any 
point (x, t) 6 K is given by the following D'Alembert formula: 

x-t°+ 1 

" t) = — K - ± 2 + "2 J ^ ^ 

x-t + t° 

t X+t-T 

+ yjdx J nu(l,x)dl, (x,t)£K xl<tKt K (13) 

f° 3C-/ + T 

2. The Cauchy Problem for the Wave Equation. For brevity, we 
shall denote the set of points {x £ R n , t>t Q }, {x 6 i? n , t^>t }, 
{x£R n , to^t^t 1 }, {xeRn, t = t } by {t>t°}, {*>* }, 
{t° < t < t 1 }, {t = t }, respectively, and the spaces C k {{t > t }), 
C k ({ * > * }) by C ft (f > *°) and C ft (£ > 

A function u (x, t) belonging to C 2 (t > 0) f] C\t > 0) is called 
the {classical) solution of the Cauchy problem for the wave equation in 
the half-space {t > 0} if for all x 6 R n , t > it satisfies the equation 

Uu = f, (14) 

and for t = the initial conditions 

k|«=o = <P(*)> (15) 
withjf unctions cp, \p and / given. 
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According to Theorem 1 of the preceding subsection, the solution 
u(x, t) of the problem (14), (15) is uniquely determined in any cone 
K x i yt i, o {x 1 6 R n , t 1 > 0), and hence in the whole half-space 
{t > 0}, by the given functions /, cp and \|). Thus we have the fol- 
lowing theorem. 

Theorem 2. The Cauchy problem (14), (15) cannot have more than 
one solution. 

We now proceed to discuss the question of existence of a solution 
of the Cauchy problem. 

Assume that the solution u(x, t) of the problem (14), (15) exists. 
The results of the foregoing subsection imply that if / 6 C (t >- 0), 
then in the case of three space variables (n = 3) the solution is 
given by KirchhofTs formula 

l*-Sl<t 

in the case of two space variables (n = 2) by Poisson's formula 
u{x t \-J-(J- C V®* \+J- f 

+ i y^H^,- • *>0. (17) 

while in the case of a single space variable (n = 1) by D'Alembert's 
formula 

u(x , t)= ^ +t) + y(J - f) +4-f^(6)dE 

+ 1 J dx j /(g,T)dg, z<Ei?„ t>0. (18) 

tt-T 

In view of this, the proof of the existence of the solution of the prob- 
lem (14), (15) reduces to obtaining conditions under which the 
function u (x, t) given by the corresponding representation is a solu- 
tion of this problem. 

Consider first the case of three space variables (n = 3). The fol- 
lowing assertion holds. 

If <P 6 C 3 (i? 3 ), \|) 6 C 2 (R S ) and the function f and all its derivatives 
with respect to x x , x 2 , x 3 up to second order are continuous in {t^> 0}, 
then the function u defined by Kirchhoff's formula (16) is a solution of the 

18* 
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problem (14), (15); moreover, for any point (X, T) £ {t >« 0}, 
11 " " c <*x, r . „) < 11 * "«»x. r. o) + ^ 11 1 V9 1 r. o> 

Remark. From formula (19) it follows that if the function / is 
bounded in {0 < t < T}, the function \|) is bounded in i? 3l and the 
function cp is bounded in R 3 together with all its first derivatives, 
then the solution u of the problem (14), (15) is bounded in {0 < t < 
< T) and 

sup |M|^sup|<p| + 7 T sup|V<p| + 2'sup|i|j| + -s- sup |/|. 

{0<«T} R 3 i? 3 fl 3 z {0<f<T} 

We shall first examine the function 
Mx, t, x) = JL J g(t, x) x 6 i* 3 . * > 0, r > 0, (20) 

where g{x, x) 6 C(t 0). When the function g does not depend on 
the parameter x, g (x, t) = g(x), the function i^Or, £, t) will be 
denoted by u g (x, t). 

Lemma 1 . If the function g(x, t) and all its derivatives with respect 
to x x , x 2 y x 3 up to order fe, & = 0, 1, . . ., belong to C(x ^> 0), then 
the function u g (x, t, x) and all its derivatives with respect to x x , x 2 , x 3 , 
t up to order k are continuous on the set {x £ i? 3 , t ^ 0, x ^> 0}. When 
k^2, the function u g (x, t, x) for any x ^> satisfies in {t > 0} the 
equation □ u g = and ^ conditions u g \ t= o = 0, Ai% | t=0 = 0, 
l*=o = g t). 

Proof. The first assertion of the lemma follows from the identity 
u 8 (x, t,x)= j £(s + fr| f t) dS^. (21) 

It also follows from (21) that u g \ t= o = 0. Since for k ^> 2 

Aw* (s, *, x) = -gjj- f Ag(s + fT|, T)dS,p (22) 
In |=i 

Aug \ t =o = 0. 

Differentiation of (21) with respect to t yields 
du g j p 

1 1 1=1 

+-£T J (V^ + ^,t),tj)^, (23) 
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whence it follows that 

du 

Since 



dUa 1 (• 

u gt |, =0 = lim — = -^ r j g(x, i)dS^ = g{x, x). 



t 

An 

I T» 1=1 



( (Vg(* + *T|, x), rfidSjt 
■ i 

= 4ST J ^ KF J dn d ^ 

|Tl| = i l*"6|=« 

1 j A g (E,T)dE- /(at ''' T) 



4jU J 6Vb ' ; b 4ju 

where / (j:, t, x) = j Ag(g, x)d|, (23) may be expressed in the 
1 *-6l<f 

form 

~dF = ~t Ug ^~Jnf' 

which yields 

d 2u g __ 1 . 1 ■ 1 dl I_ 

dt 2 -= t 2 u g~r t dt + i^t dt Ant* 



* 2 f \ * Ant I 4nt 4:rt* 2 



1 5/ 



4ji* dt 

= ± J A*(g,T)dS 5 ==-£- j *g(z + tr\,x)dS n . (24) 
I *-£ \=t In 1=1 

It follows from (24) and (22) that u gtt = Au g . | 

The second term on the right-hand side of (16) is u$ (x, t), so by 
Lemma 1 (ip 6 C 2 (R 3 )) it belongs to C 2 (t > 0), is a solution of the 
homogeneous wave equation and satisfies the initial conditions 

dun 

The first term on the right-hand side of (16) is . Since cp g 

6 C 3 (R 3 ), the function £ C 2 (t >- 0) and is a solution of the 
homogeneous wave equation 

D (-^ W = ^ DM(P==() 
and satisfies the initial conditions 
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We denote the third term on the right-hand side of (16) by F (x, t) 
and transform it as follows: 



\x-l\<t 

5 «t.'-p><*. 

\x-l\=p 
t t 

o ix-ii=<-t o 

where G(x, t, x) = u f (x, t — x, t). According to Lemma 1, the 
function G (x, t, x) and all its derivatives with respect to x ± , x 2 , x 3 , t 
up to second order are continuous on the set {x £ i? 3 , i 0, ^ 
^ t ^ £} and for any x ;> 

G lt — AG = for * > x t 

G !*=* = <>, G,| t=aT = /(s, x). 

t 

Then the function f(a;, t) = j (?(#, £, x) dx is continuous in {t >- 0} 

o 

together with first derivative with respect to t and all the deriva- 
tives^with respect to x v x 2 , x 3 up to second order. And since 

t t 
F t = G\ Xs=t + J G t (x, t, x)dx= J G t (x, f, x)dx, 



F£C 2 (t^zO). Furthermore, 

t 

AF(x, t) = [ AG(x, x) dx 
o 

and 

t t 
F t t = Gt\x=t+^ G tt (x, t t x)dx = f + [ AG(x, t, x)dx. 



Consequently, the function F (x, t) satisfies the equation nF = f 
and homogeneous boundary conditions F\ t =o = 0, ^tlt=o = 0. 
Thus we have shown that the function 

t 

u ^ t) = + u ^ , )+ j u ^ x) dx 

o 

defined by formula (16) is a solution of the problem (14), (15). 



HYPERBOLIC EQUATIONS 



279 



We shall now establish the inequality (19). Suppose that (X, T) 
is any point of the half-space {t > 0}. By formula (20), for any 
point (x, t) of the cone K XtTt0 and arbitrary t > 

| u g (x, t, x) |< f max | g(l, x) | < r max | g(g, t) |. (25) 
Consequently, 

II U * \\c(K \ < 7 maX maX K (S) I 

W max |*| = r||i|)|| c5 „ ) (26) 

and 

JuAx, t — t, t) dx _ I (t — t) max |/(£, t)|g?t 
Similarly, by (23), 



The inequality (19) follows immediately from (26)-(28). 

Note that the assumptions regarding the functions cp, \|) and / 
under which the existence of a solution of the Cauchy problem has 
been established cannot be relaxed in some definite sense. The fol- 
lowing example shows that the assumption cp £ C 2 (R 3 ) is not enough 
for the existence of a solution of the problem (14), (15). 

Suppose that the function cp depending only on | x |, <p(x) = 
= a (| x |), belongs to C 2 (R 3 ). Let there exist a solution u(x, t) 
of the problem (14), (15) with this function q>(x) and the functions 

= and / = 0. Then by (16) 

\x-l\=t 

Let | x |V= 0. Since for all points £ on the sphere {| x — £ | = £} t 
| I 2 | = | x | 2 + t 2 + 2 | x | t cos 0, where is the angle between 
the vectors x and £ — we have 

J a(|£|)dS fi 

2jt Jt 

= f 2 j d<p j a (l/> + |;z| 2 + 2|a;|£cos 0) sin d0 
o o 

+ 1 t+\x\ 

= 2nt 2 j a(]ft* + \x\* + 2\z\a)dk = 2l!L J pa(p)dp. 
-i l*— 1*11 
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Therefore 

\t-\x\\ 

= 2^((* + l^l) a (' + l^l)-('-| Jc l) a (|'-kll)) 

= ^(«<* + l*l)-«(IM*ll)) + ^^ 

This implies that u(0, 2) = £a'(£) + a(t), because the solution 
is continuous. And since the function u(0, t) 6 C 2 (t > 0), the 
function a(| x |) must belong to C 3 (\ x | > 0) which, of course, 
does not follow from the assumption that (p belongs to C 2 (R 3 ). 

Next we consider the case n = 2. We shall show that if <p(#i, x 2 ) £ 
6 C 3 (i? 2 ), i|) # 2 ) 6 C 2 (R 2 ) ^ function f(x x , x 2 , t) is con- 

tinuous in {t^>0} together with all the derivatives up to second order 
with respect to x x , x 2 , then the function u(x ± , x 2 , t) given by Poisson's 
formula (17) is a solution of the problem (14), (15). Further, for any 
point (X, T) of the half-space {t > 0} the inequality (19) holds. 

According to formula (10), for any x 3 

u(x u x 2 , t) = I (p(g 1? l^dSz) 

S^Xi, x 2t x 3 ) 

t 

S^acj.Xs.aci) S % (x li x 2 , x s ) 

(17') 

where S p (x^ x 2 , x 3 ) is a sphere of radius p centred at {x x , x 2 , x 3 ): 
(x 1 — g x ) 2 + (x 2 — . l 2 ) 2 + (x 3 — | 3 ) 2 = p 2 . As just now estab- 
lished, the function appearing in the right-hand side of the identi- 
ty (17') is a solution of the problem: u tt — u XlXl — u XiX2 — u XiXt = 
= / x 2 , t) in {t > 0}, u | <=0 = q> (x 1? s 2 ), u t |* =0 = \p (#i, x 2 ) 
and inequality (19) holds for it. And since the function u does not 
depend on x 3 , it is a solution of the problem (14), (15) with n = 2. 

For the case n = 1, it can be directly verified that the function 
u (x, t) defined by D" AlemberV s formula (18) is a solution of the prob- 
lem (14), (15) if cp 6 ^(i?!), ^ 6 C^i) *fte function f(x, t) 
is continuous in {t ^ 0} together with its first derivative with respect 
to x. Further, for all points (X, T) of the half -plane {t > 0} £fo fol- 
lowing inequality holds: 

II * llc(* 2i T , ) < II V \\ Ci » Xt Ti ) + r H*H 00*. r . 0) + T" II / llc(5 Zf T , ) 

(K x t o is the triangle {t + X — J < a; < T + X — t, 0<Zt<C T) 
and'/)*, r, = {X — < x < X + 7\ t = 0} its base). 
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When the number of space variables is greater than three (rc> 3), 

[t1+ 2 

it is established, just like for the case n = 3, that if cp £ C (i? n )> 



+ i 



yp£C L 2 1 (R n ) and the function / is continuous on the set {t^>0} 

together with its derivatives up to order [yj + l with respect to 

x Xj . . ., x n , then the function u given by the corresponding repre- 
sentation is a solution of the problem (14), (15). 

Theorem 3. // <p(s) 6 C n+a {R n ), ip{x) £ C m+2 (R n ) and the junc- 
tion j(x, t) is continuous in {t ^> 0} together with its derivatives up 

to order m+2 with respect to x^ . . . , x n , where m=max ^ y J — 1 , j , 

then there exists a solution u(x, t) of the problem (14), (15). Further, 
for any point (X, T) of the half -space {t > 0} the inequality 

11 U "c(^ t T , ) < C (II f Wc^hD Xt r> o) + IK Hc-VB^ T , ) 

+ ,§ |l^/llc<R xri ) 

holds with a constant C depending only on T . 

As already noted in the preceding subsection, Poisson's formula 
in the case n = 2 or the corresponding representation in the case 
of even n > 2 implies that the value of the solution of the Cauchy 
problem (14), (15) at the point (x, t), t > 0, depends only on the 
values of the function / (in the case n > 2, also on the values of its 
derivatives with respect to the space variables) in the whole cone 
K x , t, o as well as on the values of the initial functions <p and yp (and 
the values of their derivatives) on the whole base D x , t ,o of this 
cone. In the case of any odd n ^ 3 (as in the case n — 3) the value 
of the solution at the point (x, t) depends on the values of function/, 
and in the case n > 3 also on the values of its derivatives with 
respect to space variables only on the lateral surface T Xt tt of the 
cone K Xt iy and on the values of the initial functions q> and if> and 
their derivatives only on the boundary of the base, the sphere S x , t , 
of the cone. 

Due to this, the cone K Xt ti in the case of even number of space 
variables n ;> 2 and the conical surface T Xttt in the case of odd 
n 3 are referred to as the region of dependence on the right-hand 
side of the equation of the solution of the Cauchy problem (14), (15) 
at the point (x, t). Likewise, the ball D x , f , o lying ° n the initial 
plane in the case of even n ^ 2 and the boundary, the sphere S x , t% » 
of the ball in the case of odd n ^ 3 are known as the region of depen- 
dence on the initial data of the solution of the Cauchy problem at the 
point (x, t). 
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When n = 1, from D'Alembert's formula (18) it follows that 
the solution of the Cauchy problem at the point (x, t) depends only 
on the values of the function / in the triangle K Xt t , , on the values 
of the initial function \|) on the base of this triangle D Xtt , and 
on the values of function (p on the boundary of the base, the points 
(x + t, 0) and (x — t, 0). 

Suppose that for some R > the initial functions <p and \J) vanish 
for | x | ;> i?, while the function / vanishes for | x | + t >- R. 
Then the solution u of the Cauchy problem vanishes at all points 
t) 6 {I £ I ^> R + t, t ;> 0}, because the cone K x% t} for such 
(x, t) does not have common points with the set {| .r | + t < i?, £>0} 
and its base D x , fi does not have common points with the ball 
{\ x \ <C R, t = 0}. (Even when / vanishes only for | x \ R + t, 
this assertion remains valid.) 

In the case of even number of space variables the set { | x | ^ R + £, 
t^>0} is, generally speaking, maximal possible set where u = 0. 
For instance, with n = 2, if the function \p is taken positive in the 
disc {| x | < R} and the functions cp and / vanish, then it follows 
from Poisson's formula that u(x, t) > for all (x, t) 6 {| x \ < 
<R + t, t>0}. 

When the number of space variables is odd, n ;> 3, the function 
u(x, t) vanishes not only on the set {| x \ ^ R + t, t ^ 0} but 
also on the set {| # | ^ £ — R-> £^-^}» because for (x, t) £ 
€ {I z I ^ £ — Rj R) the conical surface t> does not have 
common points with the set{|x| + £<i?, t>0) while the bound- 
ary of the base S x t does not have common points with the ball 
{| x |< R, t = 0}.' 'The set G = {\ x \ > R + t, t > 0} U 
Q{|#|^£ — i?, t ^> R} is, generally speaking, the maximal 
possible set where u = 0. For instance, with n = 3, if the function 
i|) (x) > for | x | . < i? and the functions 9 and / vanish, then 
from Kirchhoff's formula it follows that u(x, t) > on the region 
{I I x I ~ t I < £ > 0}, the complement of G. 

If the right-hand side f(x, t) of the equation (14) is defined not 
in the whole half-space {t > 0} but only in the strip {0 < £ < 7 1 } = 
= II T for some T 7 > 0, then we consider the Cauchy problem for 
Eq. (14) in the strip I1 T . 

A function u(x, t) belonging to C 2 (0 < t < T) {] C x (0 < t < T) 
is called the solution of the Cauchy problem (14), (15) in the strip 11 T 
if for all points (x, t) 6 n T it satisfies Eq. (14) and for t = the 
initial conditions (15). For the Cauchy problem in a strip there are, 
of course, existence and uniqueness theorems, analogous to corre- 
sponding theorems concerning the Cauchy problem in a half-space. 
The Cauchy problem in the strip II T cannot have more than one 
solution and in the case of n = 3, for instance, in order that the 
Cauchy problem in the strip n T may have a solution it is sufficient 
that (p 6 C 3 (R 3 ), \|) 6 C 2 (R 3 ) and the function / be continuous in 
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{0 ^ t < T) together with all its derivatives up to second order 
with respect to the variables x x , x 2l x 3 . Moreover, the solution of the 
problem is represented in n T by KirchhofTs formula. 

Apart from considering the Cauchy problem in the half-space 
{t > 0}, we may also study the Cauchy problem in the half-spaces 
{t > t } or {t < t } for any t°. A function u (x, t) belonging to the 
space C 2 (t > t°) fl C 1 (t >- t°) is called the solution of the Cauchy 
problem in the half -space {t > t } for the wave equation if in {t > t } 
it satisfies the equation \Ju = / and for t = t° the initial conditions 
u\ t =t° = cp, u t \ t=t ° = ^- Exactly similar is the definition of the solu- 
tion of the Cauchy problem in the half-space {t < t°}. The Cauchy 
problem in the half-space {t > t } reduces to a Cauchy problem 
in the half-space {t > 0} by changing t to t — t°. Similarly, the 
Cauchy problem in the half-space {t < t } transforms to a Cauchy 
problem in the half-space {t > 0} by replacing t by t° — t. If one 
changes t to tla {a is a positive constant), the Cauchy problem in 

the half-space {t > 0} for the equation — T u tt — Au = f is trans- 
formed to the Cauchy problem (14), (15). 

Let D be an ra-dimensional region in the plane {t = 0}, and 
let the region Q lying in the half-space {t > 0} be formed of the 
points (x, t) which are vertices of cones K Xy tt whose bases (balls 
D Xtt , ) lie in D. If, in particular, D is the ball {| x — x° \ < R} r 
then the region Q is the cone K x o y Ri q; if D is the cube (| x t — | < 
< a, i = 1, . . ., n}, then (? is a pyramid whose base is this cube 
and vertex is at the point (x°, a); if D is the entire plane {t = 0}, 
Q is the half-space {t > 0}. 

A function u(x, t) belonging to C 2 {Q) f] C 1 ^ U D) is called 
the solution of the Cauchy problem in Q for the wave equation if it 
satisfies in Q the equation \Ju = / and for £ = 0, x £ Z), the initial 
conditions w| i= o = <P> ^H<=o= ^. 

Theorem 1 of the preceding subsection immediately yields a 
uniqueness theorem for the Cauchy problem in Q: the Cauchy prob- 
lem in Q cannot have more than one solution. 

It is easily seen that the existence theorem, Theorem 3, is also 
valid for the case under consideration. For instance, with n = 3, 
a solution of the Cauchy problem in Q exists provided cp 6 C 3 (Z)), 
\p 6 C 2 (D) and the function / is continuous in Q U D together with 
its derivatives up to second order with respect to space variables. 
The solution u (x, t) is given by Kirchhoff s formula (16). 

Note that the solution of the Cauchy problem (14), (15) in the 
half-space {t > 0} in Q coincides with the solution of the Cauchy 
problem in Q for Eq. (14) with initial functions q> and i|) considered 
only on D. 
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§ 2. MIXED PROBLEMS 

1. Uniqueness of the Solution. Let D be a bounded region of the 
rc-dimensional space R n (x = (x x , .... x n ) is a point in this space). 
In the (n + l)-dimensional space i? n +i = R n X { — oo < t < +00} 
we consider a bounded cylinder Q T = {x € D, <. t < T} of 
height T > 0. We denote by T T the lateral surface {x £ dD, 
< t < T) of the cylinder Q T and by D x its intersection {x £ /?, 
£ = x} with the plane t = t; in particular, the top of (? T is D T = 
= {a: g £ = I 7 }, while its base is D = {x g D, t = 0}. 

In the cylinder Q T with T > 0, we examine the hyperbolic equa- 
tion 

Xu = u t t — div (k(x) V^) + a(x) u =f (x, t), (1) 

where k(x) 6 C 1 ^), a(x) £ C(jD), fc(:z) > k = const > 0. 

A function u (x, J) belonging to the space C 2 (Q T ) f] C 1 (^ T U 
U T T (J D ) that satisfies in Q T Eq. (1), onD the initial conditions 

u \ t =o = <p, (2) 

u t \t= --=y, (3) 

and on T T one of the boundary conditions 

u\r T = % 

or 

(lT + (m )|r T = X, 

where a, a function continuous on T T , is called (classical) solution 
of the first or, correspondingly, the third mixed problem for Eq. (1). 

If a = on T r , the third mixed problem is known as the second 
mixed problem. 

Since the case of nonhomogeneous boundary conditions is easily 
reduced to that of homogeneous boundary conditions, further consid- 
eration will be confined to the homogeneous boundary conditions 

"|r r = (4) 

and 

(-£-+"») k=°- ( 5 > 

We shall assume that the coefficient a(x) in Eq. (1) is nonnegative 
in Q T , while the function o in the boundary condition (5) depends 
only on x, o = o(x), and is nonnegative on T T . 

Suppose that the function u(x, t) is a solution of either of the 
problems (l)-(4) or (1), (2), (3), (5), where the right-hand side f(x, t) 
of Eq. (1) belongs to L 2 {Q T ). Take any 6, < 6 < T. Multiply (1) 
by a function v(x, t) belonging to C^Q?^) and satisfying the 
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condition 

"K_ 6 = (6) 

and integrate the resulting identity over the cylinder] Q T -b- 
Since u tt u = (u t v) t — u t u t and v div (ks/u) = div (kus/u) — kS/uS/v, 
we obtain by Ostrogradskii's formula, taking into account the 
initial condition (3) and condition (6), 

j fudxdt= j ({u t u) t — div (kvVu)) dx dt 

+ J (kS/u^v + auv — u t vt) dxdt 
Qt-6 

= j u t udx—^u t vdx — ^ k-^-vdSdt 

D T-6 D ° r T-6 

-f- j (kS7uS/v-\-auv — u t u t )dxdt = — j tyv dx 

— j" kv-^dSdt-\- j (kVuS7v + auv — u t ut)dxdt. (7) 

r T-6 ^r-fi 

If u(x, t) is a solution of the third (or second) mixed problem, the 
last identity shows, in view of (5), that u(x, t) satisfies the integral 
identity 

J (kS7uS7v + auv — u t v t )dxdt-\- £ kouvdSdt 

= £ fv dx dt -f- j" tyv dx 

for all v(x, t) 6 C 1 (Q T ~d) for which (6) holds, and therefore also 
for all v{x, t) 6 H 1 (Q T -6) satisfying the condition (6). 

When the function u(x, t) is a solution of the first mixed prob- 
lem, we additionally assume that v(x, t) satisfies the condition 

Hr r _ 6 = 0. (8) 

Then (7) shows that u(x, t) satisfies the integral identity 

j (kVuVv + auv — u t vt) dx dt = ^ tyv dx 4- ^ fvdxdt 

for all v 6 ff 1 (<?r-&) satisfying conditions (6) and (8). 

By means of the above identities we can introduce the notion of 
generalized solutions of the mixed problems in question. We shall 
assume that f(x> t) £ L 2 (Q T ) and \p(x) £ L 2 (D). 
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A function u belonging to the space H X (Q T ) is called the general- 
ized solution in Q T of the first mixed problem (l)-(4) if it satisfies 
the initial condition (2), the boundary condition (4) and the identity 



for all v 6 H 1 (Q T ) which satisfy the condition (4) and the condition 



A function u belonging to H 1 (Q T ) is known as the generalized 
solution in Q T of the third {second if a = 0) mixed problem (1), (2), 
(3), (5) if it satisfies the initial condition (2) and the identity 



for all v £ H 1 (Q T ) for which condition (10) is fulfilled. 

Note that the generalized solutions, like the classical solutions, 
have the following property. If u is a generalized solution of the 
problem (l)-(4) or of (1), (2), (3), (5) in the cylinder Q T , then it is also 
a generalized solution of the corresponding problem in the cylinder Q T > 
for any T' < T. 

Indeed, if u is a generalized solution in Q T of any of the above 
problems, then for any T' < 7\ u £ H^Qt*), in the case of the 
first mixed problem u\t t , = 0, and for it the corresponding integral 
identity holds for all v belonging to H^Qt) and satisfying the condi- 
tion u\d t = 0, and in the case of the first mixed problem also the 
condition v\r T = 0. 

It can be directly verified that if the function v belongs to H^Qt*), 
v \d t > = and ^ = in Q t \Qt', then u 6 H x (Qt) and v\ Dt = 0, 
and if, in addition, v\r T , = 0, then i?| r = also. Thus the func- 
tion u satisfies the integral identity defining the generalized solution 
of the corresponding mixed problem in Q T >. 

We also note that the notion of a generalized solution of the mixed 
problem has been introduced as a generalization of the notion of 
a classical solution (with / 6 L 2 (Q T )), and the following assertion 
has been established: the classical solution in Q T of each of the prob- 
lems (l)-(4) and (1), (2), (3), (5) with f £ L 2 (Q T ) is a generalized solu- 
tion of this problem in Q T -& for any 8 6 (0, T). 

Apart from the classical and generalized solutions of mixed prob- 
lems, we can also introduce the idea of an almost everywhere solu- 
tion (a.e. solution). A function u is designated as an a.e. solution of 



j (kVuVv + auv — u t vt)dxdt=\ ipi?<£z+j fvdxdt (9) 
Q T D n q t 




(10) 
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the mixed problem (l)-(4) or the third (second if a = 0) mixed problem 
(1), (2), (3), (5) if it belongs to H 2 {Q T ), satisfies Eq. (1) in Q T 
(for almost all (x, t) 6 Qt) and the initial conditions (2) and (3) as 
well as one of the boundary conditions (4) or (5), respectively. 

From this definition it immediately follows that if the classical 
solution of the problem (l)-(4) or (1), (2), (3), (5) belongs to the 
space H 2 (Q T ), it is also an a.e. solution of the corresponding problem. 
What is more, if an a.e. solution of the problem (l)-(4) (or the prob- 
lem (1), (2), (3), (5)) belongs to C 2 (Q T ) (] C 1 (Q T U T T [j D ), it is 
also a classical solution of this problem (the function u tt — div (k^u) + 
+ au — / is continuous and equal to zero a.e. in Q T \ accordingly, 
it vanishes everywhere in Q T ). 

As shown above, a classical solution of the first or third (second) 
mixed problem for Eq. (1) in Q T with / £ L 2 (Q T ) is a generalized 
solution of the corresponding problem in Q T - b for any 8 £ (0, T). 
It can be similarly proved that an a.e. solution of the first or third 
(second) mixed problem for Eq. (1) in Q T is a generalized solution of 
the corresponding problem in Q T . 

The following assertion also holds which is, in a definite sense, 
a converse of the above result. 

Lemma I. If a generalized solution of the problem (l)-(4) or the 
problem (1), (2), (3), (5) belongs to the space H 2 (Q T ), it is an a.e. solu- 
tion of the corresponding problem. If the generalized solution of the 
problem Jl)-(4) or (1), (2), (3), (5) belongs to C 2 (Q T ) fl C 1 (Q T \J 
U r r [| Z) ), then it is a classical solution of the corresponding 
problem. 

Proof. Both the assertions of the lemma will be proved simulta- 
neously. 

Let the generalized solution of the problem (l)-(4) or (1), (2), (3), 

(5) belong to H 2 {Q T ) (or to C 2 (Q T ) fl C X {Q T \]T T \] D )). Then 
to prove the lemma, it suffices to establish that in Q T the function u 
satisfies Eq. (1), on D the initial condition (3), and, in case of the 
third (second) mixed problem, also the boundary condition (5) 

on r r . 

Taking an arbitrary function u 6 C 1 (Q T ), we transform (9) or, 
correspondingly, (11) by means of Ostrogradskii's formula in the 
following manner 

^ ( — div (kVu) + au + ut t — f) vdxdt = 0. 
Q T 

If u g H 2 (Q T ), then — div (k^u) + au + u tt — f £ L 2 (Q T ) and 

since the set C 1 (Q T ) is everywhere dense in L 2 (Q T )i the function u 
satisfies Eq. (1) a.e. in Q T . 
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When u 6 C 2 (Q T ) f| C\Q T \j T T \] Z) ), then — div (k sju) + 
+ au + u tt — / £ L 2 (Q') for any subregion Q' Q\ since the set 

of functions C 1 (Q T ) is everywhere dense in L 2 (Q') and Q' is arbi- 
trary, we find that u satisfies Eq. (1) in Q T . (Since the function 
— div (kSJu) + au + u tt is continuous in Q T , so is the function /, 
that is, the function u satisfies Eq. (1) everywhere.) 

Consider a function v belonging to C 1 (Q T -(>) for certain 8 £ (0, T) 
and satisfying conditions (6) and (8). If u 6 H 2, (Q T ), we use Ostro- 
gradskii's formula to obtain from (9) or, correspondingly, from (11) 

(u t — \p) v dx = 0. 

Do 

This identity is true also when u £ C 2 (Q T ) f| C l (Q T [j T T (J D ), 
because in this case — div (k^u) + u tt = / — au £ L^Q?) and 

w 6 C 1 ^^). Since corresponding to any g in C ,1 (Z) ) ( tne set 
of such functions is everywhere dense in L 2 (D )) we can construct 
a function v belonging to C^r-a) and satisfying conditions (6), 
(8) as well as the condition v\ Do = g, the function u satisfies the 
initial condition (3). 

We now take any function v £ C 1 ((? r _ 6 ), 8 £ (0> T), satisfying 
the condition (6). Then (11) yields 

r T-6 

But for any continuously differentiable function g with compact 
support on T T (the set of such functions is everywhere dense in L 2 (r T )) 
we can find a 6 £ (0, T) and a function u £ C 1 (^ T _ 6 ) satisfying condi- 
tion (6) as well as the condition ^|r T _ 6 = glk. So ( J^- + ou j J r =0. | 

We shall now prove the following uniqueness theorem. 

Theorem 1. Each of the problems (l)-(4) and (1), (2), (3), (5) cannot 
have more than one generalized solution. 

Proof. Let u be the generalized solution of the problem (l)-(4) 
or (1), (2), (3), (5) with / = in Q T and 9 = 0, \p = on D . We 
shall demonstrate that u = in Q T . 

Take an arbitrary t £ (0, T) and consider the function 

I [ u(x, 6)d6, 0<*<t, 
v{x, t) = < \ 

I 0, x<t<T. 
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It can be directly checked that in Q T the function v has generalized 
derivatives 



and 



vt 



f ~u, 
I 0, X- 



-u, 0<£<x, 
;<t<T, 



j u x .(x, 0)d0, 0<*<x, 



0, 



x <t<T. 



Consequently, v(x, t) £ H X {Q T ). Moreover, u\d t = 0, and when u 
is a generalized solution of the first mixed problem, v \r T = 0. 

We substitute v in identity (9) if u is the generalized solution of 
the problem (l)-(4), or in (11) if u is the generalized solution of the 
problem (1), (2), (3), (5). Then 

T 

j (&V^j V^d0 — auv t -j-u t u^ dx dt = 
in the case of the first mixed problem, or 



+ j kou t) j u Or, 6) dQdS dt = 



in the case of the third (second) mixed problem. (Recall that in 
Q % v t = —u 6 H\Q X ), and consequently v t \r 6 L 2 (r t ).) Since 

T 

^ Zc (a:) (a:, £) j Or, 0) d0 da; 

T T 

= j /c (a:) j W (x, *)[ | (a:, 6) d0j dt da: 

D t 

x e 
j A: (a:) J Vh Or, 6) d9 f (x, t) dt dx 

DO 
T T 

= J k (x) ^ Vu {x, 0) d0 ^ W (a:, t) dt dx 
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— j k(x) \ Vw (z, 6) d9 j (x, t) dt dx 
do e 

X T 

= j k (x) | j (x, t) dt^ dx— ^ k (x) S7u (x, t) j Vw- 6) dQ dt dx y 



d o 
it follows that 



Qx 



X X 

\k(x)S?u(x, t) ^Vu(x, Q)dQdtdx = Y Vu{x, t) 

Q x t DO 



dt 



dx. 



Similarly, 



j kau (x, t) J u (x, 8) d6 dS dt 

X X 

\ to( j *)d*) 2 rfS — j &au(;r, *) j 6)dQdSdt 



dD 



yields 



j Axru(x, f) j u(x, Q)dQdSdt = Y j" to ( j u (*' Q*) 2 d5. 



ad o 



Furthermore, 



^ ayy f dxdt= — j at; 2 da; — J avw dx dt. 
Q r D. Q- 



Then 



j avvtdxdt= — y J av 2 dx. 



Analogously, 



j uu t dxdt = Y j u 2 d;z. 
Consequently, if w is a solution of the first mixed problem, then 

X 

^ k(x) j Vm(#, t)dt dx+ j ay 2 dx+ j u 2 d;r = 
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and, if u is a solution of the third (second) mixed problem, then 

X 

j k (x) j ^ Vu (x, t) dt 2 dx + j av 2 dx+ \ u 2 dx 
do D d x 

T 

+ jfca ( j" a (a:, i)d^ a d5' = 0. 
dD o 

Since fc(x)> 0, a (a:) ;> in (? T and o(x) >0 on T r , these iden» 
tities imply that j u 2 dx = 0. Since t is an arbitrary number in 

the interval (0, T), u = in <? T . | 

As shown above, the classical solutions of the problems (l)-(4) 
and (1), (2), (3), (5) are also generalized solutions of these problems 
in Qt-i for any 6 £ (0, T). Therefore Theorem 1 at once gives the 
following result. 

Corollary 1. Each of the problem (l)-(4) and (1), (2), (3), (5) cannot 
have more than one classical solution. 

Since a.e. solutions of the problems (l)-(4) and (l)-(3), (5) are 
also generalized solutions of these problems, from Theorem 1 we 
also have the following result. 

Corollary 2. Each of the problem (l)-(4) and (1), (2), (3), (5) cannot 
have more than one a.e. solution. 

2. Existence of a Generalized Solution. We shall now establish 
the existence of solutions of the problems (l)-(4) and (1), (2), (3), (5). 
For this we make use of the Fourier method, according to which the 
solution of the mixed problem is sought in the form of a series in 
terms of eigenfunctions of the corresponding elliptic boundary- 
value problem. 

Let v(x) be the generalized eigenfunction of the first boundary- 
value problem 

div (kS7v) — av = kv, x£ D, 

v\ dD -=0 (12) 
or the third (second if a = 0) boundary-value problem 
div (kVv) — av = Xv, x£ D, 

(•£+•») L=° < 13 > 

(X is the corresponding eigenvalue). This means that in the case 
of the first boundary-value problem v £ H\D) and for all ri 6 H^D) 

j (/cVfVH + a v r\) dx + X j vr\ dx = 0, (14) 



19* 



292 



PARTIAL DIFFERENTIAL EQUATIONS 



while in the case of the third (second) boundary-value problem 
v e H\D) and for all n £ H X {D) 

j (kVvV*] + avr)) dx + J kovr) dS + X j vr\ dx = 0. (15) 

D dD D 

Consider the orthonormal system y 1? u 2 , . . . in L 2 (D) of all 
the generalized eigenfunctions of the problem (12) or correspondingly 
the problem (13); X ± , % 2 , ... is the sequence of corresponding eigen- 
values (as usual, the sequence of eigenvalues is assumed nonincreas- 
ing and each eigenvalue is repeated according to its multiplicity). 
As demonstrated in Sec. 1, Chap. IV, the system v 2i ... consti- 
tutes an orthonormal basis for L 2 (D) and X h -> — oo as k-+oo. 
For the first, third, with a ^ on dD, and second, with a ^ in D, 
boundary-value problems (recall that k(x) ^ k > 0, a(x) ^ in 
D and o(x) >0 on dD) the first eigenvalue ^ < 0, that is, > 
> % ± >- X 2 >- . . .. If a(#) = in D, then for the second boundary- 
value problem = > k 2 ^ . . . . 

Assume that the initial functions q)(x) and ty( x ) * n (2) and (3) 
belong to L 2 (D) and the function f(x, t) 6 L 2 {Q T ). According to 
Fubini's theorem, f(x, t) 6 L 2 (D) for almost all t £ (0, T). We 
expand the functions q>{x) and ty(x) and for almost all t £ (0, T) 
the function /(#, £) in Fourier series in terms of the system u 1 (x), 
v 2 (x), ... of generalized eigenfunctions of the problem (12) if the 
problem (l)-(4) is under consideration, or of the problem (13) if we 
consider the problem (1), (2), (3), (5): 

oo oo oo 

«p(x)= 2 <PftM*)> *K*)= 2 *)= S fh(t)v h (x), 

h=i h=l h=i 

(16) 

where q> fc = (<p, i^md), - ^)l 2 (D) and f k (t) = J f) M*)**, 
& = 1, 2, .... Since |/ fe (*)| 2 < ( f 2 (x, t) dx- \vldx=\^ f{x, t)dx 9 

D D D 

we see that f k (t)^L 2 (0, T), /b -1, 2, According to the 

Parseval-Steklov equality, 

s q>t=n<piii,(D), s *s=ii*m.(D) ( 17 > 

and for almost all *£((), T) 

oo 

s /j(*)= J Pi*, t)dx. 

h=i D 
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Hence 

TO T 

2 J = J Pdxdt. (17') 

k=l Q r 

For the initial functions in (2) and (3) we first take the functions 
q>kVk{ x ) and tyhVk(x), the A:th "harmonics" of the series (16), while 
for the function appearing on the right side of Eq. (1) we take the 
function f k (t) v k (x), k ;> 1. Consider the function 

u h (z, t) = U h (t) v k (z), (18) 

where 

U h (t) = y h cos Y^kt + ^=smV'^t 

t 

+ v l- r J h(t) sin V=K (*-' c) dx; (19) 

\ h Q 

when >i x = 0, 

t 

Ui(t) = (Pi + (0 + J /i(T) (J - T) dT 



= lim ( (p 4 cos |^ — ^i t -\ ^ sin ]/ — ^ £ 

t 

+ y4=^J AWsinf^^-x)^). 

Clearly, the function U k (t) belongs to # 2 (0, T), satisfies for t = 
the initial conditions C/ ft (0) = cp fe , £/&(()) = \f> ft , and for almost 
all £ g (0, 7 1 ) is a solution of the equation 

Ul - KU h =h, k = 1, 2, . . .. (20) 

We shall show that if v k (x) and % h are the generalized eigenfunc- 
tion and corresponding eigenvalue of the problem (12) (or of (13)), 
then the function u k (x, t) is a generalized solution of the first (re- 
spectively, of the third or second) mixed problem for the equation 

u tt — div (k(x) S/u) + au = f h (t) v h (x) 

with the initial conditions 

u\ t=0 = <p h v h (x), u t \ t=0 = q> h v h {x). 

Indeed, the function u k (x, t) £ H^Qt), satisfies on D the initial 
condition (2) and, in the case of the first mixed problem, the bounda- 
ry condition (4). Let us show that in the case of the first mixed prob- 



294 



PARTIAL DIFFERENTIAL EQUATIONS 



lem the function u h (x, t) satisfies the integral identity 

j (kVu h Vv + au h v — u ht v t ) dxdt 
Q T 

= y>h j v h (x) v dx + j f k (t) v k (x) u dx dt (9 ft ) 

Do Q T 

for all functions v belonging to the space H\Q T ) and satisfying 
conditions (4) and (10), and, in the case of the second and third 
mixed problems, the identity 

j (kVu k Vi> + au h v — u ki vt) dx dt + j kou h v dS dt 

= y>h J v k (x)udx+ ^ f k (t)v k (x)udxdt (ll h ) 

Do Q T 

for all v 6 H X (Q T ) and satisfying condition (10). Obviously, it is 
enough to establish the validity of identities (9 ft ) and (11&) for all 
the functions v continuously differentiate in Q T and satisfying 
conditions (4) and (10) and condition (10), respectively. 
In view of (10), (18) and (19), 

T 

u hi v t dxdt=^ v h {x) [ U' h (t) v t dt ] dx 

T DO 

T 

= J v h (x) [ - {x, 0) - j U; (t) v dt~j dx 



— y>h j v h (x)v{x, 0)dx — X k f u k vdxdt— j f k (t)v h (x)u 

D Q T Q T 



dx dt. 



Therefore for the first mixed problem the identity (9 ft ) follows from 
(14): 



V 



(kVu k Vy + au k u — u kt v t ) dx dt 



i 

= j U k (t)dt j" (k(x) Wv h Wv + av k o + Kv h v) dx 

D 

^>h j v h (x)v(x, 0)dx+ j f h {t) Vk (x)vdxdt 

= y>k j v k (x) v(x, 0)dx+ j f k {t) v k (x) v dx dt. 





+ 
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Analogously, in the case of the third (second) mixed problem the 
identity (11*) follows from (15)3 



j (k(x) Vu h Vv + au h v — u h tu t ) dx dt + j k(x) ou h v dS dt 

T F T 

T 

= j Uh(t) dt [ j (Hz) Vu h Vv + au h v + K^kv) dx + j k(x) ov h v dS J 

D dD 

+ v k (x)v(x, 0)dx + ^ f h (t)v h (x)vdxdt 
d q t 

D Q T 

If we take for initial functions in (2) and (3) the partial sums 

JV N 

2 tyhPh( x ) and 2 ^fc^fefc) of series (16) for some N and for / in (1) 

h=l fc=i 
N 

the partial sum 2 /*(0 of Jits Fourier series, then a general- 

ized solution of the problem (l)-(4) ((1), (2), (3), (5)) will be the 
function 

N N 

S N (x, t)= u h (x, t)= 2 U h {t)v h (x) 

In particular, in the case of the first mixed problem this function 
satisfies the identity 

J (fcVS N Vv+aS N v — S m v t )dxdt 

N N 

= { 2 + J 2 /*w (2i) 



for all v £ H 1 (Q T ) satisfying conditions (4) and (10), while in the 
case of the third (second) mixed problem the identity 

j (kVS N Vv + aS N v — S Nt u t )dxdt+ j koS N vdSdt 

N N 

= j 2 *hV h (x)v(x, 0)dx + j 2 fk{t)v h {x)udxdt (22) 
for all y £ (@ r ) satisfying condition (10). 
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Thus it is natural to expect that under certain assumptions regard- 
ing (p, \p and / the solution of the problem (l)-(4) ((1), (2), (3), (5)) 
may be represented by a series of the form 

oo 

u(z, t)m% U h {t)v h (x), (23) 

where v ± , v 2 , . . . are generalized eigenfunctions of the problem (12) 
(respectively, of (13)). 

Theorem 2. Let f g L 2 (Q T ), \|> £ L 2 (D) and <p 6 H\D) in the 
case of the first mixed problem (l)-(4) while cp £ HHP) i> n the case 
of the third (second) mixed problem (1), (2), (3), (5). Then the general- 
ized solution u of the respective problem exists and is represented by 
series (23) which converges in H X (Q T ). Moreover, the following in- 
equality holds: 

II u ||h H q t ) < C (|| <p ||h. ( d) + IWImp) +|| / \\u(q t) ), (24) 

where the positive constant C does not depend on qp, \|) or f. 
Proof. From formula (19) it follows that for all t 6 [0, T] 

T 

\U h (t)\^\<f> h \ + \Vk\\K\- il2 + \K\- l/2 ^ \fk(t)\dt for k>l 



and 

T 

l^i^Kkil+^i^l + Ci j |/, (t)\dt 



(for the second mixed problem with a = C x = T and in the re- 
maining cases C x = l//]TiT)- Therefore for all t £ [0, T] 

T 

01 (t) < 3q>| + 3i|>| | X h I" 1 + 3 1 X k \~ l ( { | f k \ dt ) 2 



T 

^^(^((pg+^l^r + l^l- 1 \fldt) forft>l, (25) 



T 

#?(*)< C(r)(q>? + i|>?+ \f\dt). (25') 



For any k, k = i, 2, 



dU h \ < 



dt 



J. 

|<P*l|^| 1/2 + **+ J l/*|d*. so 



for all * £ [0, T] 

T 

2 < C(T) (<pl\k h \ + \\p k | 2 + j ftdt). (26) 



o 

Since the function cp belongs to H\D) in the case of the first 
mixed problem (to H\D) in the case of the third mixed problem), 
it follows from Theorem 3, Sec. 1.3, Chap. IV, that its Fourier series 
(16) in terms of the eigenfunctions of the problem (12) (or of (13), 
respectively) converges to it in the norm of the space H^D). Further, 

o 

there exists a constant C > such that for all cp in H X {D) (or in 
H^D), respectively) 

2 rtlKKCiWvWhiD)- (27) 

h=l 

N 

Consider the partial sum S N (x, £) = 2 Uk(t) v k (x) of the 

series (23). For each t 6 [0, T] this series and its derivative with 
respect to t (according to Theorem 3, Sec. 6.2, Chap. Ill, the func- 
tions U k (t) and Uu(t), k = 1, 2, . . ., are continuous on [0, T]) 

belong to H^Dt) (or to H^Dt)). 

In investigating the problem (l)-(4) it is convenient to define 

o 

in the space H x {Dt) the scalar product 

j (kWuVu + auv) dx. 

In investigating the problem (1), (2), (3), (5) we introduce in the 
space H x (D t ) the scalar product 

J (k^/uVv -f auv) dx + j kouv dS 

if either a ^= in D or a on dD, and the scalar product 

(kSJuVv + uv) dx 

if a = in D and a = on dD. Since in the case of the first and 
third, with o =?k 0, mixed problems and in the case of the second 
mixed problem, with a e=£ 0, the system of functions vj\f — X lr 
v 2 /V — . • • is orthonormal in corresponding scalar products, 
and in the case of the second mixed problem, with a = 0, the system 
of functions vj / 1 — vj]/ 1 — X 2 , ... is orthonormal, then 



dU k 
dt 
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for all t 6 [0, T] and arbitrary M and N, 1 < M < N, we have 
by (25), 

N 



\\S N (x,t)-S M (x,t)\\* HH D t ) = \\ 2 V*(*)Vh(*)\ 



k=M+i 



2 

HHD t ) 



N 



N 



T 



= 2 u%(t)\x h \^c(T) 2 («pJ|^l+*s+J/j!*) 

k=M+l ft=M+l 

if either a^=0 in D or a^O on dD, and 
|| <?„(*, t)\Y m(Dt) = 2 

fc=M+l 

JV T 

< i±lhL C{T) ^ (q)I(l + |X ft |) + ^+J/I^) 

2 ft=M+l 

if a = in Z? "and a = on dD. Thus in all cases 



\\S N (x, t)-S M (z 9 t)\\* HH D t ) 



N T 

<C 2 2 (<Pl(l +1^1) + ^+ j/Idf) (28) 

ft=M+l 

for all f g[0, T 7 ]. Similarly, by (26) for all fe[0, T] 

JV N 

dSjL^MjL 2 = y U' k (t)v k (x)\ 2 = y U' h 2 (t) 

dt dt L t (D f ) A » V / ft \ / | L (D ) 

iV T 

<C 3 2 (rt|^l+*lt+J /I*)- (28') 

ft=M+l 

Apart from these inequalities, there are also the inequalities 

N 



2 

HHD t ) 



\\S N (x, QWfa^^W^ U h (t)v h (z) 

h=i 

N 

<c,2 (q«(i+IM + *i+tfl#) f (29) 

JV N 

2 ^* 1^ = 2 

iV T 

<C 5 % (<pl(\X k \ + i) + rk + \f%dt), (29') 



dt \\L t (D t ) 



valid for all t £ [0, T] and any TV > 1. 



HYPERBOLIC EQUATIONS 



299 



Integrating inequalities (28) and (28') with respect to t 6 (0, T) 
and adding them, we obtain the inequality 

\\S N {x, t)-S M (x, t) \\ 2 HH q t) 

N T 

<C Q 2 (vl(l + \*k\) + ti+]flldt)- (30) 

h=M+i 

oo oo 

By (17), (17') and (27), the series 2 <p£ (1 + | X h |), 2 and 

h=l h=\ 

oo T 

2 ^fldt converge. Therefore it follows from (30) that the series (23) 

fc=l o 

converges in H^Qt) and accordingly its sum u £ H X {Q T ). The 
function u(x> t) obviously satisfies the initial condition (2) and in 
the case of the first mixed problem the boundary condition (4). 
Passing to the limit, as iV-> oo, in the identity (21) for the prob- 
lem (l)-(4) or in (22) for the problem (1), (2), (3), (5), we find that u 
satisfies the identity (9) or (11), respectively. Thus u is a generalized 
solution of the first or third mixed problem, respectively. Integrating 
the inequalities (29) and (29') with respect to t £ (0, T), adding 

them and noting (17), (17') and (27), we obtain the inequality (24). | 
3. The Galerkin Method. It is possible to give alternative proofs of 
the existence of generalized solutions of mixed problems that are 
independent of the proofs of Subsec. 2 and do not use the properties 
of eigenfunctions. The present subsection is devoted to one of such 
methods, the Galerkin method, which is simultaneously an approx- 
imate method for solving mixed problems. Note that in contrast 
to the Fourier method, the Galerkin method enables us to investi- 
gate mixed problems in the case when the coefficients depend not 
only on space variables x but also on time t. For the sake ofdefi- 
niteness, we examine the first mixed problem (l)-(4). As above, it is 

assumed that q> £ H\D), \|> £ L 2 (D), f 6 L 2 (Q T ). 
The Galerkin method is now set forth. 

Let y x (x), v 2 (x), ... be an arbitrary system of functions in 
C 2 (D) satisfying the boundary condition v h \dD == 0, Jc — - 1, 2, * . *, 

o 

and let this system be linearly independent and complete in H^D), 
that is, the linear manifold spanned by this system is everywhere 

o 

dense in IP^iD). For an arbitrary integer m in the finite-dimensional 
subspace V m of the space L 2 (D) spanned by the functions v h , k =- 
= 1, . . ., m we seek a solution of the problem obtained from the 
problem (l)-(4) by orthogonal projection onto this subspace, that is, 
we look for a function w m (x, t) (in IP(Q T )) that belongs to V m 
for every t 6 [0, T], satisfies conditions (2), (3) with initial functions 
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qp m (x) = 2 <Ph v h ty™ (#) = $k v h( x ) which are the orthog- 

onal projections onto V m of the functions y(x) and ^(x), respec- 
tively, and such that for almost all t 6 (0, T) the orthogonal projec- 
tions onto V m (in L 2 (D) with a scalar product) of functions /(#, t} 
and w m tt — div (k W m ) + a^m coincide. This means that we try- 
to find functions c^t), . . ., c m (t) (belonging to H 2 (0, T)) satis- 
fying the conditions c h (0) = <p k , c' h (0) = yp h , k = 1, . . m, such 
that the function w mtt — div (k V^ m ) + aw m — /> where 

m 

w m (Xit)= 2 c fe (i)i; ft (a:), (31) 

is for almost all t 6 (0, T) (for which / £ L 2 (D t )) orthogonal in 
L 2 (D) to the subspace V m , that is, 

("> m « — div (kyw m ) + aw m ) y fe = f fv h dx (32) 

D D 

for k = 1, . . ., tti. 

According to the Galerkin method, the solution u of the problem 
(l)-(4) is approximated by the solutions w m of the "projected" prob- 
lems. To substantiate this, we must show that the solution w m 
of each of these problems exists (and is unique) and the sequence 
w mj m = 1, 2, . . ., converges in some sense (weakly in ^(Qt)) to u. 

For simplicity, we examine the case of homogeneous initial con- 
ditions (cp = 0, if = 0). Then (p ft = = 0, & = 1, . . ., that is T 

*h (0) = <fc (0) = 0, k = 1, . . ., to. (33) 

The equations (32) constitute a linear system, regarding functions 
c x (£), . . ., c m (t), of ordinary differential equations of second 
order with constant coefficients 

m 

zj (c"s(t)(v h , v s )l 2{D) + c s (t)(u h , v s )° u „) = fh(t), k = i, ...,m, 

s =i n i {D) 

(34) 

where 

f h (t) - J /(*, t)v h (x)dx£L 2 (0, T) 

D 

( {h ' g) Hi ( m = 1 (kVhVg + ahg)dx). 

D 

Let us show that the system (34) has a unique solution that belongs 
to H 2 (0, T) (all its components belong to H 2 (0, T)) and satisfies 
the initial conditions (33). 
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Since the system of functions v±, v 2 , ... is linearly independent, 
for any m ^> 1 the determinant of the matrix with elements 
(u k , *> 6 )l 2 (D)» k, s = 1, . . ., m, is different from zero (analogous 
assertion was established in Sec. 1.9, Chap. IV). Therefore the linear 
system of ordinary differential equations (34) can be solved for 
higher derivatives. Consequently, the problem (34), (33) is equiv- 
alent to the problem 



c'(t) = Ac(t) + F(t), c(0) = 0, 



(35) 



where c(t) = (c\ (t), . 

fm (t)), F m+1 (t) B . . 

0, 



A = 



. m c m (t), c ± (t) 9 . . ., c m (t)), F(t) = (F^t), 

- ^m(O) = II (<Pfc. 9s)L 2 (D) II" 1 (A(0, • • 

= F 2m (0 B and 

|| (<Pk, <Ps)l 2 (D) II" 1 • || (<Pfc, Va)^!! 







is a matrix of order 2m (I is the identity matrix of order m). Clearly, 
the vector F(t) g L t (0, T) (F t (t) € L 2 (0, J), i = 1, . . ., 2m). 

To prove the assertion, it suffices to show that the problem (35) 
has a unique solution belonging to IP-(0, T). As usual, we replace 
the problem (35) by an equivalent system of integral equations 



c(t) = j Ac(x) dx + j F(x) dx, 



(36) 



where the free term \ F(x) dx belongs to H^O, T) and is therefore 

b 

continuous on [0, Th if c(t) is a solution of the problem (35) which 
belongs to #*((), T), then it is continuous on [0, T] and satisfies 
the system (36) by Theorem 3, Sec. 6.2, Chap. Ill; if c(t) is a solu- 
tion of the system (36) that is continuous on [0, T 7 ], then it obviously 
belongs to /^(O, T) and is a solution of the problem (35). And the 
existence (as well as uniqueness) of the solution (continuous on 
10, T]) of the system of integral equations (36) is established in 
courses of ordinary differential equations while proving the existence 
theorems regarding solutions of the Cauchy problem for linear nor- 
mal system of ordinary differential equations (see, e.g., L.S. Pont- 
ryagin, Ordinary Differential Equations, Addison-Wesley, Reading, 
Mass., 1962). 

Thus we have established the existence and uniqueness, for any 
m = 1, 2, . . ., of functions w m {x, t) of the form (31) that satisfy 

Eqs. (32) and the initial conditions w m \t =0 



dwj, 
dt 



t=0 



= 0. 



Multiplying (32) by c' h (t) and integrating over (6, t), where t 
is any number in [0, T], and then summing over k from 1 to m y 
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we obtain the identity 

j (Wmtt — div (kS7w m ) + aw m ) w mt dx dt = J fw mt dx dt. (37) 

Since w mtt w mt = — (y w4t) , div (kS7w m ) . w mt = div (kw mt Vw m ) — 

~"5T (4"! V ^m| 2 ) and a w mWmt=-'-jf (\ aW m) t we have 

j (">mi t — div (ftV^ m ) + «^ m ) * 
Qx 

= ~2 j" (">mf + * | V^m | 2 + aw 2 m )dx. 
D x 

Noting that in the subspace H\Q T ) of H^Qt) that consists of 
functions vanishing on T T U Z) we may introduce the norm 

II w llsi (QT ) = ( J (wt + k\Vw\ 2 + aw*) dx dt ) 1/2 
Q T 

equivalent to the usual one, we obtain 

T 

2 l ^ l ^ mt * "~ ( kWW ™) + ^ = || W m \\Sl {Q y 

^ 

Therefore by (37) 

T x 

II W m Whi(Q T ) = 2 \ dT \ dt \ K X > *) ^t^' ') d * 
D 

= 2 j (y — /(^, t) i£7 mt (a:, Q ete c2f ^ 2^ || / ||r.. C Q r > II »m* l|ii.(Q T > 

Q T 

<2r||/|| L , (Qr) ||^ m || Sl(Qr)r 

whence 

ll^m|lHl (Qr )<27 , ||/||L 2 (Q r ). 

Thus the set of functions w m , m = 1, 2, . . ., is bounded in H 1 ^?). 
From Theorem 3, Sec. 3.8, Chap. II, it follows that this set is weakly 
compact in H 1 (Q T ), that is, from it we can choose a subsequence 
(denoted again by w m ) that converges weakly in H^Qt) to a func- 
tion u eff 1 (Q T ). 

The function u is the desired generalized solution of the mixed 
problem. In order to establish this, it is enough to demonstrate that 
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for any v 6 H^Qt), where H^Qt) is the subspace of H^Qt) com- 
posed of functions vanishing on D T U T r , the integral identity (9} 
holds (with \|> = 0): 

j" (kSjuVv-\-auv — u t v t ) dxdt ---= j fvdxdt. (38) 

For this it suffices, in turn, to establish (38) for a set of functions 

q/K everywhere dense in H\Q T ). 

For q/H we take the set of all linear combinations of functions 
v h (x) (f), where k = 1, 2, ... and 6(0 is any function in C 1 ([0, T]) 
such that Q(T) = 0. We shall first show that (38) is valid for any 
function u(x, t) = u h (x)Q (t) and therefore for any u in and 

then show that qM is everywhere dense in H X {Q T ). 

Multiplying (32) by 0(0 and then integrating over (0,r), we 
obtain, for k, 



j [(AV^mVi;* + aw m u h ) 9 — w mt v h W] dxdt=\ fv h Q 

Qrr Qr 



dxdt. 



Hence follows (38) since, aswi-^ oo, w m converges weakly in H^Qt} 
to u. ^ 

Let us show that oM is everywhere dense in S^Qt). For this, it 
suffices to establish that any function i\ (#, t) belonging to C 2 (Q T } 
and satisfying the condition 

ri|r T uD r = (39) 

(the set of such functions is everywhere dense in H^Qt)) can be 
approximated by functions belonging to qM in the metric of the 

space H^Qt). The norm in H^Qt) is defined by the formula 

ii/ifec^^dw+iv/n^*) 171 . 

Qr 

Note that the set q/H can be regarded as a set of all linear combi- 
nations of functions v\(x) (0, where 0(0 is an arbitrary function 
in C 1 ([0, T]) that vanishes f or t = T and yf, y*, . . . is an ortho- 
normal basis for the space W-(D) (in the scalar product (/, S)^ 1(D) =■ 

= j V/ Vg dx^ obtained by orthonormalizing the system i^, i; 2 , . . . 

D 

according to the Gram-Schmidt method (see Sec. 2.5, Chap. II). 

Let r\(x, an arbitrary function in C 2 (Q T ) satisfying the- 
condition (39). Since for any t £ [0, T] the functions ^(x, t) and 
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i\t(x, t) belong to H^D), they can be expanded in Fourier series 

o 

which converge in the metric of H 1 (D): 



v\{x, f)= 2 r) k (t)vt(x), 



M x > *) = 2 i\h(t)vt(z), 



(40) 



h=l 



where 



v\h(t) = j Vtj(s, Vut{x) dx. (41) 

Furthermore, 

oo 

2 (r\l(t) + nk 2 (t)) = J (| Vti(x, t) | 2 + 1 Vt|«(*. | 2 ) d*. 1 6 [0, 7]. 

(42) 

Let Tjjv^i denote the partial sum of the series in (40): 

N 

rw(*, *)= 2 r\ h (t)vt(x). (43) 
It follows from (41) and (43) that for any N > 1 and all t £ [0, T] 

o 

the function r\t — f\m 6 (Dt)- Therefore by Steklov's inequality 
(Sec. 5.6, Chap. Ill), 

II Tit - Ijvt lk(D t ) < C II % - "HiVt ^1(0^ 

where the constant C > depends only on the region D. Accordingly, 
for any N > 1 and all t 6 [0, T] 

lit), - T).z\rt I1L(D () + |h - rw ||^ i(D<) < 1| T,, - t| w « 

+ U-r ilf \\K = § (^(i)+C 2 i 2 (f)). 

oo 

In view of t (42), for any *£[0, T 7 ], 2 W) + ^V(*)) i 

as N oo. Hence Levi's theorem (Theorem 3, Sec. 1.6, Chap. II) 
implies, as N oo, that 

r 
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Note that since the generalized solution u of the problem (l)-(4) 
is unique (Theorem 1), it follows from what has been proved that 
not only a subsequence of the sequence w mJ m = 1, 2, . . but also 
this sequence itself converges weakly in H\Qt) to u. 

4. Smoothness of Generalized Solutions. Existence of A. E. Solu- 
tion and Classical Solution. The investigation of smoothness of gen- 
eralized solutions will be confined to the case of first and second 
mixed problems (in the boundary condition (5) cr = 0) for a partic- 
ular case of Eq. (1), the wave equation (in (1) k = 1, a = 0), 
although, if the coefficients of the equation and the function a are 
sufficiently smooth, the same method can be applied to obtain anal- 
ogous results in the general case. 

Suppose that u (x, t) is a generalized solution of the first or second 
mixed problem for the wave equation 

u tt — Au = f(x, t), (44) 

u \ t= Q = (p, u t \ t=0 = \|> (45) 

and either 

u|r r = (46) 
in the case of the first mixed problem, or 

£|r T _0 < 47 » 

in the case of the second mixed problem. 

It was shown in earlier subsections that the problems (44)-(46) 
and (44), (45), (47) have (unique) generalized solutions provided 
\|) 6 L 2 (D) y f £ L 2 (Q T ) and the function cp belongs to the space 

H 1 {D) in the case of the first mixed problem or to the space H X {D) 
in the case of the second mixed problem. Furthermore, each of these 
generalized solutions u(x, t) is represented by a convergent series 
in H^Qt): 

u(x,t) == S U h {t)v h (x), (48) 

where 

V — Aft 

t 

+ ' \ / fe (x)sin V r =^(t-T)dT f fc = l,2, .. (49) 

V —Aft 
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(in the case of the second mixed problem 

t 

Ui{t) = ^ + + \ (f - T) / f (T) dx 


= lim ( (Pi cos Y — H — ^ sin Y — 

/*(*) = J /(*, t) Vh (x) dz, k = 1, 2, ... , (50) 

and u ± , v 2 , ... and % x , X 2 , ... are sequences of generalized eigen- 
functions and corresponding eigenvalues of the first, if the problem 
(44)-(46) is considered, or the second, if the problem (44), (45), (47) 
is under consideration, boundary-value problem for the Laplace 
operator in D (recall that in the case of the first boundary-value 
problem X h < for all k = 1, 2, . . ., and in the case of the second 
boundary-value problem % h < for k = 2, 3, . . . and X x = 
while v x = const = i/Y I D |). 

Assume that the boundary 3D of D belongs to the class C s for 
some s>- 1. Then, by Theorem 7, Sec. 2.4, Chap. IV, the eigenfunc- 
tions v h (x), k = 1, 2, . . of the first and second boundary-value 
problems for the Laplace operator belong to the spaces ffl$ (D) 
and H^iD), respectively, that is, belong to H S (D) and on 3D 
satisfy the boundary conditions 

Vk \ 0D =...= A^h k | dD = 0, * = 1, 2, . . . , 

in the case of the first boundary-value problem and the boundary 
conditions 



dn 



for s > 1 in the case of the second boundary-value problem. Recall 
that H 1 ^ (D) = H^D). 

Assume also that in the case of the first mixed problem (44)-(46) 
q> 6 Hg(D) y \|) 6 H*% {D) and / belongs to the subspace Hg 1 (Q T ) 
of II s ' 1 (Q T ) which is composed of all functions / £ II s ' 1 (Q T ), s > 1> 



such that 



/|r T = ...=Al2l- 1 / |r r = 



When * = 1, H s $ i (Q T ) = H%(Q T ) = L 2 (Q T ). 

In the case of the second mixed problem (44) , (45), (47) we 
assume that (pgJ7^(Z)), ty£H s J^(D) and / belongs to the sub- 
space H s jr (Qt) °f the space H 8 ' 1 (Q T ) which is composed of all func- 
tions /f/f M ((? r ),s>2, such that 



*f - - 9 aItM-'; 



dn 



dn Al 2 J /lr P =0. 



When s = 2 , H'jjl (Q T ) = H ^ (Q T ) = 1 (<? T ) and when s = 1 
H s Jr(QT)-H° jr (Q T ) = L 2 (Q T ). 

In this subsection we shall prove that under aforementioned 
assumptions the generalized solutions of the mixed problems belong 
to the space H S (Q T ) and are classical solutions for sufficiently 
large s. 

Theorem 3. Suppose that for some s !> 1 dD £ C s and in the case 
of the first mixed problem (44)-(46) q> 6 H${D), \|) £ JJg 1 (D), f £ 
(zH 8 ^ 1 {Q T )i while in the case of the second mixed problem (44), (45), 

(47) cp 6 #>(#), * 6 H$ (£), / € H'Jr (Qt). Then the series (48) 
converges to the generalized solution u(x, t) in H s (Dt) uniformly 
in t £ [0, T], Furthermore, for any p = 1, . . s the series obtained 
from (48) by p-times termwise differentiation with respect to t con- 
verges in H s ~ p (D t ) uniformly in t £ [0, T], and for all t £ [0, T] 
the following inequalities hold 

S oo 

2 ||S -S-^* (*)"»(*)) I^-pc,, 

p=0 k=\ 

<c M^+wn'^m +ii/Hh<-\q t) )- (si) 

The assertion of the theorem regarding convergence in H s ~ p (D t ) y 
p = 0, . . ., s, which is uniform in t £ [0, T], of the series obtained 
from (48) by p-times termwise differentiation with respect to t 

N 

means that for any t £ [0, T] the sequence of traces V. x 

X (U k (t) v k (x)) \ Df on D t of pth derivatives with respect to t of the 
partial sums of the series (48) (each of these partial sums belongs to 
H^Qt)) converges in H s ~ p (D t ) and this convergence is uniform 

20* 
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in t £ [0, T], that is. 



sup 

o^t<r 



N 

fc=M+i 



as M, N -> oo. 



Then the sequence of partial sums of the series (48) converges also 
in H S (Q T ) and the estimate (51) implies the inequality 

II "IUq t) < c ' (II <pIIh<«» +11 ¥ ll H - (D ) +II/IIh"w t) )- ( 52 ) 

Thus the following assertion holds. 

Corollary 1. For some $!> 1, let dD £ C s and in the case of the 
first mixed problem (44)-(46) q> 6 #<^(£), ^ 6 H S ^{D), f 6 S s g(Q T ) 
and in the case of the second mixed problem (44), (45), (47) <p 6 H 8 ^ (D), 

6 H s jf-(P)i f £ Hj^(Q T ). Then the generalized solution of each 
of these problems belongs to H S (Q T ) and the series (48) converges to it 
in H S (Q T ). Moreover, the inequality (52) holds. 

d p u 

For any p = 0, -1 the function has a trace on D t for 

every ££[0, T] and the series obtained from (48) by p-times term- 

d p u I 

wise differentiation with respect to t converges to "^p~| D 
in H s ~ p (D t ) uniformly in £ € [0» T\. Since also for p = s the 

oo 

sequence of partial sums of the series 2 (^fc (*) v *> ( x )) \d l com " 

posed of the traces on D t of the functions * belonging 

to H\Q T ) converges in L 2 (D t ) (uniformly in ££[0, T 7 ]), its limit 
for every t £ [0, T] can be called the trace on D t of the 5th deri- 
vative with respect to t of the generalized solution u(x, t). 

Before proving Theorem 3, let us establish the following auxiliary 
result. 

Lemma 2. 7/ / 6 H q (Q T )> q > 0, and g £ L 2 (D), then the function 



h(t) = J t)g(x) dx 



belongs to # 9 (0, T) and the relations 
hold. 

d p f 

Proof. Since for p = 0, 1, -^£L 2 {Q T ), by Fubini's theo- 

rem for almost all t £ (0, T) the functions g{x) dVf ^ f) are inte- 
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grable over D t and the functions 

h^(t)= j g(x)dx, p = 0,l,...,g, 

D t 

(h i <> ) (t) = h(t)) are integrable over (0, T). Further, because 

(J^*W*)VcJ(-»g^) , *-lfBU D >. 



[ 



A< p »(0eL 2 (0, T), p = 0, 

For any function r](x, t) £ C q (Q T ) 

&fe±«z,t) dxdt=(-iy j /(x, tji^cfa*. 

so for any r\i(t) £ C g ([0, J]) and ri 2 (z) £ C q {D) 

T T 

J * W ( j -S- ^ ) = ( - l) p J ( j /T] 2 (X) ) dt. 

D D 

The set is everywhere dense in L 2 (D), therefore the last 

equality is also valid for arbitrary r\ 2 £ L 2 (D), and, in particular, 

for r] 2 = g. Thus for all x\ x (t) 6 C q {[0 y T]) 

T T 



This means that for /?=1, . . .,<?the function h (P) (t) is the general- 
ized derivative of pth order of the function h(t), that is, -^r = 

= fcw 6 L a (0, T). | 

Proo/ o/ Theorem 3. It follows from Lemma 2 that the functions 
f h (t) k = 1, 2, . . defined by (50) belong to the space H 8 ' 1 (0, T), 
and therefore (see Theorem 3, Sec. 6.2, Chap. Ill) to the space 
C 5 - 2 ([0, T]) for s > 2. Consequently, the functions C/ h , = 1, 2, 
defined by formula (49) and satisfying on (0, T) the equations 
U{ — k k U k = / ft belong to the space H s+1 {0, T), thereby also to 
C s ([0, T]). 

Then, by the properties of eigenfunctions v k {x), the partial sums 

N 

S N {x, t) = 2 U h (t) v k (x) of the series (48) belong to the space 

H* (Q T ) and for all t £ [0, T] to the space H%(D t ) in the case of 
problem (44)-(46) (or to the space H*^ {D t ) in the case of problem (44), 
(45), (47)). 
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Further, for p = 1, . . s the function dP J*** belongs to the 



space H s - p+1 (Q T ) and for all t 6 [0, T] to the space H s $ (D t ) (H 8 ^ (D t )). 
Therefore, in view of Lemma 3, Sec. 2.5, Chap. IV, and orthogonali- 
ty of eigenf unctions v k (x) in L 2 (D) and H^D), we have for all 
t 6 [0, T], arbitrary p = 0, . . ., s and any M and N, 1 < M < TV, 
the inequalities 



dPS N dPS M 



dtP 



dtP 



s-p 



dP 



H s ~P(D t ) 



<C t A 2 ^L (5j ,_ 5j|f ) 



2 

I-.(D t ) 



2 

2 i**r(^-) 2 



fe=M+l 



2 

L 2 (D t ) 



if s — p is even and 



dPS N dPS 



M 



dtP 



dtP 



H*-P(D t ) 



s-p- 1 



dP 



A 2 



N 



s-p-1 



fe=M+l 



d*P 



2 



2 

HHD t ) 



fc=M+l 



if s — p is odd. That is, for all t £ 10, 71, arbitrary p = 0, 
and arbitrary and iV, 1 < M < iV 



0P (fry — S M ) 
dfP 



<c t J i^r(^)'. (53) 



Similarly, for all t 6 [0, T], arbitrary p = 0. . . s and any 

i\ r > 1 



d*P 
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in the case of the first mixed problem (ki ^= 0) and 



dPS N 112 11 dv(UyvJ . aPjSN — Si) 



ilH s -P(D t ) 

^ V dtp I II /f^] 



12 

\H s -P(D t ) 



2 Q [I dPjSy-SJ ||2 

H s ~P(D) t II 5 * P IIh'-PCD^) 

<c,((^-) , +six,r(^)') 

fc=2 

in the case of the second mixed problem (X l = 0). Thus for all 
*G[0, T], p = 0, 



d*p 



TV 



X<M(W+2u«r(^) 2 ) 



Summing these inequalities over p from zero to s, we obtain 

p=0 ^ ^ p=0 h=l 

We now apply the following lemma which will be proved later. 

Lemma 3. If for some s>l 3D 6 C 5 and <p 6 H s $ (D), \|> £ ^g 1 (D), 
f £ H S ^{Q T ) in the case of the first mixed problem (44)-(46) or <p £ 
€ (D), £ CD)» / £ # ^ (@r) ^ ^ °/ ^ second mixed 

oo 

problem (44), (45), (47), Zfterc /or am/ /?<!s J&e series 2 (~~^p~^~) 2 x 
X | ^fe | s-p converges uniformly in t £ [0, and 

oo 

2 (■^■) I i^r<c(/i«pi^+ii*i&-»tD)+ii/iifl- i (Q r ))' (55) 

where the constant C>0 depends only on Q T . 

In view of this lemma, the inequalities (53) imply that for 

every p = 0, 1, the sequence I converges in H s ~ p (D t ) 

otP [D^ 

uniformly with respect to ££[0, J], and the inequality (54) to- 

(dP{J \ 2 
dt p '\ <^ const (|| (p ||i 2 (D)+ 

+ 1| * ||l,(D) + 1| / Hh- 1 ^)) implies inequality (51) . | 

When s = 2, it follows from Corollary 1 that the generalized 
solution of each of the mixed problems under consideration belongs 
to H 2 (Q T ), and is consequently an a.e. solution. 
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Note that in the hypothesis of Theorem 3 the following condi- 
tions, apart from the condition on smoothness of given functions, 
are assumed satisfied: 



<p| dD =...=Af S 2 1 ]<p| aD = 0, ^| aD =...=A[2]- 1 lHaD = (56) 



and 



/| rT =...=A[2]- 1 /| rr = (57) 



in the case of the first mixed problem, and 

J2.I - -JLaItI- 



On 

and 



in the case of the second mixed problem. Note that for the validity 
of Theorem 3 some conditions of this kind are necessary. 

Indeed, in the case of the first mixed problem, for example, 
with 5^2 the fact that y(x) = u(x, t) \ t= o is represented by a con- 
vergent series (48) in H S (D ) and ^(x) = du( ^ t] 



(u is an a.e. 



solution) by a convergent series 2 dU *® | < Q Vh{x) in H s ' i {D ) 

implies that conditions (56) hold. Since the series (48) converges 
to a.e. solution u(x, t) in H S (Q T ), and thus the series 

oo oo 

2 U h (t) Au h (x) and 2 ^dtf* Vh ^ t( > Au and ttf f , respectively, 

ft=i h=\ 

in H S ' 2 (Q T ), it follows that for s>3 f = u tt — ku satisfies the 
conditions 

/| rT =...=A^/|r T = 0. 

When s is even, Theorem 3 additionally assumes the condition 
r— 1-1 

A l2j f\ F =0. This condition is in fact unnecessary. It will be 

demonstrated for s = 2. 

Corollary 2. Let dD 6 C 2 and f £ H\Q T ), and let <p 6 H%{D), 
$ € H^iD) in the case of problem (44)-(46) or <p 6 i|> 6 

€#>(#) in the case of problem (44), (45), (47). Then for p = 0, 1, 2 
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the series obtained from (48) by p-times termwise differentiation with 
respect to t converges in H 2 ~ p (D t ) uniformly with respect to t 6 [0, T] 
and the sum u(x, t) of the series (48) is an a.e. solution of the problem 
(44)-(46) or the problem (44), (45), (47), respectively. Moreover, for all 
t 6 [0, T] inequalities (51) hold for s = 2. 

Proof. In view of Theorem 3, it is enough to establish this asser- 
tion for homogeneous initial conditions: cp = 0, i|> = 0. 

Since for k > 1 
t 

U h (t) =rrr= \ h(r) sin V=T h {t-i)dT 

=Txrr (/ * (t) ~ / * (0) cos 

t 

h 

t 

Uh(t) = \ / fc (T) cos V~=T h (t t) dx 



t 

= -7= / fc (0) sin t + - 7 L=r ( f h (x) sin /^(^-x) dx, 

V —Aft V —Aft J 

W) = /*(*) + WW 

t 

= f h (0)COsV~ k t+ \ /ft (x) cos ^=^(f_ T )d T , 



we have 

T 

X* Ul (t) < const (/J(0 + f h (0) + T j (/ ft (x)) 2 dx) , 

o 

T 

I K I *(*))* <const (/| (0) + T [ (/ h (x)) 2 dT) , 



X 

(£/^)) 2 <const (/I (0) + T j (/i(x)) 2 dx). 



o 

Since Lemma 2 together with the fact that / belongs to H i (Q T ) 

oo T oo 

implies that the series 2 j (/fc( T )) 2 ^ T an d 2 converge uni- 

h=l ft=l 

formly in t£[0 7 T], the desired assertion follows from inequalities 
(53) and (54). | 
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Note that if / = the relation 

I^IL„+1I'-IIL„-s((^) ! +i^i^)) 

1 1 h=l 

oo 

= 3 l(i|>* cos V\K\ t - <P ft V\K\ sin V\K\ t) 2 

h=l 

+ to k ainV\h\* + <PxV\h\ cos VW *) 2 1 

oo 

= 2 (Itf + I**! <P8) = II * IIL(D) + || | V9 I Ww) 

fe=l 

implies that for all t £ [0, T] the solutions satisfy the identity 
J ((t^) 2 + I V "(*' t)\ 2 )dx= j(^ + |Vcp| 2 )^ 

D t D 

which is referred to as "the law of conservation of energy". 

Theorem 4. Let dD£C^ +Z . Let ^^H^J^(D)^^H^ +2 {D), 

f^Hg (Q T ) in the case of problem (44)-(46) and y^H 1 ^ 1 (D), 

yeifij. 1 (£>), f£H l J** (Q T ) in the case of problem (44), (45), 
(47). Then the series (48) converges in C 2 (Q T ) and its sum u(x, t) 
is a classical solution of the corresponding problem. Solution u 
satisfies the inequalities 

"-^^(llfll,^. +,mi fi [Tl- (D) 

+ H/II r2Li +0 V p = 0,l,2. (60) 
Hl2J +p (Qr) / 

Proof. Since dD^C , the generalized eigenf unctions v x (x), 
v 2 (x), ... of the first and second boundary-value problems for the 

Laplace operator in D belong to the space H (D) and hence, 
by Theorem 3, Sec. 6.2, Chap. Ill, to C 2 (D). Therefore the partial 
sums S N (x, t), N — 1, 2, . . ., of the series (48) belong to C 2 (Q T ). 
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According to Theorem 3, Sec. 6.2, Chap. Ill, and inequality (53), 
for all t 6 [0, T] and 1 < M < N we have 



\S N -S 



M HCHD t ) 

S N -S M 



Ci(D t ) 



($N — S M ) 



C(D t ) 



(D t ) 



+ 



ffL 2 J (D f ) ff 1 2 J 

-§f(S N -S M ) | n ) 
H L2J (D t ) 

p=0 ft=M+l 

and, hence, 

ll^-^ir c2( « r) <C 4 maX r S 2 l^l [ll+ " P (^) 2 . 



p=0 h=M+\ 



By Lemma 3, series with general terms ^ ^ p fe j | X 
/? = 0, 1, 2, converge uniformly on [0, T], therefore series (48) 
converges in C 2 (Q T ). Hence u 6 C 2 (Q T ). Since, by Theorem 3, 
Sec. 6.2, Chap. Ill, for p = 0, 1, 2 



!MU ( . =max 2 UlSrl Da _ <C max 2 

g=0 ' g=0 



0*3 



inequalities (60) are a consequence of inequalities (51) with s = 

= [t]+ i+p-I 

Proo/ o/ Lemma 3. The proof is conveniently carried out in two 
stages: first it will be established f or / = and then for cp = \|) = 0. 

Let / = 0. It follows from (49) that for all t £ [0, T] and k = 
= 1,2, ... in the case of first mixed problem and k = 2, 3, . . . 
in the case of second mixed problem 

and in the case of second mixed problem 

I u x (t) | < | ?! | + r | ih |. 

Furthermore, for all t £ [0, T] and any p = 1, 2, ... 



dPU k 
dtP 



<I<P*||A* P /2 + l* fc ||A* 



l(p-i)/2 



— 1 , 2, . . . , 
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(if X 1 = 0, then (kj = 1). Consequently, for all t 6 [0, T] with 

any k >- 1 and p, ^ p ^ s, 

(^) 'l ^ l S_P < 2 I ** I' + i ** I'" 1 )' 
Therefore the assertion of Lemma 3 (for / = 0) follows from the 

oo oo 

convergence of the number series 2 I h h I s and 2 ^fc I ^ftP" 1 an( J 

ft=i ft=i 

the inequalities 

J; q>t i r^c ii cp ir fli(0)f J 4 i r<c n * ii H ,-i w , 

where the constant C > does not depend on cp or \|) (Theorem 8, 
Sec. 2.5, Chap. IV). 

In order to establish Lemma 3 for cp = \|) = 0, we require some 
auxiliary results. 

Lemma 4. Let dD 6 C 2 . Then 

(1) if the function f(x, t) belongs to H q <g(Q T ), g>-2, then for 
any p, p=l q, belongs to H% V {Q T )\ 

(2) if the function f(x, t) belongs to H q jp*(Q T ), g^2, then for 
any p, p=i, . . ., q, belongs to H q J^{Q T ). 

Proof. In order to prove the first assertion of this lemma, it suf- 
fices, obviously, to establish that if G £ H 2 (Q T ) and C?|r T = 0, 
then G t \r T = 0. 

For the proof of the second assertion, it is enough to show that 

if G 6 H 3 (Q T ) and 1 = 0, then G t \ = 0. 

Let us prove the first assertion. Since G|r T = 0, we have for any i, 
1 ^ i ^ m, 

j G x .t T) dx dt = — j G x . r\ t dx dt = j G r\ x . t dxdt= — ^ G t r\ Xi dx dt, 
Q T Q T Q T Q T 

where ri^is any function belonging to C 2 (Q T ) and satisfying the con- 
ditions t]|d = v\\d t = 0. On the other hand, for any i, 1 ^ i ^ 

j G x . t r\dxdt= ^ Gtt\nidS dt— j G t r\ x . dx dt, 
Q T r T q t 

where n t is cosine of the angle between the (outward) normal to T T 
and the Ox r axis. 
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Thus for any function v\ 6 C 2 (T T ) such that r\\ dDo = T||aD T = 0, 
we have 

j Gf'qrii dSdt = 0, i=l, (61) 
r r 

We cover the closed surface T T by a finite number of ((n + l)-di- 
mensional open) balls V t , . . ., V m such that for each / = 1, . . ., m 
it is possible to find a number i = i (/), 1 ^ i ^ rc, so that on r T ;, 
where r Tj - = T T fl Vj, the function | n iU) (x) \ > 0. Take any 

h 1 ^ / ^ ^» and any function v\(x, t) £ C 2 (r T ^), which is extend- 
ed beyond T TJ (on T T ) by zero. By (61), 



j ^i(i) 0*0 rj (#, £) diS dt = 0. 

Since the set of functions n iU) (x) r\ (x, t) for any r\ (x, t) 6 C 2 (T Tj ) 
is everywhere dense in L 2 (T Tj ), Gt\r T j = 0. Accordingly, Gt\v T = 
= 0. This proves the first assertion. 
The proof of second assertion is exactly the same. Indeed, since 

= 0, for any t) £ C 2 {Q T ), r\\ Do = r\\ Dj , = 0, we have 
\ AG t *r\dxdt= — j AG • r\ t dx dt 

= j VG-Vrit da; d£ = — J VG r V r\dxdt. 
Q T Q T 

On the other hand, 

j AG r r)dxdt= ^ ^-v\dS dt—\ VG v Vv\dxdt, 
Q T r T Q T 



from which 

d 



5 



for any T)£C 2 (r T ). Hence -^-1 =0. | 



dn 

Lemma 5. If 3D £ C 2 and the function f(x y t) belongs either to the 
space H$ (Q T ) or to H^iQ?) for q >. 2, then for any t 6 [0, T] and 

dPf 

p = 1, . . ., q — 1 the trace of the function on D t belongs to 
H q ^ p ' i (D t ) or to H^'^iDt), respectively. 
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Proof. In view of Lemma 4, for the proof of Lemma 5 it is enough 
to establish the following assertion. If the function G(x, t) 6 H 2 (Q T ) f 
then for any t 6 [0, T) G\ D% € ^(Dt); if G £ H 2 (Q T ) and G\r T = 0, 

then G\ Dt £ H^Dt) for any t g [0, T]. 

According to the theorem on traces (Theorem 1, Sec. 5.1, Chap. Ill), 
G \ Df 6 L 2 (D t ) and G x . \ Df £ L 2 (D t ), i = 1, . . ., n, for any t £ 
6 [0, Tl Take any function ^(t) in C^IO, T]) and any ti 2 (x) in 
C\D). By Ostrogradskii's formula, 

Gxj ill ^2 dx dt = — j G % r]2x i dx dt (62) 
for any i = l, . . . , ra, that is, 

T 

[ % (0 [ j (G* . r) 2 + G ri2,.) dx] dt = 0. 

D t 

Since the set C 1 ([0, T]) is everywhere dense in L 2 (0, T) and by 
Lemma 2 the function ^ (G^. tj 2 + Gt] 23C£ ) dx belongs to the space 

b t 

H^O, T) and is thereby continuous on [0, T], 

j G x . r) 2 dx = — j G t] 2 *. dx (63) 
D t D t 

for any function r\ 2 (x) 6 C 1 ^) and all t £ [0, 7 1 ]. 

Consequently, for any t £ [0, T] G \o t £ iPt) and its general- 
ized derivative with respect to x f is the trace on D t of the function 
G x . (x, 0, i = 1, • • n. 

Suppose now G £ # 2 (<?t) and G|r T = 0. Then relations (62) 
hold also for any function r\ 2 (x) belonging to C 1 (D). Therefore 
identities (63) also hold for any n 2 (x) £ C X (D) for all t £ [0, T\. 

By what has been proved, for any t £ [0, T] G\ Df £ H^Dt), 

therefore t] 2 (x) £ G 1 (D) J apart from satisfying the identities (63), 
also satisfies the identity 

G x . r\ 2 dx = j G r] 2 rii dS — j G r] 2 ^ dx. 

Thus for any t\ 2 (x) £ C*(Z)) 

^ G rj 2 rc z - diS = 0, i = l, 
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From these identities it follows (compare the proof of Lemma 4) 
that the trace of function G{x, t)\r> t on the boundary dD t of Dt 

is zero. | 

Remark. The proof of Lemma 5 readily implies the following result. 
If 3D e C 2 and f(x, £ H q {Q T ), then £ H^Dt) for any 
t 6 [0, Tl 

Lemma 6. Let v x , v 2 , ... be an orthonormal basis for the space 
L 2 {D). Then for any function G(x, t) 6 L 2 (Q T ) 

oo T 

2 { ($G(z,t)v k (x)dx) 2 dt = \\GV . 

h=l D t 

Proof. Since for almost all t 6 (0, T) the function G (x, t) 6 L 2 (D t ) y 

oo 

2 ( j G(x, t) v h {x) dxf = 1| G(x, t) \\l (Dt) 

for these values of t. The desired result follows from integrating the 
last relation over (0, T) and then applying Levi's theorem. | 
Proof of Lemma 3 when cp = ^ = 0. By (49) and (50), we have 

U h (t) = "T7f=- \ f(x, x) v k (x) sin VlK] (f-x) dr, k=U 2, . . . 

V|Xfcl Q t (49') 

(for the second mixed problem U^t) = }- j (t — t) f(x, t) X 

Qt 

X dx dx). 

We first consider the case p = 0. Since the functions / and v k be- 
long to the space H S ^(Q T ) (or to H S J^(Q T )) and A^v k = h£i; ft 
for any |x = 1, . . [s/2], we have for all t £ [0, T] and for even 

s-1 s-1 

i ^ r /2 = (- 1) 2 J /(*. t> a 2 ^(*> sin vtm (*-t> dxd% 

S-1 5-1 

= (-1) 2 J A 2 /(*, T)-i; h (x)sin/rM(f-T)dxdT = a h (t), 
«« 

where 

t t s-1 

ah {t)< \ sin 2 /il7j (* — *) df - j dt ( j A 2 /(*, t)-%(:c) d* ) 2 

D T 

r s-i 
<Tj(jA 2 f(x, t)-v k (x)dx) Z dt. 

D, 



320 PARTIAL DIFFERENTIAL EQUATIONS 

s- 1 

Since A 2 f^L 2 (Qr)^ by Lemma 6 the number series 

oo T s- 1 



2 j ( j A 2 / (x, t)vh (x) dx^ 2 dt converges and 

A=l D t 
oo T s-1 

2 j ( j A 2 /(*, t) Vh (x)dx) 2 dt 

= j (A 2 /) a *fad»<C'||/||^- 1(Qr) . 

OO 

Accordingly, the series 2 a l(t) converges uniformly on [0, T] and 

fc=i 

5 5S(t) < tc || / 1| 2 s . l(Qr) = c || / 1| 2 5 - 1(Qr) . 

When 5—1 is odd, 

\h\° /2 u k (t) 

s-2 s-2 

= (-1) 2 |A« ft | 1/2 j A 2 f(x, x)v h (x) sin K|^TT*--t) dxdx 



s-2 «-2 



= (-1) 2 j A 2 f(x, x)v k (x)d (cos l/"| l k \{t — t))dx 

s-2 s-2 

:(-l) 2 { jA 2 f{x, t)v k (x)dx 

s-2 

— cos"|/|A, h |f j A 2 f(x, 0) y ft (a;) 

t s-2 

- j cosVT^-t) [ j A 2 U{x, T)v k (x) dx~\dx) 

D T 

= Sl 1) (f) + al 2) (i) + a^(0 = a ft (f), 
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where 

3-2 



I^WP^I j A 2 f(x,t)v k (x)dx\\ 
I (*)!■< I J A 2 /(*, 0)y k (a:)*c.| 2 f 

,Ti s-2 

|« ( h 3) (*) | 2 <r { ( j A 2 /,(*, *) v h (x) dx) 2 dt. 





s-2 s-2 

The function A 2 f^H x (Q T ), so for all *£[(), T] A 2 f(x 9 t) G 
GZ, 2 (Z? t ) and 

s-2 s-2 

II A 2 /(*, t)|| 2 , (Df) <const||A 2 /(as, *) ||H.(Q T )<const||/|| 2 ,- 1( Q r) . 

00 , 

Consequently, the series 2 l a<2) (*)| 2 converges uniformly on 
[0, T] and 



Sl^ 2 >(i)| 2 <C< 2 >||/|| 2 .-x (<?T) . 



oo i . 

2 "" 

fe=l 

Since for any function G (x, £) £ 7/ 1 (<? T ) the integral 

r 

||G||| 2(Di/) -||G||| j(Dr) = 2 j j G(x, x)G x (x, x)dxdx^o(l) 

v d x 

converges absolutely as 

1 1 ' - f i o, «' g [o, n r 6 to, n 

8-? 

the function ||A 2 f\\i t '(.D t ) is continuous on [0, T]. Therefore for 
all «6[0, T) 

oo s-2 s-2 

2 (J A 2 /(*, f)^)^) 2 = ||A 2 /||£ 2 ' (D<) <C 11/11^-! , 

and, by Dini's theorem, the series on the left side of this relation 
(in view of Lemma 2, the terms of this series are continuous on 
fO, T]) converges uniformly on [0, T]. This means that the series 

21-0594 
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2 \a (i) (t) | 2 converges uniformly on [0, T] and 



Sl« (1) W| 2 <C (1) /|/||^-: vVr 



s-2 
2 



Further, the function A ft(zL 2 (QT)> therefore, by Lemma 6 r 

oo T s-2 s-2 

2 J ( j A 2 /<(*, t) v h {x) dx) 2 dt = \\& 2 f t \\l Mt )<C II / ||* « 



~\Q T ) ' 



k=i D f 



Accordingly, the series 2 | a<3) (*) I 2 converges uniformly on the 
segment [0, T] and 



S|^> W p<c^||/||^ 1(QTr 

Thus the series 2 <* 2 (£) converges uniformly on [0, T] and its 



sum 

J t a h 2 (0<C||/||^- I(Qr) . 
This establishes Lemma 3 for p = 0. 

When p = 1, the proof is analogous. According to (49'), (50),. 
for even s — 1 

s — 1 s— ^ s-1 



s- 1 s-1 

= (-1) 2 J A 2 /(*, T).^ (*)cOS l^|(^--T)^dT=P^K 



Since 

T s-1 



the series 2 lik e *he series 2 a * 0O» converges uniformly 

on [0, J] and 

2 S(*)<C||/||^i (Qt >. 
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When 5—1 is odd, 



s-1 

ii i 2 dUh 



dt 

1 *-2 



= ( — 1) 2 | 2 j A 2 f(x, T)v h (z)cosV\k h \(t — T;)dxdT 

s-2 s-2 

-(-1) 2 (sinyTM^.J A 2 /(x, 0)u h (x)dx 

Do 

s-2 

+ j A 2 f x (x, i)v h {x) smY\l^\(t — x) dx) 



Since 

lB 2) W| a <(jA 2 /(* f 0) v k {x)dx)\ 

T s-2 

\W\t) l 2 < T J ( j A 2 /,(*, t) yft (x)dx ) 2 dx, 





oo ^ 



the series 2 (ftfy)) 2 (like the series 2 («i f) (0) 2 ). * = 2 f 3, and 



thus also the series 2 P*(0 converge uniformly on [0, 7 1 ] and 



S ?*(0<C||/|| fl «. 



(QrpV 



This completes the proof of Lemma 3 for p = 1. 

Suppose now that p > 2. Since the function {7 fc (f) satisfies the 
differential equation Ul — X k U k = f k , for even /?, 2 < p < 5, 
we have 

P p-2 p-4 

and for odd /?, 2 

21* 
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Therefore Lemma 3 will have been proved for any if we 

oo 

show that for any g, 0<g<s— 2, the series 2 ^~ 2 ~*(^r) 2 
converges uniformly on [0, T] and the inequality 

2 M- 2 - q ( a W< c M&'-> 



X (Q T ) 



holds, where the constant C > depends only on Q T . 
When s — q is even, by Lemmas 2 and 5 we have 



s-q-2 



s-q-2 



s-q-2 
2 



s-q-2 



j A 2 m^L Vh{x)dx ^ yh{t) 



s-q-2 

for all t£[0, T]. Since A 2 H\Q T ), we find that for any 

s-q-2 

J£[0, T 7 ], A 2 ^£L 2 (D t ) and the function A 



s-g-2 



2 

L 2 (D,) 



is continuous on [0, T], Hence the series 2 converges uni- 

formly on [0, I] and 

s-q-2 



A~2~ */(*,*) [|2 r 



2 tS(*) = 

Let s — g be odd. Then for all *£[(), T] 



s-q—2 

~ 69 f h 



s-q-3 



= (-1) 2 I^PjA 



s-q-3 



0*9 



dx = y\X k \y h (t). 



s-q-3 s-q-3 

Since A *"»Lzff% (Q T ) (or #V (&■)), by Lemma 5 A 2 Jgg 



^U^Df) (or H* (D t )) for any ££[0, T] and, moreover, the function 
^ hi(D) * S con ^ nuous 011 T]. Since for any [0, T] 
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2 ?k(t)(\K\ + i) 



HHD t ) 



, the series y. y*(t) (\k k \+l) 



h=\ 



and, more so, the series 2 VfcWP-ftl converge uniformly on 
[0, T] and 



2 y2(«I**I< 



s-q-3 
—2— d9f 



As already noted, if the given functions do not satisfy conditions 
of the type (56) and (57) for the first mixed problem or (58) and (59) 
for the second mixed problem, then Theorems 3 and 4 are not valid. 
Nevertheless, if we wish to establish only the smoothness of gen- 
eralized solutions and not the convergence of Fourier series in the 
corresponding space, the conditions (56), (57) and conditions (58), 
(59), respectively, can be very much relaxed. Let us consider, for 
example, the first mixed problem. 

Theorem 3'. Let dD 6 C\ <p 6 H\D), ij> 6 H*-\D), f 6 H^iQrh. 
for s ;> 1 and let the following compatibility conditions be fulfilled} 



<p|az>= . . . =[A 2 q> + 



i=0 



d**f 

dp* 



[dDo 



= 



(64) 



and, for s^2 



i=0 



(it is assumed that for s < 2 a t = 0)- Then the generalized solu- 

tion of the first mixed problem (44)-(46) belongs to H\Q T ). 

The compatibility conditions (64) and (65) in Theorem 3- have 
the form 

<p|dD = 

when 5 = 1, 

q>\dD=MdD = o 

when s = 2 and 

<Pk> = yp\dD = 0, (A<p + f)\ dDo = 

when 5 = 3. Since /g/T" 1 (Q T ), its trace /| Do belongs to H 8 ' 2 (D ) 
by Remark to Lemma 5. Consequently, with s^3 for any 
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[— ]-* 2i 

1 = 0, there exists the trace A 2 "|^f| aD or ^ or 



dDo 



r\ r S 1 [4~]"' 2 "" i d 2i+1 f 

any i = 0, I J — 2 with s^A the trace A dt2i+1 

belonging to L 2 (9Z) ). 

Proof. When 5=1, the conclusion of the theorem is evident. 
When s = 2, it follows from Corollary 2 to Theorem 3. Let us prove 
the theorem for s = 3; for s > 3 the proof is analogous. 

Together with problem (44)-(46), we consider the problem 

v tt — kv = fu (66) 
v\t=o = ^, (67) 
v t \t=o = ^ + f\D (68) 

The existence of generalized solution v(x, t) of the problem (66)-(68) 
is guaranteed by the hypotheses of the theorem. By Corollary 2 to 
Theorem 3, the function v(x % t) belongs to H 2 (Q T ) and is an a.e. 
solution of the problem (66)-(68). We shall show that v = u*. 
Evidently, the function 

t 

w(x, t) = q*(x) + ^ v(x, x)dx 
o 

belongs to H 2 (Q T ), and 

t 

sjw = V<p + j Vv(#, t) dx, 
o 

Wt = v. 

Since v is a generalized solution of the problem (66)-(68), the func- 
tion w satisfies the integral identity 

j (V^t Vn — w tt r\ t ) dxdt=^ (/ + A(p) r\ dx + j f t r\ dx dt (69) 
Q T Do q t 

for all tiG^HCt) such that 

ri|D r = 0, r]|r r = 0. (70) 

Let T] £ C 2 (Q T ) and satisfy the conditions 

r}\D T = i\t\D T = 0, t]|r r = 0. (71) 
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Then 

j (Vw t Vv] — w tt r) t )dxdt 
Q T 

= — j ( VwV*1t — u>Mtt) dxdt—^ ( VcpV^l — tyr\t) dx 

= — • j (V^Vrit — WtT\ t t ) dx dt + j (Aq) • r\ + T|)t] t ) dx 



Do 



and 



f / t ri dx dt = — j /T) t da; d£ — j /if] do:. 
Q T Q T D 

Substituting these inequalities in (69), we obtain 

j (VwVr\ t — w t r] u )dx dt= l| ^r\ t dx+ J fv\tdxdt. 
Q T bo q t 

Since, for any function £(#, J) belonging to C 2 (Q T ) and satisfying 
conditions (70), we can find a function y\(x, t) in C 2 (Q T ) which 

T 

satisfies conditions (71), such that £ = r\t (*!(#> = — j £(#> t) dx j , 
the function w satisfies the integral identity 

j (VwV£— w f £t) do: d* = j tpC da; + j /£ da: d* 

for all £(a;, t) belonging to C 2 (Q T ) and satisfying conditions (70), 
and, consequently, also for all S^iQr) satisfying conditions (70). 
Since the generalized solution of the problem (44)-(46) is unique, 
w = u and hence v = ut. 

Thus u g EPiQr) and u t 6 IP(Q T ). Since w is an a.e. solution 
of the problem (44)-(46), for almost all t G [0, T 7 ], the function 
u(a:, £) is an a.e. solution of the first boundary-value problem for 
Poisson's equation 

Aw = /i, xe D u 
u\ d D t = 0, 

where f 1 = (f + u n )\D t - By Corollary 2 to Theorem 3, u t t\D t = 
= v t \n t 6 -fl 1 ^*),' so f^^^H^Dt) and according to Theorem 4, 
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Sec. 2.3, Chap. IV, u 6 H 3 (D t ) for almost all t 6 10, T] and 

II u \\ H '(D t )< const || / t ||hkd ( )< const I|| / || H , (Dt) + 1| u tt [\ H HD t )] 

< const [|| / || H , (Qr) + 1| Mp || H ,( D ) + 1| A<p + / || H .(u ) + \\ft \\hkq t )\ 

< const [||/||h'(q t ) + II ^ || ff 2 (£>) + || 9 ||h»(D)]^ 

Hence u £ # 3 (<? r )- I 



§ 3. GENERALIZED SOLUTION OF THE CAUCHY 
PROBLEM 

In the strip n r = {x £ R n , < t < T) with certain T > 0, 
we examine the hyperbolic equation 

u tt — div (/c(a;) V^) + a{x) u = /, (1) 
where k(x) g C 1 ^), a(x) £ C(i? n ), inf = k > 0, 
sup = ^ < oo; it is also assumed that a(x) >- 0. 

x&Rn 

A function u(:r, t) £ C 2 {U T ) (] C^Ut [j {t = 0}) is called the 
classical solution of the Cauchy problem for Eq. (1) in the strip U T 
if in n T it satisfies Eq. (1) and for t = the initial conditions 

u\ t=0 = q)(x), (2) 

u t \t=o = (3) 

For any R > 0, let <? r , R denote the cylinder {| x |< R, < * < T}, 
S Tt R its lateral surface {| x | = R, < * < T}, D Xt fl , <c £ [0, T], 
the set {| a; | < i?, f = t}; in particular, D , R and Z) r , R denote 
the base and top, respectively, of the cylinder Q TtR . 

Suppose that u (x\ t) is the classical solution of the Cauchy prob- 
lem (l)-(3) in the strip U T+ i with certain 8 > 0, where the function 
f(x, t) belongs to the space L 2 (Q T . r) f° r any R > 0. Multiplying 
(1) by an arbitrary function v(x, t), such that 

i!;(s f t)£H*(Q TtR * 9 v(x,t) = in U T \Q TriRo , 

u \ d tar = °> 'kr.Ho^ 
with some R = R (v) > 0, and integrating the resulting identity 
over the strip II r , we obtain by means of Ostrogradskii's formula 

j [kVuVv + auv — UtVt)ldxdt — j fvdxdt + j i|)(x) v{x, 0)dx (5) 
n T n T R n 

(in this identity the actual integration is taken over not the whole 
strip II r and the plane £ i? n , £ = 0} but only over the cylinder 
Qr t R and its base -Do,k » respectively). 
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Let f(z, t) 6 L 2 (Q T , R ) and ^(x) 6 L 2 (\ x |< R) for any R > 0. 
We introduce the following definition. 

A function u is called the generalized solution of the Cauchy prob- 
lem (l)-(3) in the strip U T if it belongs to H 1 (Q Ty R ) for all R > 0, 
satisfies the integral identity (5) for all v which obey condition (4) 
for some R = R (v) > and satisfies the initial condition (2) 
(that is, u(x, t) \ Dq r = y(x) for any R > 0). 

Apart from the notions of classical and generalized solutions 
of the Cauchy problem (l)-(3), we can also define an a.e. solution of 
this problem. 

A function u is said to be an a.e. solution in II T of the Cauchy 
problem (l)-(3) if it belongs to IP(Q Tt R ) for all R > 0, satisfies 
Eq. (1) for almost all (x, t) 6 n T together with the initial condi- 
tions (2) and (3) (that is, u\ Dq r = cp, Wt|r> R = ^ for any R > 0). 

It was shown above that a classical solution in n r +a (for any 
6 > 0) of the problem (l)-(3), where / belongs to L 2 (Q T , R ) for 
any R > 0, is a generalized solution in II T of the same problem. 
It can be similarly established that an a.e. solution of the problem 
(l)-(3) (in II T ) is also a generalized solution (in II T ) of the same 
problem. 

Just as in the case of mixed problems, it is easy to show (compare 
with Lemma 1, Sec. 2.1) that if the generalized solution in II T of the 
problem (l)-(3) belongs to H*(Q T , R ) for any R > 0, then it is 
also an a.e. solution, and if it belongs to C 2 (II X ) fl C 1 (II X U {t= 0}), 
it is a classical solution. 

We shall now prove the existence and uniqueness theorems regard- 
ing the generalized solution of the problem (l)-(3). For this we 
require the following auxiliary proposition. 

Take a] number y > V^i (&i = sup k(x) < oo). Let t ± be any 

xeRn 

number greater than T and x° a point in R n . We denote by Kt u x 
t 6 (0, T], the truncated cone {| x — x° |< y (^ — t), < t < %} 
lying in II r , by T tltX (x°) its lateral surface, r* liX (;r ) = 
= {| x — x° | = v (*i - 0. < t < t}, by Dq, yiU -Q) (x°) the set 
{| x — z°|< y -6U = 6}, < 9 < r (then D , ytl (x°) and 
Dx,y(tt-i) are its base and top, respectively). If x° is the origin 
in the space i? n , then the cone K tuX (x°) = Kt tt % (0) will be denoted 
by Kt uX and the surface T tu% (0) by r^,x. In this casei? T>Y (t 1 _ X ) (0) = 
= jO x>Y (f 1 -T) and, in particular, Do tytl and Z?t, y(t t -T) are the 
base and top of the cone Kt u T» 

Lemma 1. For certain t ± > T and x° £ R nl let the function u(x, t) 6 
6 H\K UtT (*•)), u|d , Ytl (x«) = and 

j (k(x) V^Vy + cluv — UiVf) dx dt = (6) 
r(«°) 
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for all v satisfying the condition 

v 6 H*(K iu T (x°)) , v = in U T \K tu T (x°) , 

\ d t, v« 1 -r)( 3C °) = °' v \r tl , r<«°) 2=3 °- 

Then u = m Z /t ,r 
Proof. Evidently, it is enough to establish the lemma for x° = 0. 
Take any x £ (0, T 7 ], and in K tu T consider the function 

r T 

I I w z) dz in Zf 1 Tl 

1 ' 



v(x, t) . 

in JC <liT \,ff fliT , 



where 



r\ / \ ) "1 v f0r T('i— *)<|*|<T*1» 



for | x | <C *y (^i t) 



= 0(z), | x | < 7^, is the equation of the surface T tu x [}D Xj y(t t -T))- 
The function v(x, t) belongs to H^K^t), v\ Ttu x , = 0, 
v\d x , y( tx -%>) = * or T ' 6 I T » ^1* and generalized derivatives 
of v have the form 

j Vu(x, z)dz + u(x, 6(z))V0 in ^ x , 



Vi;= ^ J v v ' -v-// - *~ ~ Ilf x, (?) 

in jr tlfT \if tliXf 

u(* f *) in JC flfX , 

in Jf tli r\JCt lf T. 1 ' 

One can verify this most easily as follows. Since u 6 H}(Kt u t), 
there is a sequence of functions u 8 , s = 1, 2, . . in t) 
which converges to u in ^(K^t). Consider a sequence of functions 
v 19 u 2y . . . belonging to C^K^t): 

Sm (t) j u m (x, z) dz in K tu T , 



( 



V m (x, t) - 

in K tuT \K tuX , 

where t, m (t) is equal to 1 f or J < t(1 — 1/ro), to for f > T, 
< £»(*) < 1, UW € C 1 (-ex., +»), < Com. For any 



V 6 It, J] 

y ™ lrt„ x' u i>u', Y(tx-T') = ® m We s ^ ow t^ a t the se- 
quence y m , m = i, 2, . . converges to i; in H^Rt^r)* Indeed, 
the sequence v m , m = 1, 2, . . obviously converges to v in 
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L 2 (K tl ,T) and the sequence Vv my m = 1, 2, . . 

, 6(*) 

= J Cm (t) { Vu m (x, z) dz + t m {t) u m (x, Q(x)) VO in K u T , 



in K iliT \K tuT 

converges in L 2 (Kt tt T) to the vector function v*> defined by (7) 
(that is, (v m ) Xi -+- i = 1, . . ., n, as m-*~ oo) and since, as 
m — > oo, 

Cow 2 j ( j w m (x, z) dz j d£ 

K t u x^ K U t x(l-l/m) * 

t^ x *i, x(l-l/m) 

<2Cjr 2 [ j (w — w m ) 2 dx^+ J u 2 dxdt~]-+0, 

K tu\T K t u i:^ K t u x(i-l/m) 

the sequence i; lt , y 2 t, 

{e<*> 

— Cm(*) Wm(^i + Cm(') f M m(*» *) & in #* lf T , 

in K tltT \K iuT , 

converges in L 2 (K tl ,T) to the function v t defined by (8). 
Substituting v in identity (6), we obtain 

8(x) 

j k(x) Vu(x, t) J S7u(x, z)dzdxdt 



+ J ft(s) u(x, Q(x)) Vu(x y t) V0 dx 



dt 



— j a(x)u t u dxdt+ j u t udxdt = 0. (9) 

Since ^h i(T UD T , v(<1 _ x) = 0, we have 

j auv t dxdt= — ^- j ay 2 da:<;0. (10) 

Similarly, since u\ Dq ^ =0, 

j uu t dxdt = ~- j u 2 (#, 0(ar))dx, (11) 
K tul \x\<ytt 
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Since 

e<*) 



j k(x) Vu t) J Vw(#, z) dz dt dx 
K t it t ' 

6(x) 8(x) 

= j K x ) \ Vw(#, t) j Vw(;r, z)dzdtdx 

|x|<Y*i * 

9(x) 6(x) 

= j j Vw (x, t) j z) dz dt dx 

\x\<yU 

0(x) * 

— j j ^ ^ ^ 1 ^ ^ ^ ^ Z ^ ^ X 

l*KY*i 

= j | j Vw(x, *) dx 

\x\<ytt 

6(x) 0(x) 

— j j Vm(«i z) j Vw(z, dtdzdx % 

l*l<Y'i o z 

according to (7) 

6(x) 

j /c(x)Vw(^, *) j Vw(a:, z)dzdtdx 

K tuT t 

0(x) 

|x|<v*i 

6(x) 

= T J k< < x) [\\ VH*ft)dt + u{x,e(x))VQ 

|x|<y*i 

e(x) 

— 2u(x 9 6(*))ve J Vtt(*. — u \ x > 0(x))|ve| 2 ]^ 



j u(x, d(x)) V6Vw(x f *) cte dt 

—\ j A:(x)^,e(a:))|ve| 2 ^. 

l*|<Y*i 



K tu* 
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Hence 

e(*) 

j k(x) Vw(x, t) j Vu(x, z)dzdtdx 



+ j k(x) u(x, 6 (x)) Vtf • V9 dx dt 
>—\ \ H*) u 2 (x, Q(x)) | V6 1 2 dx 



\x\<yti 



^ j u*(z,0(z))dz. (12) 



2y' 

\x\<yt t 

If we insert relations (10)-(12) into (9), we find that 

(l — j u 2 (x, Q(x)) dx^.0 which implies that 

\x\<yU 

j u 2 (x, T)dx = 0. And since t£(0, T) is arbitrary, this 

means that u = in K tuT . g 

From Lemma 1 there readily follows a uniqueness theorem regard- 
ing the generalized solution of the Cauchy problem (l)-(3), and 
therefore also regarding an a.e. solution and the classical solution. 

Theorem 1 . The Cauchy problem (l)-(3) cannot have more than one 
generalized solution, one a.e. solution and one classical solution. 

Proof. Let u x and u 2 be generalized solutions (and, in particular, 
a.e. solutions) of the problem (l)-(3) (J 6 L 2 (Q Tt R ), 6 L 2 (\ x I <R) 
for all R > 0). Then their difference u x — u 2 satisfies the hypotheses 
of Lemma 1 for any t x > T and x° £ R n . Therefore u ± = u 2 . 

If u x and u 2 are classical solutions of the problem (l)-(3), then 
their difference u ± — u 2 is a classical solution of the same problem 
in which the functions /, (p and \|) are equal to zero; therefore u x — u 2 
is a generalized solution and consequently u x = u 2 . | 

Let <p e H*(\ x |< i?), f 6 L % (\ z\<R),fe L 2 (Q Tt R ) for any 
R > 0. For each m, m = 1, 2, . . take an infinitely differentiable 
function £ m (x, t) in II r such that it is equal to 1 in Ks mTt T and 
to zero in n r \i?8<m+i/2)T f t> and let u m (#, t) denote the general- 
ized solution in the cylinder Q Tt s(m+i)Ty of the following mixed 
problem: 

u>mtt — div (k(x) Vu m ) + a{x) u m = / m (x, t) , 

U ™ I #0, 8(m+i)Tv = CPm (^)» 

Um I St, 8(m+i)rv = ^» 
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where <p m (x) = <p (x) £ m (*> 0), $ m (x) = \|> (x) £ m (s, 0), f m (x, t) = 
= / Cm (#» 0- This means that the function u m belongs to 
H l 0?r,8(m+i>rv)> satisfies the initial condition u m \d , 8(m+i>rv = 
= and satisfies the integral identity 

j Vu m Vv + au m v — u mi v t ) dx dt 

QT, 8(m+l)Ty 

= j fmP dx dt 

Qt, 8(m+l)Tv 

+ j ^mW^i 0)cfo, W = l, 2, (14) 
^0, 8(m+l)Tv 

for all v £ H\Q Ti S{m +i)Ty) such that v | Dr> 8(m+1)Tv = r 

y l s T» 8(m+l)Tv = ^* 

Since cp m 6 M^o.scm+Drv) (? 6 ^(flo, 8(m+i)rv) and is e( I ual 
to zero for 8(m + 1/2) 2^ < | x |< 8(m + 1) Ty), in view of 
Theorem 1 of the preceding section the generalized solutions u m 
exist. 

Take any point x° £ R n such that | x° \ = (8m + 6) Ty and in 
identity (14) substitute an arbitrary function v satisfying the fol- 
lowing condition: 

v^H i (K 2TtT (xO)), v = in U T \K 2TfT (x^), 
v \ DTf Ty ( X o) = 0, v |r 2T} T ( X o) = 

(it is not difficult to see that such a u belongs to H X (Q T , 8<m+i>rv) 
and that its traces on Z> Tt 8<m+DTv an( l $t, 8(m+Drv are zero). 
Applying Lemma 1, we find that u m = in K 2T , T (x°). Since z* 
is an arbitrary point on the rc-dimensional sphere {| z | = 
= (8m + 6) Ty, t = 0}, u m = in the cylindrical layer 
{(8m + 5) Ty < | z |< (8m + 7) r Y > < * < 

Let SmOz, be a function equal to u m (x, t) in Q T , ( 8m+6)Tv an( * 
to zero in II T \^ rt (8m+6)TY , m = 1, 2, .... Evidently, the func- 
tion 7?i = 1, 2, . . belongs to the space H 1 (Q Ti R ) and 

^m|D 0tR = <P m (I 5 ) 

for any i? > 0. 

Take an arbitrary function u satisfying condition (4) with some 

R = R Q ( v ) > 0. If R < (8m + 7) Ty, the function v may be 

substituted in (14). And since u m (x, t) = u m (x, t) in Q T , <8m+7)Tv> 



we have 

j (kVu Tn S7v + au m v--u Tnt vt)dxdt 

H rp 

= j fmV dxdt + j \f m (x) v (x, 0) dx. (16) 
Suppose that R >(8m + 7) Ty. Since w m = w m in Qr^sm+DTy 

and U m = in U T \Q Tt (8m+5)Tv ( in #T, (87n+7)Tv\^r, (8m+5)lvr 

w m ==w m = 0), we have 
f (&Vw m • Vy + aw m y — u m tv t )dx dt 

= J (kVu m -'Vv + au m v — u mt vt)dxdt. 

QT, (8m+5)Tv 

Taking an infinitely difierentiable function £ m (;r) in n r that 
is equal to 1 in () T , (8m+6)T ^and to zero in II T \() T , ^m+7>Tv ana< 
substituting the function vt, m in (14), we obtain 

£ (/cVw m • Vv + «w m y — u mi v t ) dx dt 

QT, (8m+5)Tv 

= j (*Vu m • V (vim) + a>u m {v% m ) — u mt (vl m ) t ) dx dt 

QT, 8(m+l)Tv 

= j fmV dxdt+ j l|) m (x) v (x, 0) d# 

(U m = in Qt% (8m+7)Tv\^T, (8m+5)TV> /m = " i n H-t\Qt, (8m+4)TV 

and yp m = in {| >(8m + 4) 2^}). 

Thus the function u m satisfies the integral identity (16) for all v 
which satisfy condition (4) for some R = R (v)>0. Consequent- 
ly, the function u m is a generalized solution in II T of the Cauchy 
problem (l)-(3) with functions q> = cp m , \|) = i|) m , / = f m , m = 
= 1,2, .... Since the function u m > — li m (we assume m! > m) 
is a generalized solution in II T of the Cauchy problem (l)-(3) with 
functions qp = cp m ' — <p m = for | x | < 8/7iry, \|? = \p m , — i|) m = 
= for | x | < and / = / m ' — f m = in K 8mT , r,_by Lem- 

ma 1 u m ' — u m = in KsmT, t« That is, for all m f ^> m u m > = w m 
in KsmTi r> and therefore^ also in (?r. (8m-i)rv« This means that the 
sequence of functions u l9 u 2 , ... converges almost everywhere 
in II r to some function u\ moreover, for any R > there is a num- 
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ber N = N(R) (N(R) = 1 + ["^f 1 ]) such that u = u m = u m 
in Q T , R for all rci > N. From (15) and (16) it follows that u\ t=0 = q> 
<for any R > and m > iV(Z?) cp m = cp inZ> , R and q> m = u m | D()t R = 
= u\ Dq r ) and u satisfies the integral identity (5) for all v obeying 
•condition (4) with a certain R = R (v) > 0. 

Consequently, u is a generalized solution of the Cauchy problem 
(l)-(3) in II T . Thus we have established the following result. 

Theorem 2. // <p(x) £ H*(\ z \ < R), yp(x) g L 2 (| x |< R) and 
f € L 2 (Q Tt R ) for any R > 0, then the Cauchy problem (l)-(3) has 
a generalized solution in II T . 

Note that we have also proved the following result. For R > 
there is a number N = N(R) such that for all m >. N the general- 
ized solution u of the Cauchy problem (l)-(3) in the cylinder Q T , R 
coincides with the solutions u m of the mixed problems (13). 

We shall now examine a particular case of Eq. (1), the wave 
equation (k = 1, a = in (1)) 

u tt — Am = /. (17) 

Suppose that with a certain integer s > 1 (p £ H 8 (\ x | <C jR), 
yeH s - 1 (\x\<R), /6if J -%,fi) for any R > 0. Then by 
Theorem 3, Sec. 2.4, the generalized solution u m (x, t) of the mixed 
problem (13) (with Zc=l, a = 0) belongs to H s (Q Tt 8{m+1)TV ) 

(<Pm = Cm(*, 0) <p(x)£H S $(D 0t 8 (m+l)Tv)> 
= £m(*, 0) ty(x) £ H&iDo, 8(m+l)T Y )i 
/m = Cm/ G H S ^ X {Q T% 8(m+l)Tv))- 

Consequently, for any i? > the generalized solution u of the Cauchy 
problem (17), (2), (3) in II T belongs to H\Q T , R ). 

Thus we have proved the following theorem. 

Theorem 3. If for any R >0 cp £# s (\x |<i?), ^ e^ 8 " 1 (| 
/ £ II s - 1 ((? T , R ) certain integer s> 1, ^ generalized solu- 
tion of the Cauchy problem (17), (2), (3) belongs to H S (Q T R ) for any 
R >0. 

Since for any i? > the generalized solution of the Cauchy prob- 
lem belonging to H 2 (Q Ti R ) is an a.e. solution of the same problem, 
from Theorem 3 (with s = 2) there follows the following result. 

Theorem 4. // cp £ # 2 (| z | < i?), yeH 1 (\z\<R), /€ 
6 H 1 (Q Tf R ) for any R > 0, then the Cauchy problem (17), (2), (3) 
in U T has an a.e. solution. 

Note that the orders of smoothness of the initial functions and 
right-hand side of the equation that guarantee the existence of the 
generalized solution or an a.e. solution of the Cauchy problem do 
not depend (Theorems 2, 4) on the dimension of space. 
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Let s = + Then, by Theorem 4, Sec. 2.4, the generalized 

solution u m (x, t) of the mixed problem (13) (with k= 1, a = 0) 
is a classical solution of this problem. Consequently, the general- 
ized solution u(x, t) of the problem (17), (2), (3) is a classical solu- 
tion of the same problem. 

Thus we have proved the following theorem. 

Theorem 5. // cp eH^ +3 (\ x\<R), ^ g H^~^ 2 (\ x | < R), 

1—1 + 2 

/ 6 z ^ (Q T* r) f or an y R > 0, then the Cauchy problem (17), 
(2), (3) has a classical solution. 

We supplement Theorems 4 and 5 regarding the existence of 
an a.e. solution and the classical solution of the Cauchy problem (17), 
(2), (3) by proving the following assertion. 

Theorem 6. Let u be an a.e. solution of the problem (17), (2), (3) 
in II T or a classical solution of this problem with f £ Z/ 2 ((?:r, R ) for 
any R > 0. Then for any R > and any t, < t < min (R, T) 
the inequality 

E R \t) < E R /2 (0) + 2Vt\\f \\ h(KRt t) (18) 



holds, where 



E R (t) J (i4 + |Vu| 2 )dx, (19) 



D u R-t 



D x>r . x = {\x\<R-t, * = t}, 
K R ,x = {\x\<R-t, 0<t<x), t€[0, min(i?, T)]. 

Proof. Take any t £ (0, min (R, T)), multiply identity (17) by u t 
and then integrate it over the truncated cone K R , x t 

J (u tt u t — u t Au) dxdt= j fu t dx dt. 

K R, x K R, x 

According to Ostrogradskii's formula, we obtain 
J (u 2 t + \Vu\ 2 )dx- j (^ 2 + | Vcp I 2 ) da; 

D x, R-x D o. R 

n 

+ J [(u 2 t + \Vu\*)n -2u t 2 u^nt'jdS = 2 J fu t dxdt, 



where T RiX is the lateral surface of the cone K RtX , T RtX = 
= { \ x \ = R — t, 0<£<t} and (rc , n x , . . ., n n ) = 

= ( — , — , . . . , =^ ) is the outward normal vec- 
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tor to r Rtt . Since on l R t x 

n 

(u 2 t + 1 Vw | 2 ) n — 2u t 2 u Xi n t 



2=1 



=-^s((s-r-2^v«..+^) 



2 = 1 



2 = 1 

we have 

£ r (t)<£*(0) + 2 J \f\\u t \dxdt^E R (0) 

K R,X 

+ 2 V\K( K R,r) ( J W+\Vu\*)dxdt) U \ (20) 



K R, x 



Since 2\ab\ = 2 
that 



aY2x-y=-^2xa 2 + -^- , it follows from (20) 



E 



R (t)^E R (0) + 2x\\f\\l 2( K R x) +^ r j (u? + |Vu| a )d** 



for all t g (0, t). Integrating the last inequality with respect to 
t 6 (0? t)i we have 

j (u 2 t + 1 W | 2 ) dx dt^xE R (0) + 2t 2 || / x) 

+ T J (^? + |Vu| 2 )^d^ 



hence 

{ (u? + 1 Vu | 2 ) dx <2t£„ (0) + 4t 2 || / ||l a(JfjJf t) 



<(2/t^ /2 (0) + 2t||/|| L2(Kr> t) )2. (21) 
The inequality (18) follows from (20) and (21). | 
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PROBLEMS ON CHAPTER V 

Let u(x, t), x = (x v x 2 ) 6 i?2» be a (classical) solution of the Cauchy problem 

_ d 2 u , d 2 u 
Utt ~~dxJ + dx\ ' 

where the initial functions cp and ij? have compact supports: (p = i|) = for 
| x | 2 = x\ + x\ > Rl 

1. Show that the function u(x, t) is analytic in the cone {| x | < t — R , 
t > R ). 

2. Prove that there is a constant C > such that for all x 6 R 2 and t > 
the solution u(x, t) of problem (1) admits the estimate 



!«*(*, OK- 



1^(1+1^1*- 1* ID • 



Moreover, if q? = and i|) ^ 0, i|? ^ 0, then there are positive constants C 
and 7 1 such that 



u(x, t) > 



Vt(X+V\t-\x\ 



for all £ > T and | a; | < t — R . 

3. Show that for any R > there is a 7 > such that for all {x, t) 6 
6 {| x I <; i?, t ^ T} the solution u{x, t) of problem (1) is the sum of the 
convergent series 

oo 

u(x, 0= 2l l^FT' 
m=0 

find c and c x . 

Prove that if for some disc K = {\ x — x° | < r } (a; is a point of i? 2 
and r is a positive number) and all natural numbers I t l u{x, t) uniformly 
in x £ K , then u = 0. 

4. Let qp 6 C 2 (R 2 ) and i|) 6 C 1 ^)* ana " l et a U tne second derivatives of 
the function q) and all the first derivatives of the function i|) belong to the class 

C a (R ? ) (see Probl. 17, Chap. Ill) for some a > 1/2. Prove that a classical 
solution of the Cauchy problem (1) exists. 

5. Let u(x, t), x = (x lt x 2y x 3 ) £ R 3 , be the (classical) solution of the 
Cauchy problem 

_ d 2 u . d 2 u . d 2 u 
Utt ~ dx\ + dx$ + dx% » 

"lt=o = ( P» »t\t=o=V> 

where the initial functions 9 and i|) have compact supports. 
Show that, for all x 6 R 3 and t > 0, 

where C is a positive constant. 

6. Let u (x, t), x = (x x , x 2 , x 3 ) 6 i? 3 , belong to C S (Q \ {x°, t }), where Q 
is a region in the four-dimensional space i? 4 and (x°, t°) is a point of Q, and 
satisfy the wave equation (2) in Q s \{x° J t }. Show that u belongs to C 2 (Q) 
(that is, it can be redefined at the point (x° y t°) so that it becomes twice con- 
tinuously differentiable in Q). 

22* 
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7. Suppose that the function u(x, t) = v(x — nt), x = (x x , x 2 , x 3 ), n = 
= (n^ n 2 , n 3 ) is a constant vector, belongs to C 3 (i? 4 \L), where L is a line 
denned by the equation x — nt = 0, and satisfies the wave equation (2) outside L. 
Show that if u(x, t) = o (1/r), where r is the distance between the point (x, t) 
and the line L, then u(x, t) 6 C 2 (R 4 ) (that is, it can be redefined on L so that 
it becomes twice continuously differentiable in i? 4 ). 

8. Let u{x, t) be the classical or generalized solution in {t > 0} of the 
Cauchy problem for the wave equation 

u tt = Au + f(x, t) 9 (3) 
u | t=0 = <p(s), u t | f=0 = \|)(*)» (4) 

and let wrOt, t) be the classical or generalized solution of the second mixed 
problem for the wave equation in the cylinder {| a: | < i? + 1, * > 0}, R >0: 

(ttJB)« = Au B + / Bf 

"H=0 = ( PK' | /=0 =*fl. 4^- I =0, 

dn ||.r|=R+i 

where q>j? = (p, = i|) for | x | < R and /# = / for | x | < R, t < R. Show 
that in any cylinder Q T = {a; 6 A>» < i < T}, where Z> is any rc-dimensional 
region and T any positive number, the difference u — ur — for sufficiently 
large i?. 

9. A solution of the first mixed problem for the wave equation in the cylin- 
der Qt — {z€#o> < t < T) can be defined as follows: a function u(x, t) 
is said to be the classical solution of the first mixed problem for the wave equa- 
tion (3) if it belongs to C 2 (Q T ) {] C 1 (Q T U D ) fl C(Q T [j T T [j D ), satis- 
fies Eq. (3) in Q T and the initial conditions (4) on D together with the boundary 
condition 

u\ r = %. (5) 

Show that this solution is unique. 

10. Establish the existence and uniqueness of the generalized solution of 
the third mixed problem (see Sec. 2.1) for the wave equation in the cylinder 
Q T = { x g d , < t < T): 

u tt — Au = f(x, t) r 

u \t=o = V( x )> u t \t=o = ^( x ) 

(<p 6 ^(Dq), £ L 2 (D ), f £ L 2 (Q T )) when the arbitrary function a(x) is 
continuous on dD (without assuming that it is nonnegative). 

11. A function u(x, t) belonging to H^Qj) is called the generalized solu- 
tion of the problem 

u tt = Au, (x, t) £ Q T , 

( du . . du 1 

br+ °w-w\r T = > 

ti l(=0 = ( P( :r )' "< l<=o = , K x )> 
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where o(x) 6 C(dD ), o(x) > 0, cp 6 H X (D), \[? £ L 2 {D), if it satisfies the 
initial condition u\ t=0 = tp and the integral identity 

^ (u t v t — VuVv)dxftt=^ ouv t dS dt -\- ^ tyv dx -\- acpy dS 
Q T T T Do dDo 

for all v 6 CHQ T ) such that i; t 6 C 1 ^) and i;| t=T = 0. 

Establish the existence and uniqueness of the generalized solution of this 
problem. 
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In this chapter we shall study the Cauchy problem and mixed 
problems for a parabolic equation of the form 

w t — div (k(x) S?u{x, t)) + a(x) u(x, t) = f(x, t). 

Here (x, t) = (x x , . . x n , t) is a point of the (n + l)-dimensional 

— , . . . , j and 

div (w x (x, t), . . w n (x, t)) = -^j±- + . . . + ; moreover, by 

Av(x, t) we shall mean div Vv(x, t) = -^r+ • . . +77-. The 

data of the problems will be assumed real-valued functions and 
we shall study only real-valued solutions of these problems. There- 
fore the function spaces C Pt ? , H v ' q y ... to be used in what follows 
will be considered, as real-valued*. 

§ 1. PROPERTIES OF SOLUTIONS OF HEAT EQUATION. 
THE CAUCHY PROBLEM FOR HEAT EQUATION 

1. Properties of Solutions of the Heat Equation. Let us consider 
the simplest parabolic equation, the heat equation 

Xu = u t — Au = f(x, t). (1) 

First we construct in the half-space {t > 0} = {x 6 R n i t > 0} 
some special solutions of the homogeneous heat equation 

Xu = u t — Au = 0. (1 ) 

* The definitions of spaces and HP, 9 are given, respectively, in Sees. 7.1 
and 7.2, Chap. III. 
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We first examine the case of one space variable, n = 1. The func- 
tion u(x, t) = w(x 2 /t), depending only on x 2 /t, being a solution 
of the equation u t — u xx = in {t > 0} satisfies the ordinary dif- 
ferential equation 

Azw n (z) + (2 + z) w'(z) = 0. 
The general solution of this equation on the semi-axis (0, oo) 

z 

is given by the formula c t c 2 , where Cj and e 2 are 

arbitrarv constants. Then the function c t [ e-£/ 4 £~ 1/2 dt, -f c 2 is 

j 
o 

a solution of Eq. (1 ) (when n = l) in the regions {x>0, £>0} 
and {;r<0, *>()}. 

1 1 
Set Co = and c 1 = — for x > 0, while c ± = — for x<0. 

4 yjt 4 y jc 

The resulting function, as is easy to check, is continuously differen- 
tiable in the half-plane {x £ t > 0} and, consequently, satisfies 
Eq. (1 ) in this half-plane. Then any derivative (with respect to x 
or t) of this function, in particular, the first derivative with respect 

1 - — — 

to x, U(x y t) = T=-e kt , will also satisfy this equation. 

2 y nt 

Now let ai > 1. To construct desired solutions of Eq. (1 ), note 
that if the functions v t (x, t), i = 1, . . ., rc, are solutions of Eq. (1 ) 
for n = 1 in the half-plane {x £ t > 0}, then the function 
t?(;r, = ^(^x, t) v 2 (x 2 , t) . . . i>n(#n> is a solution of Eq. (1 ) 
in the half-space {x £ R n , t > 0}. Therefore, in particular, the 
function 

£/ (#, n = — --=-= r — 

v ' 11 2 V Jit (2/^) n 

i=l 

is a solution of Eq. (1 ) in the half-space {t > 0}. Then it follows 
that if (#°, £°) is an arbitrary point in i? n + 1? then the function 

\x-xQ\2 
„ 4(*-*0) 

U(x — rf>, t — t°) = 



(2Y n(t — t°)) n 

is a solution of Eq. (1 ) in the half-space {t > t } = {x £ i? n , £ >t }. 
This function is called the fundamental solution of the heat equation 
(with singularity at the point (x°, t )). 

Let us note the following properties of the fundamental solution. 
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If the function U(x — x°, t — t°) is extended as being equal 
to zero into the half-space {t < t } = {x £ R n , t <t }, then the 
resulting function will be infinitely differentiable in R n+1 \{x°, t }. 

For all x° 6 R n , t> t° 

J U{x-x\ t-t°)dx = -^ IT ^e-M 2 dt = i. (2) 

R n 71 *n 

The function U(x — x°, t — t°) regarded as a function of vari- 
ables (x°, t°) = {x\, . . ., x n , t°) is a solution of the equation 

n 

x* x o, to u(x-x°, t -t°)=-^-2-gL- (is) 

in the half-space {t° < t) = {x° £ R n , t° < £}. 

Consider a strip (bounded by the characteristics of Eq. (1)) 
{0 < t < T) = {x 6 i? n , < t < T}. As in the case of Laplace's 
equation and the wave equation, let us establish, using the construct- 
ed special solutions (fundamental solution), in this strip the repres- 
entation of an arbitrary function u(x, t) belonging to C 2 ' i (0<.t<T)fl 
[1 CfO^K? 1 ) in terms of the functions Xu = u t — Au and 
u(x, 0), the value of the function u(x, t) on the plane {t = 0} = 
= {x £ R n , t = 0}. We shall assume that the functions u(x, t) 
and Xu(x, t) are bounded in {0 < t < T}. 

We take the functions £> N (x) = t> N (\ x \), N = I, 2, which 
are infinitely differentiable in R n and satisfy the following condi- 
tions: £, N (x) = 1 for \x\<N, ^(z) = for | x | > N + 1 and 
I Zn( x ) I < c o> I VSivr I ^ C , | A^ivr I < C , where the constant C a 
does not depend on N. 

Let (£, t) be any point in the strip {0 < t < T 7 }. Since the func- 
tions £> N (x) u(x, t), N = 1, 2, . . ., and £/(£ — t — t) belong 
to C 2 ' 1 ^ < £ < t), from (1$) and the relation 

(u(x,t) Z N (x)) = t N Xu- 2S7t N • Vu — i*A£ lV 
it follows that 

U(l — x % T-t)(r N {x)Xu{x,t)-2S7t )N (x).Vu(x,t)--u(x, t) AZ, N (x)) 
= U&-x, x-t)X(u(x, *)£*(*)) 
— u(x, t)£ N {x) X% t (U(l — X, T — t)) 

= {ul N U) t + S (uZ N U x .--(uZ N ) Xi U) Xi 

i=l 

for all (x, t) 6 {0 < t < r}. 

We integrate the last identity over the cylinder 
{\ x \ < N + I, e < £ < t — e} for some e 6 (0, t/2). By means 



of Ostrogradskii's formula, we obtain 
j" dt j* Zx^Xuix, t)-U{l — x, T — t)dx 

8 |*|<iV+l 

= j u(x, t — z)Z )N (x)U(1 — x, e)dx 

\x\<N+i 

— j u(x, e) £> N (x) U(% — x, t — e) dx 



|x|<2V+l 



e iV<:|xi<iV+l 
T-e 

+ 2 j d* j Vu(x, t)-V£ N (x)-U(l — x, x — t)dx 

e N<\x\<N+l 

= ^ u(;r, t — e) ^(.r) £/ (g — a;, e)dx 

\x\<N+i 

— j u(x, e)£ N (x)U(l — x, t — e) do; 

|x|<JV+l 



T-e 



— ^ dt j u(x, £) Afc N {x)-U (g — T — t)dx 

e JV<|x|<iV+l 
x-e 

— 2 £ df j" u{x, t)Vt N {x)'V x U{l--x, %-~t)dx 



e JV<|x|<;V+l 

= A, e, iv + A, e, j\r + A, e, iv + A, 8, N • (3) 

We pass to the limit in (3) first as iV-> oo and then as e-> +0. 
Since for all N = 1, 2, . . . and all (x, t) £ {0 < t < t} 
I ( x ) % u (#» I ^ C<r SU P I % u I (% u * s bounded in 

{0<t<T} 

{0 < t < T}), in view of (2) 

I I £> N (x) Xu{x, t)-U — x, i — t)\dx^C sup \Xu(x, t)\ 

J {0<t<T} 
n 

for all t 6 (0, t). Consequently, according to Lebesgue's theorem, 
we have 



I — e 

lim lim \ d£ I £> N (x) %u(x, t)-U(l — x, x — t)dx 

T 

= dt j *)-C7 (g — a;, %—t)dx. (4> 



|*|<iV+i 
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Since for all N = 1, 2, . . . and all (x, t) 6 {0 < t < r} 
| £ N (x) u(x, t)\ ^ C - sup | u(x, t) | (u is bounded in 

{0<t<T} 

{0<t< T}), for all t £ (0, t) 

I \Z, N (x) u(x, t)-U (g — x, T — t)\dx^C - sup \u(x, t)L 

R J <0<f<T> 

hence 

lim I u(x, r — e) — a:, e) dx 

N-+00 J 

|x|<tf+l 

= j u(x, t — s)U(1 — x, e) dz 

71 

and 

lim \ £a-(#) u(x, e) £7(| — ^, t — t) dx 

= ^ u(;r, e)U(% — Xj t — e) da:. 



|x|<iV+l 



But the function u(x, t) is continuous and bounded in {0 ^ t ^ t}, 
therefore 

lim lim I it e> N -■= lim \ u(x, t — e)U(1 — x, e)dx 

e-0 iV->oo e-+0 J 

= _* lim \ u(t + 2Vsr), T-s)e-M 2 dr) 

R n 

= u(|, x)-^ j e-N»dTi-u(g, t) (5) 



.and 



lim lim l2,e,N = \ u ( x i 0)t/(£ — t) d#. (6) 



Since for all N = 1, 2, . . . and all 06{0<Kt} 
| u (a, (a:) | < C . sup | a (s, *) |, for all t g (0, t) 

{0<t<T> 

f t) k^xW-Ud — x, x — t)\dx<CC sup 

J {0<t<T> 



Consequently, 
iim lim | I 3t e , N \ 

€ _0 A r -oo 

X-8 



<lim lim I dt \ \u(x, t) AZ, N (x)-U(l — x, t — t)\dx 

6 U e iV<|x|<iV+l 

T-e 

<C lim [ dtlim [ | u(x, t) \ t/(£ — x, x — t) dx = 0. (7) 

e iV<|jc|<iV+l 

Finally, we consider the term / 4te ^ in (3). Since for all t) £ 
€ {0<*<t} and all N = 1, 2, . . . | V^'W |< C x 
X sup | u (x, t) |, it follows that for all t 6 (0, r) 

{0<t<T} 

j flVC^-V^g-a:, x-f)| dz<C J | u (x, t) \ \ V X U \ dx 



<C - sup \u\ f ]x ll %^L_l =—dx 

^ {Q<t<n* 1 J 2(x-t)(2V^(T-t))n 

where the constant C 4 does not depend on N. Therefore 

lim lim / 4 e> v = 0. (8) 

e-0 iV-oo 

The desired representation for the function u follows from rela- 
tions (3)-(8). 

Thus, the following statement holds. 

// the function u{x, t) belongs to C 2 * 1 (0 < t < T) f| C (0 < t < T) 
is bounded in {0 < t < T} and the function Xu is bounded in 
{0 < t < Jfeerc /or any point (x, t) in {0 < t < T} Jfte represen- 
tation 

u(x, t)= J 0) OdS 

t 

+ jdr j t) * — x)dg (9) 

holds. 

Using representation (9), we shall establish some properties of 
solutions of the heat equation. 

Theorem 1. // the function u(x, t) belongs to C 2 ^(Q) and Xu = 

— Ut — &u = in Q, where Q is a region in the (n + iydimensional 
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space R n + 1 , then u(x, t) 6 C°°(Q) and for any t° the function u(x, t°) 
(regarded as a function of variables x v . . ., x n ) is analytic in Q f| 

n {t = «•>. 

Proof. Let (x°, t°) be an arbitrary point in Q. We assume that 
t° > (this can be always achieved by shifting the origin). Take 
a 8 = 8 (x°, t°) > such that the cylinder Q x0 t0 2 6 = 
= {| x — x° |< 26, \t — t° | < 26} <g <? f1 {* > 0}, and let £ (a:, t) 
be an infinitely differentiable function in )? n +i which is equal to 1 in 
(?*o, zo, 6 = {I # — #° I < 6» I * — *° I < 6} and vanishes outside 
Qxo, to, 26- Then the function u(x y t), which is equal to u(x, t) t>(x, t) 
in Q x0 to 26 and to zero outside Q x0 to 26* belongs to C 2 1 (0<it<iT) f| 
fl C (6 < t < J) with r > *° + 28, is bounded in {0 < * < T} r 
coincides with the function u{x, t) in Q x0t t0f 6 and u(:r, 0) = 0; 
furthermore, the function X (u (x, t)) is bounded in {0 < t < T 7 } 
and <5?(u) =0 when (a:, t) £ (?*o *o, 6 as well as when (x, t) 6 
£{0<t< T}\Q x0t to, 26. By (9),' for all points (z, t) 6 Q x0 , w , & 
we have 

u(x, t)= j dx J f-T) T))dg 

*n 

tO-6 \x-l\2 
J J x )"/2 * 

*0-0 6<|x0-||<26 v 7 

where gfa x) = 2 y- 

From this representation it immediately follows that u(x, t) 6 

6 C°°{Q x o, to, e). Thus the first assertion of the theorem (the point 
t°) is an arbitrary point in Q) is proved. 
We shall now show that the function 

t0~ 6 | X -||2 

\ dx \ J=$n e ~ W °- X) ^ 

to -26 |x0-u<26 V ' 



+ s 



t0 |x-6|2 

t0-6 6</x0-||<26 V ' 



f (6, g 4(<0 - T ) dgrfT, (10) 



J ( t <>-T) n/2 
D ' 
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where the region D = {| x° — g |< 25, *° — 26 < t < *°}\ 
\{| g — x° | ^6, 5 ^ £ }, is analytic in some neighbour- 
hood of the point x°. For this, in the (Sn + l)-dimensional (real) 
space i? 3n+1 of variables x, y, g, t (a: = {x^ . . x n ), y = 
= (yn • • •> */n), 5 = (Si, • ?n)) consider the region D 1 = 
= { I *i — *° l< 8/4, I » |< 6/4, (g, x) £ Z)} and a complex- 
valued function denned in it: 

n 

g, t) = g(l ' T) /9 g ( } 

/t \ W\ 2 -\x-tl 2 i ix-l,y) 

__ glS, V r 4(t0-x) p 4«0-x) 
U 0_ T) n/2 

Note that for y = the function G coincides (for | x — x° | < 6/4, 
<(g, t) g Z>) with the integrand function in (10). 

The function G and its derivatives G Xk and fc = 1, . . n, 

evidently belong to C(D 1 \{x = t }) (here {x = t } = {a: 6 i/ 6 
6 i?ni £ 6 T = *°})« Let us examine the functions G, G Xk , G Vk , 
k = 1, . . ., n, in Z); = {| x - a: |< 6/4, | y |< 6/4, 6 < | g - 
— a; | < 26, £° — 6 < x < * }, a subregion of D ± . Since in 
i); | g _ * | = | g _ z° + z° - x | < | g - z° | + \ x° - x\<^ 
< 96/4, | g - ^ | > | g - z° | - | z° - x | > -f- and | y |< A, 
for all points (#, i/, g, t) in D[ we have 

io e 8(/o-T) 

I t . i i r iyi 2 -i*-si 2 

2(iO-T) 2+i 



< ^ * = 1 

— +i 
4 (t^ — t) 2 

where g = max | g (g, t) |. 
(I, x)65 

Consequently, the functions <?, G^, Gy^ k = 1, 2, . . ., ra, 

belong to C(D;) (G(x, y y g, f°) = G Xft (x, y, g f t°)=G Vh (x, y, g, f°) = 

= 0, & = 1, . . ., n) and hence to C{D^j. 

Furthermore, since the function G is analytic in each of the 
variables x 1 + iy x , . . x n + iy n (for any t< t°), for each k, 
k = 1, . . ., az, it satisfies in the Cauchy-Riemann equations 

(Re G) Xh = (Im G) Vh , (Re G) yft = - (Im G) Xh . 



62 



350 



PARTIAL DIFFERENTIAL EQUATIONS 



Hence the complex-valued function 
V) = \ G ( x > V, Ij i)dldx 

D 

n 

-) (,0_ T) n/2 e 

is continuously differentiable in the region V = { \ x — x° | < 8/4, 
| y | < 6/4} of the space R 2n , and for all (x, y) £ F and for any /c, 

/C = 1, . . ., 71, 

(Re = (Im ^) yfcf (Re F) yk = - (Im F) Xfc . 

Therefore for any point (a: 1 , y 1 ) in F the function F{x\, . . ., 
s ft , • • xi, y\, . . y\- U y h1 yl+i, . . yi) of two (real) 

variables x k and is an analytic function of the complex variable 
x h + iVh at the point + iy\, k = 1, . . ., n. It is easy to show* 
that then the function F(x, y) is an analytic function of n complex 
variables x 1 + iy l9 . . ;r n + iy n * n ^- And since for | x — # | <c 6 
the function F^z, 0) coincides with the function u(x, t°) in question, 
the assertion of the theorem is established. | 

Remark. The function u(x, t) which satisfies the homogeneous heat 
equation in some region Q of the space R n + X is not necessarily ana- 
lytic in t. 

H 2 

For example, the function u(x, t) which is equal to t~ n/2 e ^ 
for | x | > 1, t > and to zero for | x | > 1, t ^ 0, satisfies Eq. (1 ) 
in {| x | > 1, — oo < t < oo} but is not analytic in £ (of course, it 
belongs to C°° (| x | > 1, — oo < £ < oo)). 

2. The Cauchy Problem for the Heat Equation. A function u(x, t) 
belonging to the space C 2 > x (0 < t < T) f] C(0 < * < T) is called 
the solution {classical solution) of the Cauchy problem for Eq. (1) if it 
satisfies Eq. (1) in {0 < t < T) and for t = satisfies the initial 
condition 

u\ t=0 = <p(x), (11) 

where /(#, £) and (p(#) are given functions. 

First we shall prove the following uniqueness theorem. 

Theorem 2. The Cauchy problem (1), (11) cannot have more than 
one classical solution bounded in {0 < t < T 7 }. 

Proof. Let i^^r, £) and u 2 (#> be two classical solutions of the 
problem (1), (11) that are bounded in {0 < t < T 7 }. Then the func- 
tion u = u x — u 2 is a solution of the homogeneous heat equation (1 ) 

* See, for instance, Vladimirov, V. S. Methods of Theory of Several Complex 
Variables, Nauka, Moscow, 1964, p. 42 (in Russian) or Shabat, B. V. Introduction 
to Complex Analysis, Nauka, Moscow, 1969, p. 273 (in Russian). 
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which is bounded in {0 < t < T) and satisfies the homogeneous 
initial condition 

14=0 = 0. (ii > 

Consequently, for the function u the representation (9) of the preced- 
ing subsection holds in the strip {0 < t < T) which immediately 
implies that u = in {0 < t < T). | 

By M a = M {T), a %> 0, we denote the set of all functions 
u(x, t) defined in {0 ^ t < T} for each of which there are positive 
constants A and a (depending on this function) such that 

\u(x, t)\^Ae a \xl° for all (x, t)£{0^t<T}. 

It is clear that the set M a is a linear space for any a ;> 0; more- 
over, M a a M ' for a ^ a'; M is the set of all the functions bound- 
ed in {0 ^ t < T 7 }, and M 2 is the set of all functions for each of 
which there are positive constants A and a such that 

\u(x, i)|<^ a, * x|2 for all (x, *)£{()<*< J}. (12) 

In Theorem 2 the uniqueness of the solution of the Cauchy prob- 
lem (1), (11) was established in the set of bounded functions M . 
In fact, the solution is unique in M 2 too, and hence in any M 0y 
^ o ^ 2. Namely, the following assertion, generalizing Theo- 
rem 2, holds. 

Theorem 2'. The Cauchy problem (1), (11) cannot have more than 
one solution belonging to M 2 *. 

The following auxiliary proposition is required for the proof of 
Theorem 2. 

Lemma 1. Let the function u(x, t) be a solution of the problem (1 ), 
(11 ) in the strip {0 < t < T 7 }, T > 0, and satisfy the inequality (12) 
with some constants a > and A > 0. Then u = m s£rjp 
{0 < t < 7^}, wftere 7\ = min {T, i/5a}. 

Proof. Take an arbitrary e > and in {0 < t < T x ) consider 
two functions 

l*l 2 



w ± (x, t) = ±u{x, t) + s \ t+ 1 e^i-t) 

\ Ui — t) 

Evidently, these functions belong to C 2 ^(0 < t < T t ) f] C (0 < 
< £ < 7\). Since w| t=0 = 0, for all x £ R n 

^± (*, 0) - err n/2 e 4T * > 0. (13) 



* It can be shown that for any a > 2 the solution of problem (1), (11) is 
not unique in M a (see Tikhonov, A. N # "Theoremes d'unicite pour l'equation de 
la chaleur", Mat. Sb. 42 (1935), 199-216). 
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Since Xu = in {0 < t < T x ), for all points (x, t) 6 {0 < t < 7\} 

X (w ± ) = ±X(u) + eX(t + (T i — t) ~ n/2 e Wi-v ) - e > 0. (14) 

Let (x°, t°) be any point in the strip {0 < t < T^. Take a large 
number R > such that the point (x°, t°) lies inside the cylinder 
{ \ x \ <Z R, < £ < T ± } and the functions w ± (x, t) are positive 
on the lateral surface { \ x \ = R, < £ < T x ) of this cylinder: 

™±{x, f)l|x|=H>0 f 0<t<T t (15) 
{the latter property can be always fulfilled because w ± \\ x \=r = 

R2 R2 

= ±u\w= R + z{t + {T i -ty n,2 e^-t))^-Ae«^^ > 

n baR2 

> —Ae aR2 + &(5aye~ -> +oo as R-+oo). 

We shall now prove that if a function w(x, t) belongs to 
C^({\ x\<R, < * < TJ) nC({|x|<fl,0<K TJ) and 
satisfies the conditions 

w(x, 0) > for I x |< i?, (13') 

iSii; (x, > in {| x |< i?, < t < 7\} (14') 

and 

w||*i=r>0 for 0<f<Z\, (15') 

then 

w(x, t) > for all (a, 6 {I * l< < t < 7\}. (16') 

Suppose, on the contrary, that there is a point (x\ t') in {| a; | < 
< R, < t < i^} such that Or', *') < 0. Let (x'\ t") be the 
point in {! # | ^ if, -^t ^.t'} where the function w(x, t) 
{w(x, t) 6 C ({| x I ^ i?, ^ £ ^ r'})) attains its minimum, that 
is, 

w{x\t")= min a?(ar, £)0(x', t') < 0. 

By (13') and (15'), {x" , f)£{\x\<R, 0< £<£'}. If (*",£")£ 
€{!*!<*, <><*<*'}. then W^ =0 and ^ > 0, 
i = l, whence Xw(x", t")^0 which contradicts (14'). 

Tf / " 4"\ r r 1 1 ^ r> 4. +n 4.-U dw(x", t") . n , d 2 w(x",t") ^ 

If (z , t )£{\x\<R, t = t), then ^ — ^-<0and ^ — 

^0, i = l, . . ., n, whence Xw(x'\ £")«<0, again contradicting (14'). 
Thus inequality (16') is proved. 

Since, by (13)-(15), the functions w ± (x, t) satisfy the conditions 
(13')-(15'), for all (x, t) £ {I x |< R, < t < T x ) the inequali- 
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ties w ± {x, t) ;> hold thereby implying w±(x°, t°) ^> 0, that is, 

| «*(*», OI<b(<°+ {Ti _ t0)n/ 2 eM-*>). 

Since e > and the point (a; , t°) are arbitrary, it follows from this 
last inequality that u{x, t) = in {0 < t < T x }. | 

Proof of Theorem 2. Let u^x, t) and u 2 (x, t) be two solutions of 
the problem (1), (11) in {0 < t < T) that belong to M 2 . Then their 
difference u = u x — u 2 is a solution of the problem (1 ) and (11 ) 
in {0 < t < T) and for all (^06{0<Kf} satisfies the inequal- 
ity (12) with certain constants A > and a > 0. By Lemma l t 

u(x, = in {0 < t < T x ), where 7\ = min . If T 1 ^=T, 

the theorem is proved. 

Let T i = -g^-<T. Then the continuity of the function u(x, t) 
in {0<.t<.T} implies u _ i =0. Therefore the function v(x, t) = 



'-6a 



= * + is a solution of the problem (1 ), (11 ) in the strip 

|0<^<r — -^-} and in this strip satisfies inequality (12). 
According to Lemma 1, v{x, t) = in {0<t<.T 2 }, where 
T 2 = min jf — . From this it follows that u{x, t)=0 in 

{0<f<5Ta + ^-} • W T z + ^<T ( then ^2 = ^-), then repeat- 
ing this argument we find that u (x, t) = in {0<t<2--^+T 3 } t 

(2 1 \ 
7 1 — -gj, -g^-J , and so on. After a finite number 

of steps, we see that u = in {0<f<r}. | 

We shall now prove the existence theorem regarding the solution 
of the Cauchy problem (1), (11). The results of the foregoing sub- 
section imply that if the solution, bounded in {0 < t < T 7 }, of the 
problem (1), (11) exists with function f(x, t) bounded in {0 < t < T}, 
then it has the form 

u(x, t)= J U(z-l, t)<p(t)dt 

R n 

t 

+ \ j U(X-1, «-T)/(£ f T)dldT. (17) 
R n 

Therefore the proof of the existence of a solution naturally reduces 
to determining conditions on the functions (p and / such that the 

23-0594 
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function u{x, t) given by formula (17) is a classical solution of the 
problem (1), (11). 

Let B(R n ) and B(0<t<.T) denote Banach spaces of functions 
that are continuous and bounded in R n or in the strip {0<it<T} r 
respectively, with norm || <p \\ B{R > = sup | cp (x) | and ||/|| B(0<t<X) =. 

xtR n 

= sup \f(x, t)\. 

(x, t)G{0<f<T> 

Theorem 3. // y(x) belongs to B(R n ) and the functions f(x, t) 
and fx t (z, t), i = 1, . . n, belong to B(0 < £ <C T), then the 
problem (1), (11) has a classical solution u(x, t). This solution belongs 
to 5(0 < t < T) and is given by formula (17); further, 

|M|B(0<*<T) < \\<P\\B(R n ) + T\\f\\ B(0 <t<T). (18) 

Theorem 3 is an immediate consequence of the following two 
auxiliary assertions. 

Lemma 2. // cp £ B(R n ), then the function 

u t (x, f)= j U(x-l, *)<p(g)dg (19) 

R n 

is a classical solution of the Cauchy problem (1 ), (11) in the half -space 
{t > 0}; moreover, for all x £ R n , £ > the inequalities 

inf (p(x)^Ui(x, £)<;sup q>(x) (20) 

xtR n xtR n 

hold. 

Lemma 3. // / and f Xl , i = 1, . . n, belong to B(0 < J < T) y 
then the function 
t 

u 2 (x, t)= J dx j U(x-l, t — x)f&, (x, t)£{0<t<T}, 

R n 

(21) 

belongs to B(0 <Ct < T) and is a classical solution of the Cauchy 
problem (1), (11 ) in the strip {0 <C £ < T}; and 

lk 2 || J B (0 < < <r)<3 r ||/lko< < <T). (22) 

Proof of Lemma 2. For the proof of Lemma 2, it suffices to establish 
that the function u x (x, t) has the following properties: 

(a) u x e C 2 ' \t > 0) and Xu x = in {t > 0}, 

(b) for the function u x the inequalities (20) hold, 

(c) the function u ± belongs to the space C(t^0) and satisfies 
the initial condition (11). 

Take arbitrary numbers 8 and T l9 < 8 < T x . Since for all 
* 6 Rn* I 6 B nJ t 6 [8, T x ] and for any a = (a lt . . a n ), a t > 0, 
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i = 1, . . 7i, and |S >- 



D a x U{x-l, t) 



<C aP (l + ^-^|) ,a,+2p e" 



where C a p = C a p (8) are some positive constants, the function 
u x {x, t) 6 C°° (5 < * < Ti), and 



0*0 



In the strip {8 < t < 7\} the function C/(x — - £, J) satisfies 
Eq. (1 ) (with respect to (x, t)), therefore the function u^x, t) satis- 
fies Eq. (1 ) in this strip. Consequently, since the numbers 8 > 
and T x > 8 are arbitrary, the function ^(a:, £) has Property (a). 

Since the function U is nonnegative, according to (2) for all x £ R n 
and t > we have the inequalities 

Mx> *)< 1 — 5, *)(sup (p(g)) d£ = sup q>(*), 
«,(*, f)> ( *)( inf <p (!))<$= inf <p(z). 

* n 

This establishes Property (b). 

We now establish Property (c). Taking an arbitrary point x° g R n9 
we shall show that lim u^x, t) = (p(a;°). By (2), we have 

<*. *)e<*>o> 

for any (x % t) £ {t > 0} and for any 8 > 

*)-<p(*°) = J U(x-l, 0(cp(E)-9(«°))d5 

= J Q(q>(E) -?(*•)) d£ 

+ j U(z-l, t)(y(Z)-<f>(xO))dZ = I u6 + I 2t6 . (23> 

|E-3C0|>fi 

Since the function cp is continuous at the point x°, for an e > we? 
can find a 8 > (this 6 we take in (23)) such that | cp(£) — q>(x°)\ <C 
< e/2 whenever | g — a; | < 8. Therefore 

lA.aK-f- J U(x-l, f)dE<-f- \u{z-l, t)d% = e/2. (24) 

R n 

23* 
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Let \x — z°|<8/2, then for |g — z°|>8 we have \x— £| = 

2 



= |^-^ + a: o_g|^| :r o_g|__| :r _ :r o| > 6___|. = 6/2. Thus 



l*-EI 2 |x-6|» 



|xo-6i>o * r L) 

< ^J^-e 32t \ e 8t d l 

(2 / M) n J 
< * n) g 32 ' * »* d£ = const* 3 2 <<e/2 (25) 

whenever t 6 (0, S ) with sufficiently small 8 . Thus from (23)-(25) 
we see that | u 1 (x, t) — (p(;z ) |< e for all points (x> t) of the half- 
space {t > 0} such that | x — x° | 2 + t 2 < min (8J f 8 2 /4). | 

Proo/ o/ Lemma 3. We represent the function u 2 (x t £) (see (21)) 
in the form 

t 

*) = -^7rJ dT J « H6l V(* + 2EVT^ f T )dg, (26) 

R n 

(x, t)e{o<t< t). 

To prove the lemma it is enough to check that 

(a) u t (x 9 t) e C (0 < t < T), u 2 (x, 0) = 0, 

(b) inequality (22) holds, 

(c) u % (x, t) 6 C 2 ' 1 (0 < t < T) and = / in {()<*< T). 
Since the function / (x, t) is bounded in {0 < t < it follows 

that | <H*' 2 /(* + 26 t) | < e-'^ 2 || / lb ( o<t<T) and there- 

fore (/ is continuous) the function 

R n 

is continuous and bounded on the set {x£R n , 0<*<7\ 0<C?^.t} 
and g(x,t,t) = f(x, t), \g(x, t, x) |<|| / |U<o<*<t). Therefore the 

function u 2 (:r, 0= j t) dt belongs to C(0<;£<r), U2|i=o = 

and || W2||B(o<t<T)<7 T ||/|| B( o<«T). Properties (a) and (b) are proved. 
Since the function f(x y t) has continuous derivatives f Xi (x^ t). 

i = 1, . . n, in {0 < t < 7} and | / | + I V/ I < const in 
{0 < £ < T 7 }, the function g(x, J, t) has continuous derivatives 
g Xi (x, £, x), i = 1, ., n, on the set {x £ i?m < t < 7\ < 
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< x < i}. Consequently, the function u 2 (x, t) has continuous deriv- 
atives Ui Xi (x, t), i = 1, . . ., n, on {0 ^ t < T}, and 

t 

u 2xi (x, *) = -j^r J ^ J e-'^/ 3Ci (x+ 26/7=^, x)d£ 
R n 

= -^T J -7=- J e-Wh^ZV—r, r)dt 



(27) 

Since for all / = 1, . . . , n 

I e-Wy xj (x + 21 Vt^c, *) |< I E I e~™ 2 \\ f Xj lko<«T), 

the functions j e~W 2 Ijf (x + 2g Vt^~T 1 x) d£ have all first 

derivatives with respect to x t , . . ., x n which are continuous and 
bounded on the set {x £ R n , < t < 7\ < x < *}. Then from (27) 
it follows that the function w 2 J) has all derivatives up to second 
order with respect to . . x n that are continuous in {0 ^ t < T). 
Moreover, 

t n 
* R n i=1 

(28) 

Further, for arbitrary points (x, t) and (x, t + Ai), Ai > 0, lying 
in {0 < t < T) 

i+At 

«,(»,« + &)-»,(«,*) j g(Xit+£itiT)dT 

t 

+ j l + At, T)- g (s, *, T) ^ = + h{ ^^ (29) 



In view of continuity of the function g(x, t + At, x) in x on the 
segment It, t + At], I x (At) = g (x, t + At, t + 9A*), where 6 = 
= 0(x, £, A*), ^ ^ 1. Consequently, 

lim 7 1 (A0 = g(x, = 0. (30) 

AJ- + 
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Since in {0 < t < T) the function / has continuous and bounded 
derivatives with respect to x u . . ., x n , the function g (#, £, x) has 
a derivative with respect to t continuous in {x £ R ny < t < T, 
< t < 

n 

g t (x, t, t)= n/2 l— f e-\^^ s l l f Xi (x + 2lVt^ t x)dg, 

with \gt(x, t, t) I const/]/^ — t. Then 

| g (x. *+A^)- g (*, «, x) j <ff t)|(ftl 



t+M 

^ const f d/' ^ 4./1/Z 

<-5T" ) y=-<const/J/7^. 



Therefore (according to Lebesgue's theorem) 
lim 7 2 (AJ) 

t n 

< = JL r \ — \ 2 S,/, i (* + 2gV^, (31) 

' " V <_T R„ i=l 

From (28)-(31) it follows that 

lim u 2 (x, <+At)-» 2 (*,t) =/(X) t) + Alis(a . f t) . (32) 

A<-*+0 At 

It is similarly proved that 
lim u 2 (s, = _ nm 1 f ^ t i, t ) dt 



f+Ai 

+ lim [ g(M + A \ T l" g(l> *' T) dx = f(x, *) + Au 2 (z, t). (32') 

Therefore the function u 2 (x, t) has continuous derivative, equal 
to / +?Au 2 , with respect to t in {0 < t < T 7 }. 
, Theorem 3 establishes the existence of a classical solution of the 
Cauchy problem (1), (11) for any bounded (p € C(R n ) and any bound- 
ed / 6 C(0 < £ < T) for which all first-order derivatives with 
respect'tojspace variables are continuous and bounded in {0< t < T). 
Now the question arises: for the Cauchy problem (1), (11) to be 
solvable is it f not sufficient to assume that the function / is only 
continuous and bounded? In fact, the condition that / has (bounded) 
derivatives with respect to space variables is more than what is 
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necessary: it can be proved that for the solvability of the problem 
{1), (11) it suffices to assume that the function f(x y t) (continuous 
and bounded) satisfies Holder's condition with respect to space vari- 
ables, that is, for any point (x, t) in {0< t < T) there exist constants 
M > 0, a > (depending on this point) such that | f(x\ t) — 
— 1 (x, t) | < M | x' — x | a for all x' g R n . However, if the func- 
tion / is only continuous (and bounded) in {0 < t < T 7 }, then, as 
illustrated by the following example, the problem (1), (11) may 
not have a (classical) solution. 

Let £ = £ (| x |) be an arbitrary function infinitely difierentiable 

in i? n , which is equal to 1 for | x | < 1/2 and to zero for | x | . 

We examine the following Cauchy problem 

Xu = u t — Aw = f {x) f (33) 

u\ t =o = <Po(*)> (34) 

where 

/«.(*) = --^=j£E(l*l) ((" + 2)(-ln|x|)- 1 ^+i-(-ln|x|)- ;i/:: ) 
+ £f j^f L r(|^|)((" + 3)(-ln|x|) 1/2 -(-ln|x|)- 1/2 ) 

= (*f~*»)£*(|*|)(-ln| a ;|) 1/2 , 

and 

cp (x)=^x^xl)Z(\x\)(-ln\x\) i/2 . 

The function / (s) 6 C(R n ) (] C°°( \ x | > 0) is equal to zero for 
| x | > 3/4, and therefore is bounded in R n . The initial function 

<Po(*) 6 C^flJ (1 c °°( \ x I > °) is e ? ual t0 zero when I x I > 3/4, 
and is therefore bounded in R n . It can be directly verified (compare 
with the similar example for Poisson's equation, Chap. IV, Sec. 3.3) 
that the bounded function u(x, t) == y (x) (it does not depend on t) 
satisfies Eq. (33) when | x | > 0. Moreover, the function u (x, t) 
obviously satisfies the initial condition (34). 

Nevertheless, the function u(x, t) = q>o(x) does not belong 
to C 2 ' x (0 < t < T) for any T > 0, because, for instance, 
lim u x . Xl (x, t) = oo. Consequently, this function is not a solu- 

1*1-0 

tion of the problem (33), (34). 

Let us show that the problem (33), (34) has no solution in any 
strip {0 < t < T). Suppose, on the contrary, that there exists 
a solution v(x, t) of the problem (33), (34) in the strip {0< t < T) 
for a certain T > 0. Then the function w(x, t) = u(x, t) — 
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— v (x, t) = (p (x) — v (x, t) 6 C 2 ' 1 ({I x | > 0,' < t < T}) and 
satisfies the homogeneous heat equation (1 ) on the set {\ x |> 
> 0, < t < T). Moreover, w (x, t) 6 C 1 (T/2 < £ < T 7 ), since 
<p 6 C 1 (i*n). Thusw;(a:, 6C 2 » 1 ({0< I * I < 1, Z72<f<r})fl 
PI ({| a: |< 1, 772 < f < T 7 }) and u; t — Aw = for all points 
(x, in {0 < | x |< 1, 772 < * < T). 

We 1 shall show that the function zz; (x, t) must belong to 
C 2 ' 1 ({| x |< 1, 772 < £ < T}) which is impossible, because the 
function v £ C 2 » 1 ({ | x |< 1, J/2 < f < T 7 }) and the function 
u (x, t) = q> (x) 4 C 2 * 1 ({I x |< 1, T/2<t< T 7 }). 

So, let 10 (x, 6 C 2 , 1 ({0 < | x | <1, Z72< t <7 7 }) fl C 1 ({| x |< 

< 1, 772 < f < T}) and = in {0 < | x |< 1, 772 < t < 

< T}. We shall show that w (x, f) 6 C 2 ' 1 ({| x |< 1, 272 < £ < 

< T 7 }). The proof of this fact repeats in a certain sense the arguments 
used in Subsec. 1 while establishing representation (9). 

Take an arbitrary point (£, t) in {0 < | x |< 1, 772 < t < T} 
and an arbitrary e f (0, t - T/2). On the set {0 < | x | < 1, 
T/2 < t < t} we have the equality 



= 17(6 — x, i — t)Xw(x, t) — w(x f t)XZ tt U(t — x, t— *) = 0. 

Integrating this equality over {8 < | x | < 1, T/2 < t < t — e}, 
where 5 is an arbitrary number from the interval (0, | J; |), and 
applying Ostrogradskii's formula, we obtain 



n 



(w(x, t)U(l-x, x-t)) t + 2 (wU x —w x U) x 

i — -I * * ' 



w (x, t — e) U (6 — x, e) dx 



6<|x|<l 




fi<|x|<l 



T-8 




dw (x, t) 
dn 



U(l-X,T- 




T/2 lx|=6 



X 



dU (l — x, t — t) dw{x, t) 
dn x dn 



U(l-x, x-t))dS x 



= /i.« + /2. e + /»...«. (35) 
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In (35) we pass to the limit first as e and then as 8 0. We take 
an arbitrary 8 , < 6 < min (1 — | g |, | £ | — 8). Then 



j t — e( — a:, e) dx 

6<|x|<l 

= j w(x, t — e) £7(J; — x,z)dx 

l*-£l<6o 

+ \ w(x, T — 8) — x, e) cfa» 

{6<|x|<l}f]{|x-i|>6 } 

Since on the set {6<|x|<l} f| {8 <l aJ — S|} 

t — e) U& — x, e) |<max | w (x, t) exp( — -§-)/(2 /jxe) n , 

it follows that as j t — e)t/(g — x, e) x 

{6<i*i<i>n<*-Ei>ao> 

X 0. Therefore 

lim \ w(x, x — e)U (l—x, s)dx 
<K|5i<i 

= lim I t — e) C/(g — e)dx 

= lim -if ( B>(E + 2t|/e, t — e) ^- dri = x), 



2l/i 

and consequently 

lim lim I w(x, x — e) £/(!■ — a;, s) dx = w(l-, t) . (36) 

6-0 £-0 A ^,J 

6<|x|<l 

Further, it is obvious that 



lim/, 6 = f w(x,TI2)U(l — x,T — TI2)dx, (37) 
W J <i 

Jim/ a ..= | A J (w(x,t) % - f) 



d^x 

T/2 |x|<l 



«7(E — a:, x-*))dS x , (38) 



dn 

and since wgC 1 ({|s |<1, 772<*<x}), it follows that 

lim lim/ 3 e# 6 = 0.1 (39) 

6-0 e-*0 
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The relations (35)-(39) imply that for any point (x, t) in 
{0<|x|<l, T/2<t<T} we have the representation 

w(x,t)= \ w{l,TI2)U{x-l,t-TI2)dl 
I6K1 

T/2 |£|=1 

from which it immediately follows that w belongs to C°°({ \ x | < 
< 1, T/2 < t < T}) and, more so, to C 2 » 1 ({I * l< 1, T/2<t< 
<; T)}. This proves the assertion. 



§ 2. MIXED PROBLEMS 

1. Uniqueness of Solution. Let D be a bounded region in the 
fi-dimensional space R n (x = {x x , . . ., x n ) is a point of this space). 
As in the case of the mixed problems for hyperbolic equations, in the 
(n + l)-dimensional space Rn+x = R n {— oo < t < +00} we 
consider a bounded cylinder Q T {& ZD* <t < T) of height 
T 7 > 0, and let T T denote the lateral surface of this cylinder: T T = 
= {x e dD,\ < t < T) and Z) x , t 6 [0, T], the set {a; £ Z>, * = x}; 
in particular, D = {x £ D, t = 0} is the base of the cylinder Q T 
and Z) r = {x £D, t = T 7 } its top. 

In the cylinder Q T with some T > 0, we examine the parabolic 
-equation 

Xu = u% — div (Aj(z) V^) + 0(2) u = /(^i 0* (1) 

where k(x) £ C^r)* a(x) £ C(Q T ), k(x) ;> & = const > 0. 

A function t) belonging to the space C 2 *\Q T ){\ C(Q T [j 
U r T (J D )* an d satisfying Eq. (1) in Q T and the initial condition 

w|t=o = <P(*) (2) 
on D as well as the boundary condition 

u\v T = 1 

on T T is called a classical solution of the first mixed problem for Eq. (1). 

A function u(x, t) belonging to the space C 2 ^(Q T )f] C(Q T [) 
U r r U D )f\ C^°{Q T \j T T ) and satisfying Eq. (1) in Q Ty the 
initial condition (2) on D and on T T the boundary condition 

(■£ + *<*) »)|r T = X. 



* For the definition of the spaces CP* 9 see Sec. 7.1, Chap. III. 
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where a(x) is a function continuous on T r , is called a classical solu- 
tion of the third mixed problem for Eq. (1). 

If a = 0, then the third mixed problem is known as the second 
mixed problem. 

Since the case of nonhomogeneous boundary conditions is easily 
reduced to that of homogeneous boundary conditions, in the sequel 
we shall investigate homogeneous boundary conditions 

u\r T = (3) 

and 

(l£+^H|r r = °- < 4 > 

We shall assume that the coefficient a(x) in Eq. (1) is nonnega- 
tive in Q T and the function o(x) in the boundary condition (4) 
is nonnegative on T T . 

Lemma 1. Let f(x, t) £ L 2 (Q T ) an d let u ( x > be a classical solu- 
tion of the third (second) mixed problem (1), (2), (4) or a classical solu- 
tion, belonging to C X ^(Q T (J f T ), of the first mixed problem (l)-(3). 
Then u(x, t) 6 H^°(Q T )*. 

Proof. Let us take arbitrary t £ (0, T) and 8 £ (0, t) and after 
multiplying Eq. (1) by u integrate it over the cylinder Q EtX = 

= {x £ Z>, e < t < t}. Since in Q T uu% = -y (u 2 )t, u div (k V^) = 

= div (ku V*0 — k | I 2 and — (w 2 )t — div (ku V^) = fu — au 2 — 

— k | I 2 G £i((?e, t)» according to Ostrogradskii's formula we 
have 



[ u 2 dx~Y ^ u2 dx+ ^ k\Vu\ 2 dxdt+ j au 2 dxdt 
D x D e Q EtX Q 8 , T 



— £ ku~dS dt= j fudxdt f 

where r e , x = € dZ?, e < £ < t}, whence, when u (x, is a sol- 
ution of the first mixed problem, 

yju 2 dx — yj u 2 dx + j k\ Vu\ 2 dxdt+ j au 2 dxdt 

= j fu dx dt 



^8,T 



* The spaces // r »°(Or) were introduced in Sec. 7.2, Chap. III. The proper- 
ties of the elements of this space are considered in the same section. 
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and, when u(x, t) is a solution of the third (second) mixed 
problem, 

y j u 2 dx — y [ u 2 dx-\- j k\ Vu | 2 dx dt 

D x 4 <? 8> % 

+ j au 2 dxdt + J ftaz* 2 dS dt= j /w dx. 

^e, x ^e, t ^e, x 

Consequently, 

u 2 dx + k \ | Vu\ 2 dx dt<^Y \ u 2 dx 
D x Q J b. x b x 

4- j k(x)\Vu\ 2 dxdt^^u 2 dx 

+ j \f\\u\dxdt^ j u 2 dx + ||u|| Ll(Qe;T) ||/|| Ll( Q T) . 

Passing to the limit in this inequality as e -> 0, we obtain 

\ j u* d* <| || q> ||i l(D) + 1| u || l , (Qt) II / || Li(Qt) (5) 

and 

ko j | Vul>dzdt^±\\q>\\i t(D) + \\u\\ LMx) \\f\\ L , lQT) . (6) 
«t 

Let us take an arbitrary i £ (0, T) and integrate inequality (5) 
with respect to t6.(0, t): 
t 

j j u2dxdT<r||( P ||i f(I , ) +2r||u|| Lt(Qt) ||/|| Lt(Qr) 

i 

<r II <j> l|l,(i»+2r 2 1| / ||i l(Qr) +| || u \\i tiQt)t 

whence 

II u ||£ f( Q t )<27' || qp \\i, (D) + 47* || / ||l, (Qr) = C\ 
for any t£ (0, T). Consequently, u£Z, 2 «? r ) and 

||u||l,(q t )<Co. (7> 

Then from (6) we have 

II I Vu | ||! f(Qt) < -±- 1| <p ||i l(D) + |M| / || MQt) 
for any x 6 (0, f). Accordingly, | V" I 6 L 2 ((? T ).| 
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Remark. From inequalities (5) and (7) it readily follows that the 
classical solution of the third (second) mixed problem (1), (2), (4) 
and the classical solution, belonging to C 1 * (Q T \J T r ), of the first 
mixed problem (l)-(3) have the estimate 

IMk(iv< c i» xe(o f r) f (8) 

where the constant C x depends only on T 9 || (p ||l,(D) and ||f \\L t (Q T ). 

Let u be a classical solution of the third (second) mixed problem 
<1), (2), (4) or a classical solution, belonging to C 1,0 ((?rU T T ), 
of the first mixed problem (l)-(3), and let /(x, t) £ L 2 (Q T ). Multiply 
(1) by an arbitrary function v(x 9 t) £ C X (Q T ) such that 

v\d t = (9) 

and integrate the resulting relation over the cylinder Q Zt x , where t 
is an arbitrary number from (0, T) and e an arbitrary number from 
{0, t). According to Ostrogradskii's formula, we obtain 

\ ( — uut-\-k^uVv + auv)dxdt — j kv^dSdt-\- j uvdx 

= ^uvdx+ j fvdxdt. (10) 



If u is a solution of the first mixed problem, then we assume addi- 
tionally that 

v |r T = 0. (11) 
In this case identity (10) has the form 
j ( — uv% + k^uVv + auv) dx dt + j uvdx 

^e, x D x 

= j uvdx+ j fvdxdt. (10') 

D z Qe. x 

If u is a solution of the third (second) mixed problem, identity^(6) 
has the form 

j ( — uv t + kVuVv + auv)dxdt+ j fax uu dS dt + j uv dx 

r e. x D x 
= ^uvdx+ j fvdxdt. (10") 



^e, x 



By virtue of Lemma 1, u^ffM(^ T ) and therefore (see Sec. 7, 
Chap. Ill) u\r T £ L 2 (T T ). Using (8) and (9), we pass to the limit 
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in identities (10') and (10") as e and t T. This yields the 
following assertions. 

A classical solution u(x, t) of the first mixed problem which belongs 
to C x > °(^ r U T r ) satisfies the integral identity 

( — uv t + k y Vu y \7v + auv)dxdt=^(pvdx+^ fvdxdt (12) 
Q T Do Q T 

for all v £ C X (Q T ) satisfying conditions (9) and (11), and conse- 
quently for all v £ H X (Q T ) satisfying conditions (9) and (11). 

A classical solution u(x, t) of the third (second if a = 0) mixed 
problem satisfies the integral identity 

j ( — uu t + k V^Vy + auv) dx dt+ ^ kauv dS dt 
Q T t T 

= j yvdx+ j fvdxdt (13) 
Do Q T 

for all v 6 C X (Q T ) satisfying condition (9), and consequently for all 
v £ H^Qj*) satisfying condition (9). 

With the aid of the above identities, we introduce the notions 
of generalized solutions of the mixed problems under discussion. 
We shall assume that / (x, t) £ L 2 (Q T ) and cp(z) 6 L 2 (D). 

A function u(x, t) belonging to the space H X ^°(Q T ) is called 
a generalized solution of the first mixed problem (l)-(3) if it satisfies 
the boundary condition (3) and the identity (12) for all v(x, t) in 
H^Qt) that obey conditions (9) and (11). 

A function u(x, t) belonging to the space H^-^iQj) is called 
a generalized solution of the third (second if a = 0) mixed problem 
(1), (2), (4) if it satisfies the identity (13) for all v(x, t) in H^Qj) 
that obey condition (9). 

Together with the classical and generalized solutions of the mixed 
problems, we may also introduce the notion of an a.e. solution. 

A function u(x, t) is called an a.e. solution of the first mixed prob- 
lem (l)-(3) or the third (second if a = 0) mixed problem (1), (2), (4) 
if it belongs to the space H 2 ^ 1 (Q T )> satisfies Eq. (1) for almost all 
(x, t) (zQ T and satisfies the initial condition (2) and one of the bound- 
ary conditions (3) or (4), respectively. 

It was shown above that a classical solution of the third (second) 
mixed problem (1), (2), (4) and a classical solution, belonging to 
C 1,0 ((?tU r T ), of the first mixed problem (l)-(3) are generalized 
solutions of the corresponding mixed problems. It can be similarly 
proved that an a.e. solution of the first, second or third mixed prob- 
lem is a generalized solution of the corresponding problem. It is 
also easy to establish that if a generalized solution of the first mixed 
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problem (l)-(3) or third (second) mixed problem (1), (2), (4) belongs 
to EP^iQj), then it is an a.e. solution of the same problem. If t 
however, the generalized solution of the first mixed problem (l)-(3> 
belongs to C 2 ^(Q T )(] C(Q T {] T T (J D ) and that of the third 
(second) problem (1)> (2), (4) belongs to C 2 , 1 (Q T ) H C {Q T U T T [j 
U D ) H CS°((?t U r T ), then it is a classical solution (compare 
Sec. 2.1, Chap. V, where corresponding statements have been proved 
regarding solutions of the mixed problems for a hyperbolic equation)* 

We further note that the generalized solution, like the classical 
and a.e. solutions, of the mixed problem for a parabolic equation 
has the following property: if u(x, t) is a generalized solution of the 
mixed problem (l)-(3) or the problem (1), (2), (4) in the cylinder Q T9 
then it is a generalized solution of the corresponding problem in the 
cylinder Q T > for any T 7 ', < T' < T. The proof of this assertion 
is also completely analogous to that of the corresponding assertion 
regarding solutions of the mixed problems for a hyperbolic equation. 

We shall now establish uniqueness theorems for solutions of the 
mixed problems. 

Theorem 1 . The first mixed problem (l)-(3) cannot have more than 
one generalized solution. 

The third (second) mixed problem (1), (2), (4) cannot have more than 
one generalized solution. 

Proof. This theorem is proved along the same lines as the corres- 
ponding theorem regarding generalized solutions of the mixed prob- 
lems for a hyperbolic equation (Theorem 1, Sec. 2.1, Chap. V). 

Let u x (x, t) and u 2 (x, t) be two generalized solutions of the prob- 
lem (l)-(3) or the problem (1), (2), (4). Then the function u = u ± — u 2 
is a generalized solution of the corresponding problem with / = 6 
and (p = 0. We must show that u = in Q T . 

In Q T consider the function 



It is directly verified that in Q T the function v has generalized deri- 



T 




vatives 



v t = —u, 



T 




i = l, . 



n. 
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of the first mixed problem, then v\ Tt = 0. We substitute v in the 
identity (12) if u is a solution of the problem (l)-(3) or in (13) if u 
is a solution of the problem (1), (2), (4). Then, in the case of the first 
mixed problem, we obtain the identity 



j (u 2 (x, t) + kVu(x, f)-j Va(x, 6)d9 — av(x, t)v t (x,t))dx 



--dtO 



Q T t 



(14) 

and, in the case of the third (second) mixed problem, the identity 

r 

\ ( u 2 (x, t) + k(x) Vu(x y t) • j Vu(x, 8) dQ — avv\ ) dx dt 
Q T t 

T 

+ j kou (x, t) j u(x, 9) dQ dS dt « 0. (14*) 
r r / 

Since (see the proof of Theorem 1, Sec. 2.1, Chap. V) 

T T 

[ kVu (x, t) j Vz* (x, Q)dQdxdt=--±^k\\vu (x % t) dt % dx>0, 

Q T t DO 

T T 

[ kou{x,t) \ u(x, Q)dQdSdt = Y j to ( j u(x, t) dt) 2 dS^zO 

T T \ 6D 

and 

j avvt dx dt = — ^- j ay 2 dx<;0, 
Q r -Do 

from (14) and (14') we have 

\ u 2 (x, t)dxdt^0 
i 

from which it follows that u = in Q T . | 

Since an a.e. solution of the mixed problem (l)-(3) or the mixed 
problem (1), (2), (4) is also a generalized solution of the correspond- 
ing problem, Theorem 1 has the following corollary. 

Corollary 1. The first mixed problem (l)-(3) cannot have more than 
one a.e. solution. 

The third (second) mixed problem (1), (2), (4) cannot have more than 
one a.e. solution. 

Theorem 1 also implies the following statement. 
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Corollary 2. The third {second) mixed problem (1), (2), (4) cannot 
have more than one classical solution. 

Indeed, let u x and u 2 be two classical solutions of the problem (l) t 
(2), (4). Then their difference is a classical solution of the problem 
(1), (2), (4) with cp = and / = £ L 2 (Q T ). Consequently, u x — u 2 
is a generalized solution and, in view of Theorem 1, is equal to zero. 
/ We shall now prove the uniqueness theorem for the classical 
solution of the first mixed problem. 

Theorem 2. The first mixed problem (l)-(3) cannot have more than 
one classical solution. 

Proof. Let u ± and u 2 be two classical solutions of the first mixed 
problem (l)-(3) in the cylinder Q T . Then the function u = u x — u 2 
belongs to C 2 > l (Q T ){] C{Q T [} T T \j D ) and satisfies the homo- 
geneous equation 

Xu = u t r-div,(/c Vft) + au = (1 ) 

in Q T together with the boundary condition (3) on Y T and the homo- 
geneous initial condition 

u\ t =o = (2 ) 

on D . We shall show that u(x, t) vanishes in Q T . 

Suppose that there is a point (x°, t°)£ Q T such that u(x°, t°) 0. 
We assume that u(x°, t°) > (if u(x°, t*) < 0, then instead of the 
function u we consider the function — u for which (1 ), (2 ) and (3) 
are fulfilled and — u(x°, t°) > 0). 

Let M denote u(x°, t°), and consider the function 

M 

v(x, t) = u(x, t) --g-(f-fO). 

First note that 

M 

Xv = - ~W < for a11 (*■ *) £ Qt- (15) 

Since v g C(Q t o)> there is a point (x 1 , t 1 ) in Q t o where the function 
v(x y t) attains its maximum value; moreover, since v (x° y t°) = 
= u{x°, t°) = M, vix 1 , t 1 ) > v{x\ t°) = M._ 

The point (x 1 , t 1 ) cannot lie in the set T t o [) D , since i>|r T = 

= u\r T --g r (t-t°) = -^ r (t°-t)^-f and v\ Dt> = u\ D . + 
M M 

+ -y = -y . Consequently , the point (x 1 , t 1 ) must lie in the set 
Qto [J D t o. Let it belong to Q t o. Then v t (x\ t 1 ) = 0, v x .(a}, t 1 ) = 
and v x . x . (x 1 , t 1 ) ^ 0, i = 1, . . n. That is, Xv (x 1 , t 1 ) = 
= v t (x^'t 1 ) — k (x 1 ) Avix 1 , t 1 ) — (x 1 ) W (x 1 , t 1 ) + a (x 1 ) v X 
X (a: 1 , t 1 ) ;> and this contradicts (15). If, however, (x 1 , t 1 ) £ Dt°y 
then v t (x\ Z 1 ) > 0, v x .(x 1 ,t 1 ) = and v x . x . (x 1 , t 1 ) ^ 0, i = 
= 1, . . n. That is, again Xv (x 1 , t 1 ) >. 0. | 

24-0594 
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2. Existence of a Generalized Solution. We shall now establish 
the existence of the solutions of the problems (l)-(3) and (1), (2), (4). 
For this, as in the case of hyperbolic equations, we shall apply the 
Fourier method. 

Let v (x) be a generalized eigenfunction of the first boundary- 
value problem 

div (k(x) V v) — av = %v, x £D (16) 
v\od = 

or the third (second if a = 0) boundary-value problem 
div (k(x) V^) — av = %v, x £ D, 

(&+°<*>>)U= o < 17 > 

(X is the corresponding eigenvalue). This means that in the case of 

o 

the first boundary- value problem v belongs to H 1 ^) and satisfies 
the integral identity 

J (kVvS7r\ + avr\)dx + X j vr\dx = 

D D 

e 

for all v\ 6 HPiD), while in the case of the third (second) boundary* 
value problem v £ and satisfies the integral identity 

j (kVvVt) + aur\) dx + j kaut] dS + k j vv\ dx = 

D dD D 

for all T] 6 J^CD). 

Consider an orthonormal system i^, v 2 , ... in L 2 (D) which 
consists of all generalized eigenf unctions of the problem (16) or the 
problem (17), respectively, and let K 2 , • • • denote the sequence 
of the corresponding eigenvalues which is, as usual, considered 
nonincreasing and in which each eigenvalue is repeated according 
to its multiplicity. As shown in Sec. 1, Chap. IV, the system z; 2 , ... 
is an orthonormal basis for L 2 (D) and h h ->- — oo as k-+- oo. In the 
case of the first, third when a ^ on dD and second when a 
in D boundary-value problems (note that a(x) ;> in D and a (x) 
!>0on dD) the first eigenvalue X ± <C 0, that is, > X 1 % 2 ;> . . 
If a = in D, then = ^ > % 2 ;> ^ 3 ... in the case of the 
second boundary-value problem. 

Suppose that the initial function (p in (2) belongs to L 2 (D) and 
that the function / £ L 2 (Q T ). According to Fubini's theorem, 
f(x, t) 6 L 2 (D t ) for almost all t 6 (0, T). We expand the functions cp 
and f(x, t) for almost all t 6 (0, T) in Fourier series in terms of the 
system u XJ v 2 , ... of generalized eigenfunctions of problem (16) 
if the problem in question is (1), (2), (3) or of problem (17) if the 
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problem in question is (1), (2), (4): 

oo 

<p(*)— S <p*i>k(*)» 

A=l 



(18) 

/(*. 0=2 fk(t)v k (x) 

where 

V* = (<P. »fc)L,(D), th(t) = (/(*, Of »fc(*»L,(D). (19) 

and the functions f h (t) belong to L 2 (0, T). By the Parseval-Steklov 
equality, 

2 <p2H!<pI!mi» (20) 

and for almost all ££(0, T 7 ) 

oo 

2 /5(f) -J f 2 {x,i)dx, 

k=i D 

whence 

oo T 

2 j f*(x,t)dxdt. (20') 

fe=i Q r 

For any k = 1,2, ... consider the function 

= <P*«** + j /*(T) * " ft(,_T) (21) 


belonging to H x (0, T) and satisfying the equation 

Uk-KU h = h (22) 
a.e. on (0, T) and (H x (0, T) a C([0, 7)) the condition 

U h {0) = cp*. (22') 

It is easy to check (as in the case of a hyperbolic equation) that the 
function 

u k (x 9 t) = U h (t) v k (x) 

is a generalized solution of the first mixed problem, if v k (x) is the 
eigenfunction of the problem (16), or of the third (second), if v k (x) 
is the eigenfunction of the problem (17), mixed problem for the 
equation 

u t — div (k^u) + au = f h (t) v h (x) 

24* 
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with the initial condition 

u\ t =o = VkVk(x)- 

N 

Consequently, if we take the partial sums 2 <Pk v k( x ) an d 

fc=i 

2 fk(t) v k( x ) °f series (18) as the* initial function in (2) and the 

,k=i 

xight-handjside of Eq. (1), then a generalized solution of the prob- 
lem (l)-(3) or the problem (1), (2), (4), respectively, will be the 
function 

N 

S N (x,t)= 2 U h (t)v h (x). 

h=i 

In particular, in the case of the first mixed problem S N (x f t) satis- 
fies the integral identity 

( — S N v t + kVS N • + aS N v) dx dt 

N N 

= j 2 Whit) v(x, 0)dx+^ 2 fh(t) v h {x) v{x, t) dxdt (23) 

Do h=i Q T h=i 

for all v in H X {Q T ) that obey conditions (9) and (11), and in the case 
of the third (second) mixed problem the integral identity 

\ ( — S N vt + kVS N -Vv + aS N v)dxdt+^ kaS N vdSdt 

N N 

= j S <p fc M*) v(*< 0)dx+^ 2 v hix) v(x, t)dxdt (23') 

for all v in H\Q T ) such that condition (9) is fulfilled. 

Let us show that the generalized solution of the problem (l)-(3) 
or the problem (1), (2), (4) is given by the series 

oo 

2 Vh(t) v h (x), (24) 

where in the case of the problem (l)-(3) v k (x), ft = 1, 2, . . are 
eigenfunctions of the problem (16) and in the case of the problem 
(1), (2), (4) v h (x), ft = 1, 2, . . ., are eigenfunctions of the prob- 
lem (17). 

Theorem 3. // / 6 L 2 {Q T ) and q> £ L 2 (D), then each of the mixed 
problems (1), (2), (3) or (1), (2), (4) has a generalized solution u. This 
solution is represented by a convergent series (24) in H X ^(Q T ). More- 
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over, 

II " IIh>. \q t) < c (II <p Hw> + II / H^<M' < 25 > 

where the constant C > does rco£ depend on <p or /. 
Proo/. From formula (21) it follows that, for all f 6 [0, T], 
t 

I f»«) I < I f, I *"•*'+ J I A W I «*»""*' <*' 

and 

|Pi(0KI*Pil + Ci II /i Hmo.t), 
where C t = Y T in the case of the second mixed problem with a =0 
and in the remaining cases Ci = l/]^2 | ^ |. Therefore for all t 6 
6 [0, T\ 

Ul(t)]^ 2<p* h e 2 ^ + -±-||/ ft ||I 2(0 . t) when ft > 1 (26) 

and 

^f(0<2<P? + 2CJ II/, ||l, ( o. T>. (26') 
We consider the partial sum 5 ' N (fr t) of the series (24). For each 

o 

t 6 [0, T] it belongs to the space H^Dt) in the case of the first mixed 
problem or to the space IP-(D t ) in the case of the third (second) 
mixed problem. 

In investigating the problem (l)-(3) it is convenient to introduce 

o 

in the space H^Df) a scalar product 



j (kVuVv + auv) dx. 

For the problem (1), (2), (4) we introduce in the space H x {Dt) a scalar 
product 

j {kyuSJv + auv) dx-\- ^ kouvdS 

if either a ^ in D or a e=£ on dD and the scalar product 

\ (kyuVv + uv) dx 
D t 

if a = in D and a = on dD. Since in the case of the first and 
third, a 0, mixed problem and in the case of the second mixed 
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problem with a ^kO the system of functions v x lY — X x , vjY ... 
are orthonormal in the corresponding scalar products, while in the 
case of the second mixed problem with a = the system of functions 
v ilVt — k v v 2 /]fl — X 2 , ... is orthonormal, we have for all 
t 6 [0, T] and any M and N, 1 < M < A\ in view of (26) t 



N 



|| S N (x, t) - S M (*, t) \\ 2 HH D t) = S u h (x) 



h=M+l 



H 



N 



< 2 ffS(*)i**i< 2 { 2 ^ h V k \h\+\ fkt)dt) 

h=M+i h=M+i 

in the case of the first mixed problem and in the case of the second 
or third mixed problems if either a ^ in D or a(x) ^ on 3D, 
while 

N 

\\S N (x,t)-S M (x,t)\\ 2 HHDt) = 2 Ul(t)(l + \h\) 

fc=M+l 



N 



< 2 [2» 2 ** f qfc 2 (l + l»*|) + 



h=M+l 



1 + 



<2 i+PjiL 2 [« 2 **'(i + l^|)q>2 + j il(t)dt] 

2 h=M+i 

if a = in D and o = on 3Z>. That is, in both cases 



|| S N (x, t)-S M (z, t) \\ 2 HKDt) 



N T 

<c, 2 (q>*« 2V (i+IM)+ J /»(*)*)• ( 27 > 



Together with this inequality, we also have, in view of (26'), the 
inequality 

N 

\\S N {x, t)\\ 2 HHDt )= U^+^UuVu 



h=2 



2 

H»(D f ) 



N T 

< C 2 2 ( <P* e 2 *** (1 + 1 I) + j /&) * ) (28) 



fe=l 
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valid for all t 6 10, T] and any N >- 1. Integrating the inequalities 
(27) and (28) with respect to t 6 (0, T 7 ), we obtain 

N T 

II S N -S M f H i, o (Qr) <C 3 2 (<*>* + J fUt)dt), (29) 

h=M+i 
iV T 

H^llH^0(Q r )< C 4 S (<P* + J /*(*)*). (30) 
h=l 

According to (20) and (20'), the series with general term cpg + 

T 

+ j ^ converges. Therefore it follows from (29) that the 

' o 

series (24) converges in H l i°(Q T ), and consequently its sum u(x, t) 
belongs to H 1 * (Q T ) and satisfies the boundary condition (3) in the 
case of the first mixed problem. Passing to the limit as N ->■ oo 
in the identity (23) in the case of the first problem or in (23') in the 
case of the third (second) problem, we find that the function u (x, t) 
satisfies the identity (12) or the identity (13), respectively. Hence 
u(x, t) is a generalized solution. Inequality (25) follows from (30) 
if we pass in it to the limit as N oo and use the identities (20) 
and (20'). | 

Note that the existence of the generalized solutions of the above 
mixed problems can be established, as in the case of a hyperbolic 
equation, by the Galerkin method. 

3. Smoothness of Generalized Solutions of Mixed Problems. Exis- 
tence of an A. E. Solution and the Classical Solution. In investigating 
the smoothness of generalized solutions we shall confine our discus- 
sion to the first and second (in the boundary condition (4) a = 0) 
mixed problems for a particular case of Eq. (1), the heat equation 
(in (1) k = 1, a = 0), though analogous results can be obtained by 
the same method in the general case if the coefficients and the func- 
tion a are sufficiently smooth. 

Let u(x y t) be a generalized solution of the first or second mixed 
problem for the heat equation 

u t — Au = /, 

u \ t =o = <p 

and either 

"|r T = 

in the case of the first mixed problem or 

dn r T 

in the case of the second mixed problem. 



(31) 
(32) 

(33) 
(34) 
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Let us recall (see Sec. 2.4, Chap. IV) that if the boundary dD 
of the region D belongs to the class C T for some r ;> 1 , then the 
generalized eigenf unctions v h (x), k = 1, 2, . . ., of the first and 
second boundary-value problems for the Laplace operator belong 
to the spaces H r %(D) and /T^(Z)), respectively, that is, they belong 
to H r (D)^md on 3D satisfy the boundary conditions 

[— ] 

V k \ dD = . . . = A 2 t; ft | dD = 0, &=1, 2 f ... 

in the case of the first boundary-value problem, while in the case 
of the second boundary-value problem for r > 1 the boundary condi- 
tions 



dn 



= . . . = 4~ ^ * ] ~ V|ai> = 9 k =1, 2, 
dD dn j wi 



when r=l, = n 1 jr (D) = H l (2l). 

hQ\TH 2 ^ l (Q T ) denote a subspace of the space H 2l > l (Q T ), with 
integer^ > 1 (see[Sec. 7.2, Chap. Ill), that functions / in IP^ l (Q T ) 
such that 

/|r r =...=A ! -7|r r = 0; 

when I =0, by 5%j l (Q T ) we shall mean thie space L 2 (QtY- H% Q (Qt) = 
= H°,«(Q T ) = L 2 (Q T ). 

With integer I > 1, we let J#^(() T ) denote a subspace of the 
space H 2l , l {Q T ) that contains all functions / in H 2l i l (Q T ) such 
that 

when Z = 0, by Hjh l (Q T ) we shall mean the space L 2 (Q T ): 

H°J(Q T ) = L 2 «? T ). 

The following statement is \ valid. 

Theorem 4. Let dD 6 C 2S /or some s> 1, and feit q> 6 H%'\D) 9 
f eS^'^^'^iQr) in the case of the first mixed problem (31)-(33) 
while <p € H 2 j^ l {D), f 6 H 2 jf i)As ' X) (Qt) in the case of the second 
mixed problem (31), (32), (34). Then the generalized solution u{x, t) 
of eacK k of these problems belongs to the space H 2S > S (Q T ) and the series (24) 
converges to it in the space # 2s > S ((? T ). Moreover, 

|| u || fl2f> • (Qt) <C (|| q> \\ H 2s-i {D) + 1| / ll H 2<«-i).<^)(Q T ))' ( 35 ) 
where the positive constant C does not depend on <p or f. 
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Note that the hypothesis of Theorem 4 assumes the fulfillment 
of, besides^the smoothness of the given functions, the conditions 

<p|ai>= • • • = A^cp |dD = 

and 

/|r r =...=A*-2/|r T = 
in the'case of the first mixed problem and the conditions 

dtp 

dn 

as well as 



1L 

dn 



r T dn 1 T 



in the case of the second mixed problem. These conditions are neces- 
sary for the validity of Theorem 4 regarding convergence, in H 28 * s (Q T )i 
of series (24) to the generalized solution of the corresponding mixed 
problem. However, if we are interested only in smoothness of the 
generalized solution (and not in the convergence to it of the Fourier 
series) then, as in the case of hyperbolic equations (see Theorem 3', 
Sec. 2.4, Chap. V), these conditions can be very much weakened; 
they can be replaced, as in the case of hyperbolic equations, by 
compatible conditions on cp and / on dD . 

Proof of Theorem 4. According to Lemma 2, Sec. 2.4, Chap. V, 
the functions /&(£)> k = 1, 2, . . ., defined by (19) belong to the 
space H 8 - 1 (0, T) (and therefore to C s - 2 ([0, T]) for s > 2). Conse- 
quently, the functions U k (t), k = 1, 2, . . ., defined by (21) and 
satisfying Eqs. (22) on (0, T) belong to the space # s (0, T) and 
therefore to C s " 1 ([0, T]). Hence, by the properties of the eigenfunc- 

JV 

tions v k (x), the partial sums S N (x, 0=2 U h {t)v k (x) of the 

series (24) belong to the space H 2 £ S (Q T ) and for all t £ [0, T] to the 
space H^(D t ) in the case of the first mixed problem or in the case 
of the second mixed problem they belong to the space H 2 J^ S (Q T ) 
andjfor all t gjJO, T] to the space /P^(Z) f ). Moreover, for p = 1, . . . 
. . s the functions belong to the space H 2(s ' Ph S ~ P (Q T ) and 

for all t £ [0, T] to the space H%{D t ) in the case of the first mixed 

problem or, in the case of the second mixed problem, to the space 

HjpiDt). Therefore, in view of Lemma 3, Sec. 2.5, Chap. IV, and 

orthogonality of eigenfunctions v k (x) in L 2 (£) t )» f° r a ^ * € [0» T] y 
any p = 0, . . ., s and any M and N, 1 ^ M < N, we have the 
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inequalities 

dPS N dPS M ||2 



dtP 



2 

L s (D t ) 



dtP 
N 



2 



-Ci 2 l^| 2(s - p) (^) 2 . (36) 
Similarly, for all ££[0 f T], any p = 0, . s and any N^l 

N 



dPS N 



dtP 



for the first mixed problem =7^ 0) and 



dPS N 112 11 gp(y lPl ) apQSy-Sx) 

<9*P || H 2(S-P) (i j ) (I 

2 



<2 M PC M 2 1| 1 



H 2 < s ~P)(D t ) 



H 2(s-P) (I)f) 

, oil dP (Sn-SJ 12 
"1 Z II H7n 



<9*P 



| H 2(S-p )(D v 



<c»((^) ! +si^r-"(^) 2 ) 

h=2 



for the second mixed problem = 0). Thus, in both cases, for all 

t £[0, 7], p = 0, . . 5, jv>i 



dPS$j 



dtP 



^ ><0 ,,<M(^) 2 +jl^ 2< '-'^) 2 )- < 37 > 



Integrating inequalities (36) with respect to t £ (0, T) and summing 
over p, p = 0, . . ., s, we obtain 



iV 



11 s N —s M 1 Ih*«»«(q 2 2 l^l 2(s p) 

p=0 fe=M+l 

Analogously from inequalities (37) we obtain 



dtP 



L,(0, T) 



. (38) 



n^viiH2 S , S(Qr) <c 3 2 ( 



P=0 



<*P*7v 



dfP 



2 

Lt(0, T) 



+ 21** l 2(s_p) 

fc=l 



<fcP 



2 ) . (39) 

L,(0,T)/ # V 7 
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Next we use the following lemma whose proof will be given later. 

Lemma 2. Let dD £ C 2q+2 for some g > and let cp 6 H 2 $ +1 (D), 
f 6 H 2 $ q (Q T ) in the case of the first mixed problem (31)-(33) while 
in the case of the second mixed problem (31), (32), (34) qp £ H 2 p^ i (D)^ 
f 6 H 2 Jjr q {Q T ). Then for any p, < p < q + 1, 



2 IM 2( * +1 " P) |^ « 0i ^<C(l|q>ll^ m + ll/llU«(Q r) ). («) 

wftere £fe positive constant C does not depend on (p or /. 

In view of this lemma (with q = s — 1), from inequalities (38) 
it follows that the series (24) converges in IP S > S (Q T ). Therefore 
the generalized solutions of the problems (31)-(33) and (31), (32), (34) 
belong to the space H 2S > 8 (Q T ) (and even to H 2 $ S (Q T ) or to S 2 j^ s (Q T ), 
respectively). Passing to the limit as TV oo in (39) and taking 
into account (40) and the obvious inequalities 2 <; 

< const (|| cp ||I 2 (£>) + ||/ |lH2(«-i) f <«-i )(p } ), p = 0, . . ., s, we obtain 

the inequality (35). | 

Since a generalized solution of the mixed problem that belongs 
to the space IP'HQt) is an a - e - solution, Theorem 4 with s = 1 
implies the following result. 

Corollary. Let dD £ C 2 , / 6 £ 2 (<?r)» and let y £ H X (D) in the 
case of the first mixed problem (31)-(33) while (p 6 H 1 ^) in the case 
of the second mixed problem (31), (32), (34). Then the series (24) con- 
verges in H 2 > ^Qt) and its mm is an a.e. solution of the problem (31)- 
(33), or of the problem (31), (32), (34), respectively. Furthermore, 

II u «h». \Q T )< C (II * + H / IMr>)' 

where the positive constant C does not depend on cp or f. 

Before establishing Lemma 2, which we used in the proof of 
Theorem 4, we shall prove the following auxiliary assertions. 

Lemma 3. If /(*, t) 6 IT>*{Q T ), r > 1, and g(t) £ L 2 (0, T) t 
then the function 

T 

h(x)= t)g(t)dt 
o 

belongs to H r (D), and for any a = (a 1? a n ), \a\^r, 

T 

D a x h{x) = ^D a x f{x,t)g{t)dt. (41) 
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//, moreover, /| rji = 0, then h\ dD = and if = for r^2, 

then ~t — = 0. 

on \dD 

Proof. First note that the fact that / belongs to L 2 (Q T ) implies 
h £ L 2 (D). Indeed, since /(#, t) g (t) 6 L X {Q T ), by Fubini's theorem 

T 

h£Li{D) and since, apart from this, h 2 (x) < \ f 2 (x, t)dtx 

o 

X IIMHwo.d. we find that h £ L 2 (D). 
Hence the function h and the functions 

T 

K\x)=^D x f{x, t)g(t)dt, a = (a lt a n ), |a|<r, 

o 

belong to L 2 (D). 

Take an arbitrary function r[(x) £ C r (D). Evidently, g(t) x\(x) 6 
6 # r ' °((? r ), so for any a, | a |< r, 

J K{x) V)(x) dx = j *)"nOr) g(t)dxdt 

D Q T 

= (-l) ,al J /(*, t)-Z«T|(x).g(0& df = (-l) ,a| J h(x) D a x v\{x)dx. 

Q T D 

Consequently, h has generalized derivatives D x h = fe a , | a | ^ r t 
which belong to L 2 (D), that is, h £ 

If f\r T = 0, then for any function r\(x) 6 C X (D) and any i = 
— ~~ 1,2, ••«, w 

j h x .y]dx= j" fj T)(:r) g(t)dxdt 

d q t 

= — j £) T] X j(z) g(t)dxdt = — j hr\ x .dx* 
Q T d 

On the other hand, since 6 H^D), for arbitrary r] 6^(5) 
j h Xi r\dxwa j hr\nidS — j fer^cta, 



where ni(x) are components of outward normal vector to dD at the 
point x. Consequently, for any v\(x)l£ C^dD), 



j hiyii dS = 0, i = n, 

dD 
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which implies that h\ dD = (compare with the proof of Lemma 4 t 
Sec. 2.4, Chap. V). 

= 0, then (compare with the proof of Lem- 



If r > 2 and 4r 

on 



ma 4, Sec. 2.4, Chap. V) for any function v\ £ C 2 (D) 

j Ah(x)-r\ (x)dx = j Af(x, t)-r\(x) g(t)dxdt 
d q t 

= — ^ Vf(x, t)*S?v](x) g(t)dxdt= — j Vh-\7r\dx. 

On^the other hand, since h £ H 2 (D) r 

j Ah -T)dx= j -g-r]dS- J Vh'Vr\dx 

D dD D 

for any t^C^Z)). Therefore, for any rjGC 1 ^/)), 



8D 



that is, — =0. I 

Corollary. Let the function g(t) £ L 2 (0, T) arcd let the function 
f (x, t) belong to the space H%' r (Q T ) or to the space H 2 ^* r {Q T ) for 
some r^>0. Then the function h (x) belongs to the space H$(D) or to 

the space H 2 Jp*(D), respectively; and for any a = (a lt . . ., a n ), |a| ^ 
^ 2r, formula (41) holds. 

Lemma 4. Let dD£C 2 . If for some q^O the function f(x, t) £ 

£H 2 £\Q T ), then for any p, p = 0, q, g Hf- p) > q ~*(Q T ). 

Iff£Hy(Q T ), then for any p,p = 0, . . . , q, H 2 ^ q - p (Q T ). 

Proof. The conclusions of this lemma for q = and q = 1 are 
evident. When q ;> 2, the first statement is a direct consequence 
of the following assertion established in the proof of Lemma 4, 
Sec. 2.4, Chap. V: if G £ H 2 (Q T ) and G\r T = 0, then G t | r r = 0. 
The second statement of the lemma follows, obviously, from the 
next assertion: if G 6 H^HQ T ) and = 0, then = 0. 

x 7 dn \v T dn \t t 

Note that this is proved exactly in the same way as the similar 

= 0, 



statement in Lemma 4, Sec. 2.4, Chap. V. Indeed, since 
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for any r\ £ C 2 (Q T ), t] \d = r\ \d t = 0, we have 

j AG r r\dxdt== — [ AG-r) t dxdt= j VG-Vtitdzcft 
Q T Q T Q T 

— — j VGrVrjcfod^ 

On the other hand, 

AGfr\dxdt= j -^.rjdSd*-- j vG r Vr)d:rd*. 
Q r r T Q r 

Hence 

for any T]6C 2 (F T ), r)|aD o = T)|aD T = 0. Consequently, =0. | 

|r r 

Lemma 5. Let dD£C 2 , and let f(x, t)£H 2 $ q (Q T ) or f(x y t) £ 
£H 2 j/> q (Q T ) for some q^O. Then for any p=0, g, 



si^i 2(9 - p) ||^Lo, r) < c n/i^^ < 42 > 



^=1 



where the positive constant C does not depend on f. 
Proof. According to Lemma 2, Sec. 2.4, Chap. V, for any' p y 

0<P<g, J therefore 



D 

T 





D 

- «- p I ( J -^-*) A, - p ^(-) 

£> 

dPf(x t) 

According to Lemma 4, the function — belongs to 

H% q - phq - p (Q T ) or to H 2 $- phq - p (Q T ), respectively; this means, 
in view of Corollary to Lemma 3 f that the function 

T 

J ^r^dt belongs to H% q - p) (D) or, respectively, to 



H 2 $r p \D). Hence 

T 



a<p dtp 



= ,,- P J j ( A --»-^) ( j v k {x)dx) v h (y)dydt 

DO D 

= AT* J ( J -^fe- 1 «?>(*) d * ) »*<*) & 



D 



= J ( J ^ d * ) (43) 



D 



where, by Lemma 2, Sec. 2.4, Chap. V, the function g£ p) (*) = 
= j A g-P . Vk ( x )dx belongs to L 2 (0, J). The function 

X) 

A g - p W ^ t] g £ 2 (<?r), therefore for almost all « g (0, T) 

oo 

A? _p flP/fo ^ L?rD A f()r almogt an t g (0> 2 (g(P> (*))*= 

-J^- ^,„ x . Consequently, 



2 



ft=l 



2lkL p) llL(o,T) = 



fe=i 



<9P/ 
d*p 



L M ) < COnSt ll/Hfl^«(Q T )- ( 44 > 



Since, by Lemma 4 and Corollary to Lemma 3, the function 



J dPf ^ *> ^(p) (*) dt belongs to (Z)) or to H 2 $T V \D), from (43) 

we have 

iM 2(9 - p) J(^) 2 tf* 



DO 

which immediately yields (42) if account is taken of (44). | 
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Proof of Lemma 2. Since the function / g H 2 ^%Q T ) c= H q {Q T ), 
the functions f k (t), k = 1, 2, . . ., belong to # 9 (0, 7 1 ) (Lemma 2, 
Sec. 2.4, Chap. V). Therefore, according to (21) and (22), the func- 
tions U h (t), k = 1, 2, . . belong to H q+1 (0, T). It follows from 
(22) that for any p, 1 < p < q + 1, 



r=0 

Accordingly, for the proof of (40) it suffices, in view of the inequali- 
ty (42) of Lemma 5, to establish that 



2 I3u l 2 <*+*> 



M | K | zw+1) || f/ h ||i, ( o. r)<const ( || q> ||^ 9+1(D) + 1| / , (Q J. (45) 



We multiply (22) by U h and integrate the resulting identity with 
respect to t 6 (0, T). Using (22'), we obtain 



U\{T)-±- <pS -* k J ffjt(f) dt = J / k (t) I7 fc <*) dt, 



from which (A.fc<;0) we have the inequality 

I | II u k ||L(o. T><4- q* + II /* lk l( o, t> II c/ fc |k l( o. D 

and hence the inequality 

uj 2?+2 ii u h \\Uo.T ) <4 r <pi(hf q+i 

+ (\h\ q \\ h I|l, ( o, d) ( I x k 1| u h \\ LA0 , t,)<4 q>i I h \ 2q+i 

+ 4" i ^ i 23 ii fa ii^«c. t> + 4" i ^ i 2?+2 ii Uk ii^« ( °' T) • 

Thus 

I K \ 2q+2 II u h ||L(o. r><<Phl l 2?+1 + 1 h \ 2q || /* ||L(0. D, 

and consequently inequality (45) follows from the inequality (42) 
(with p = 0) and the inequality (Theorem 8, Sec. 2.5, Chap. IV) 



fe S <p£ I K \ 2q+i < const || <p ||^ ? « (D) - |" 



Now we shall prove the existence theorem regarding the classical 
solutions of the problems (31)-(33) and (31), (32), (34). 

Note|that if / 6 # 2 ' '(^t), then the functions U k (t), Jc = 1, 2, 
defined by (21) belong to the space # 2 (0, T), and consequently 
to the space CHtO, TY). 
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If 3D £ C^ 2 ' +3 , then, by Theorem 7, Sec. 2.4, Chap. IV, the 
eigenfunctions v k (x) of the first or second boundary-value problem 

for the Laplace operator in D belong to the space H l 2 1 (D), and 
consequently (Theorem 3, Sec. 6.2, Chap. Ill) also to the space C 2 (D). 
Then the partial sums Sn of the series (24) belong to the space 
C*>i(Q T ). 

Theorem 5. Let dD 6C 2s ° +1 , where 2s + l>[y] + 3, and let 
(p 6 H%* + \D), f 6 H%" S °(Q T ) ^ the case of the first mixed problem 
(31)-(33) while ytH 2 ^{D), f £ H 2 j^ So (Q T ) in the case of the 
second mixed problem (31), (32), (34). Then the series (24) converges 

in C 2 > x (Qt) an d its sum i s a classical solution of the first mixed problem 
(31)-(33) or correspondingly of the second mixed problem (31), (32), 
(34). Moreover, 

II U HC(Q T )< C ( Ufa lUo- l m + II / ll H 2( S o-D, s - HQt) ), (46) 

where the positive constant C does not depend on <p or /. 

Proof. We start by establishing necessary estimates for the func- 
tions U k (t) and its derivatives U' h {t), k = 1, 2, . . .. By formu- 
la (21) we obtain 

I U h (t) |< | q> fc | + v ±— || h || L , (0 , d when k > 1 

and 

l^i(*)l<|q>il+c 1 ||/ 1 || L , ( o. T ), 

where C x = i/V~2 in the case of the first mixed problem and 

C x = ~\[ T in tne case 01 tne second mixed problem. Then from (22) 
it follows that for all t £ [0, T] 

\U' h \(t)\^\K k \\U h \ + \f h \^\k h \\v h \ + \f k \ 

+ - L ^ 1 ll/ ft |k(0.T) when 

Therefore for all T] 

^)<2|9 h | 2 + -|^ r l|/ A |IUo,T), *>1, (47) 
C/?(<)<2( P ?+2C?||/ 1 ||L ( o,r), (47') 
f/^)<3^cp|+-|-|x ft |||/ ft ||l 2(0iT) + 3|/ ft |2, A>1 (48) 

We shall prove the following auxiliary assertion. 

25-0594 
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Lemma 6. Let f(t) be an arbitrary function in /^(O, T) and e an 
arbitrary number from (0, T]. Then for all t 6 10, T] the inequality 

/ 2 W<4 II / H«o. T) +2e || f 1/1.(0. t) (49) 

Proo/ of Lemma 6. Let a denote the average value of / over the 
interval (0, T): 

T 

a = -jr J /(*)#, 

o 

and on [0, T] consider the continuous function 

/«(*) = fit) - a. 

T 

Since I f a (t) dt = 0, there exists a point t° 6 (0, T) such that 
{ 

fa (t°) = 0. Therefore for all t 6 [0, T] and any e > 

t T Tj 

/£(«) = 2 J /«(«) /i(*)d*<-f J J /'W*. 

*° 

Consequently, for any t 6 [0, T 7 ] and any e, < e ^ T, we have 

T T 

/ 2 (*)-2a/(*) + ct 2 <i- ( J /2 (X ) d T _2a j /(x)dT+a 2 r ) 


T T T 

+ 8 j /' 2 (T)dT=4" { + 8 J /' 2 (T) dT- 



a 2 r 

8 



t r 



<4"J / 2 ( T ) dT + e j / ,2 (t)dT — a 2 , 



from which follows the 'inequality 

■f II / 111,(0. D + 8 II /' T) > 20« - 2o/(() + «<) 

= (^a-^/( 1 )) ! +^>4 L 

coinciding with inequality (49). This proves the lemma. 

We consider the inequality (48) for k such that \K h | ;> 1/jT; 
let k denote the least of these k. Then, by Lemma 6 t for all /c >- k 
(recall that the sequence | X h | is monotone nondecreasing) 

/*(*) | 2 < 2\X h | || h |IL(0. T) + -p^J II /* IIL(0. T) 
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Substituting the last inequality in (48), for all t 6 [0, 7lJ[and A: >- k 
we obtain 

t/?W< 31% <pj +J*-\\ k \\\f h |ii 2(0> T) + |! /; ||£ 2(0i T) 

2 (0,T) + p^J || /ft 111,(0. T)) . (50) 

According to Theorem 3, Sec. 6.2, Chap. Ill, Lemma 3, Sec. 2.5, 
Chap. IV, and inequalities (47) and (50), we have for all t g [0, T] 
and all M and JV, /c < Af < TV, 



< C 1 (|| S N — S M IIh^o+ 1 (DP + 



C<2>,) 
0f 



<C 2 (\\ 1] ^)A\W \\ 2 H H D t) ) 



+ 11 2 U' k (t) A 8 *' 1 Vk (x)\\ 2 H > {Dt) 

<c 3 S (|^| 2so+1 ^I(<) + I> ft | 2s °" 1 W)) 

ft=M+i 

<c 4 2 (q>*^^l 2 ^ +1 +^>*llL(o.T)+^- 2 ||/i||i, ( o.„). 



fc=M+l 

Consequently, 



II s N -s u f c ,, i(Q T )<^ fc= | +1 (<rt I ^ i 25o+1 

+ I I' 5 ' II /ft l|£,<0. T) + ^«" 2 1| /i ||! t(0 , T) ) . (51) 

Analogously, with the aid of (47'), we find that for all f£[0, T] 
and all N^i the inequalities 

H ^ Hc(D t )< C 6 II Stf |£*.-Kl, t ,<C 7 (£/J(0 + ^ I ^ I 25 '" 1 

<C,(<pi + ll/il|£.o>.r> + 2 (rtlKt'-' + ti^WhWlio.Tj) 



hold and therefore also the inequalities 

II^Hc(Q 7 ,)< C »( ( P? + ll/llli.(0.T) 



+ S (9l!^| 2 * , " i +^- 2 ||/*||«o.T))). (52) 



ft=l 



25* 
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Since the function cp belongs to the space H 2 <% +i (D) in the case 
of the first mixed problem and to the space H 2 j^ i (D) in the case 

oo 

of the second mixed problem, the series 2 (pi \ K k | 2s ° +1 converges. 

Besides this, since (p belongs to H 2 £ > ~ 1 (D) or correspondingly to 
H 2 jf\D), it follows (Theorem 8, Sec. 2.5, Chap. IV) that 

' oo 

^ _1 < const llq^u.-i^,. (53) 

Since for the first mixed problem f £Hgj ' s °(Q T ) and for the 
second mixed problem f £H 2 j^ s °(Q T ), the series 

2 I K \ 2$ ° II fk HLo. t.) and 2 | X h | 2(s °- ! > || ft ||£ !(0 , T) 

converge, in view of Lemma 5. Moreover, using the fact that / 
belongs to the space H^f "^' s °~ i (Q T ) or, correspondingly, to the 
space H 2 ^~ 1),S °~ 1 (Q T ) and by inequalities (42) of Lemma 5, we 
have 

J t I K | 2(s ° -1) I! h Who, r)<const || / |£ 2(5o -i>, „-i (( j t) . (54) 

Therefore from inequalities (51) it follows that the series (24) 
converges in C 2 * X (Q T ) and its sum u(x, t) belongs to C 2 » 1 (^ T ) and 
consequently is a classical solution of the corresponding mixed 
problem. The estimate (46) follows from the inequalities (52)-(54). 
This completes the proof of the theorem. 

i 

PROBLEMS ON CHAPTER VI 

1. Let D be a bounded region of the space R n , n > 2, and x° a point in Z>. 
Let the function u(x, t) 6 CV({x 6 D\x°, < t < T}), T > 0, satisfy 
the homogeneous heat equation in {x £ D\x°, 0<t<T}, and let 
u(x, t) | x — x° \ n ~ 2 -> as x-+x° uniformly in * 6 (0, T). Show that the 
function u (x, t) can be redefined on the set { x = x°, < t < T) so that 
the resulting function will belong to C°°({x £ D, < t < T}). 

2. Let the function u{x, t) belong to C 2 ^(t > 0) and be a solution of 
the homogeneous heat equation in the half-space {t > 0}, and let there be 
a function A(x) such that u(x, t) A (x), as t oo, uniformly in x 6 {I # I < 
< R} for any R > 0. Prove that the function A(x) is harmonic in R n . 

3. Let the function q>(x) belong to C[R n ) and satisfy the inequality | <p(x) K 
Ce '*' 2 , where C and a are positive constants, for all x 6 R n > Prove that 
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the Cauchy problem 

u t -Au = 0, x£R n , <f<JL, (1) 



=0 



= <p(*) 



has a solution u(x, t) in the strip |z 6 R n i ® < * ^^i}" ^ n * s so ^ u ^ on * 9 

given by Poisson's formula and belongs to the uniqueness class B 2 . 

If the function (p(x) £ C(R n ) and satisfies the condition: for any e > 
there exists a C = C(e) > such that 

| <p(*)| < C/ 1 *' 2 for all x£R n , (2) 

then the result of Probl. 3 implies that in the half-space {t > 0} there exists 
a solution of the Cauchy problem for the homogeneous heat equation with 
the initial function (p (x) belonging to the uniqueness class B 2 , moreover, this 
solution is given by Poisson's formula. 

4. Suppose that the function q>(x) £ C (R n ) and for any e > there is 
a constant C = C(e) > such that (2) holds. Let u{x> t) (belonging to the 
class B 2 ) denote a solution of the Cauchy problem 

u* — Au = 0, ^/? n , f >0, 

(3) 

u \ t =o = <P(*)- 

Prove the following assertion. If there exists a function A(x) such that for 
any R > ^ n j d\->- A(x), as p ^ oo (a n is the surface area 

of the unit sphere in i? n ), uniformly with respect to x £ {| x | < R}, then 
lim u(:r, t) = A(x) uniformly with respect to x £ {\ x \ < R} (for any 

R > 0); moreover, yl(x) is a harmonic function. 

5. Let u(x, t) be a solution of the Cauchy problem (3) belonging to B 2f 
where q>(x)£B{R n ), and let lim u(0, t) = A. Prove that then for any 

point x £ R n lim u(x, t) = A. 

t-+oo 

6. Show that the solution u(x, t) of the Cauchy problem (3) with <p £ B(R n ) 
is an analytic function of (x, t) in the half-space {x £ * > 0}. 

7. Show that, if dD 6 £ 2 , the classical solution of the first mixed problem 

u t — Au = 0, {x, t) 6 Q T = { D X (0, 7 1 )}, 
u bo = ^W' 

is a generalized solution of this problem. 

8. Prove existence and uniqueness theorems concerning generalized solutions 
of the first, second and third mixed problems for the parabolic equation (prob- 
lems (l)-(3) and (1), (2), (4) from Sec. 2.1) without assuming that the func- 
tions a(x) and o(x) are nonnegative. 

9. Let the function u(x, t) belong to CV(# T ) f] C(Q T ), satisfy the homo- 
geneous heat equation (u t — Au = 0) in Q T and the homogeneous initial con- 
dition (u\ Dq = 0, D is the base of the cylinder Q T ). Prove that then 

u £ C°° (Q T U £<))• Prove also that for any point (x, t) of the cylinder 
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{£>' X (0, T)} where D' (£/) , p = inf | x' — x" \ > 0, 

x'tdD' 
x"EdD 

_ei 

e 8T 

\0*u(z, t)\ < C(a, 7) 2ao+gl+ ... +a +2 H ""c(Q> 
P 71 
a +...+a n 

where a = (a , a 1? . . ., a n ), D a u = - — and C(a, T) is a positive con- 

dt a <>...dx" n 

stant depending only on the vector a and the number T. 

10. Let the function <p 6 #(# n ) an( * i = 1, 2, . . be a sequence of 

oo 

regions of the space i? n , Di cz D i+1 , i = 1, 2, . . ., U = # n . Let t) 

i=i 

be the solution of the equation u t — Aw = in Di X (0, T) that is continuous 
in {Di X [0, 7 1 ]} and satisfies the initial condition wilp. = <P- Suppose that 
II |L — rn , ^ 6\ where the positive constant £ does not depend 

C(D.X[0, T]) r r 

on i. Then the sequence ui, i = 1, 2, . . converges uniformly in (x, t) £ 
€ Z) X [0, 7], where D is an arbitrary bounded region in R n , to the (bounded) 
solution of the Cauchy problem in the strip {x £ R n , < t < T} for the homo- 
geneous heat equation with the initial function cp. Prove this. 
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